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Preface

This volume contains the proceedings of the 18th FST&TCS conference (Foun-
dations of Software Technology and Theoretical Computer Science), organized
under the auspices of the Indian Association for Research in Computing Science
(http://www.imsc.ernet.in/ iarcs).

This year’s conference attracted 93 submissions from as many as 22 coun-
tries. Each submission was reviewed by at least three independent referees. The
Programme Committee met on August 1 and 2, 1998, at Chennai and selected
28 papers for inclusion in the conference programme. We thank the Programme
Committee members and the reviewers for their sincere efforts.

We are fortunate to have six invited speakers this year, providing for a very
attractive programme: Rajeev Alur, Ken McMillan, Neil Immerman, John Reif,
Erik Meineche Schmidt and Umesh Vazirani. The conference has two theme
sessions: Model Checking (with invited talks by Alur and McMillan, and 4 con-
tributed papers), and Quantum Computation (with invited talks by Schmidt and
Vazirani). Moreover, the conference is preceded by a two-day workshop (Decem-
ber 14–15, 1998) on Molecular Computing (organized by Kamala Krithivasan),
and a two-day school (December 15–16, 1998) on Finite Model Theory (orga-
nized by Anuj Dawar and Anil Seth). The Molecular Computation Workshop
includes talks by Natasha Jonoska, Kamala Krithivasan, Georghe Paun, John
Reif, Yasubumi Sakakibara, Rani Siromoney and K. G. Subramanian. The speak-
ers at the Finite Model Theory school include Anuj Dawar, Martin Grohe, Neil
Immerman, Anil Seth, Wolfgang Thomas, Moshe Vardi and Victor Vianu. In-
terestingly, Immerman’s conference talk relates Finite Model Theory and Model
Checking, whereas Reif’s conference talk is on comparing the Molecular and
Quantum models of computation. We thank all the invited speakers for agreeing
to talk at the conference, as well as for providing abstracts and articles for the
Proceedings.

The Institute of Mathematical Sciences and the Spic Mathematical Institute,
both at Chennai, have co-hosted the conference. We thank these Institutes, as
well as the others who extended financial support, agencies of the Government
of India and private software companies in India.

We thank members of the Organizing commitee for making it happen. Special
thanks go to the staff of our Institute and Alfred Hoffmann of Springer Verlag
for help with the Proceedings.

IMSc, Chennai V. Arvind
September 1998 R. Ramanujam
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Marie-France Sagot
David Sands
Davide Sangiorgi
Sandeep Sen
N. Shankar
Priti Shankar
R. K. Shyamasundar
A. Prasad Sistla
D. Sivakumar
G. Sivakumar
Milind Sohoni
Harald Sondergaard
Aravind Srinivasan
Ian Stark
K. V. Subrahmanyam
K. G. Subramanian
P. R. Subramanya
Gerard Tel

Denis Therièn
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Descriptive Complexity and Model Checking

Neil Immerman�

Computer Science Dept.
University of Massachusetts

Amherst, MA 01003
immerman@cs.umass.edu

http://www.cs.umass.edu/∼immerman

1 Introduction

Descriptive Complexity [I98] is an approach to complexity that measures the
richness of a language or sentence needed to describe a given property. There
is a profound relationship between the traditional computational complexity of
a problem and the descriptive complexity of the problem. In this setting, the
finite object being worked on is treated as a logical structure. Thus descriptive
complexity is part of finite model theory [EF95].

An exciting application of Descriptive Complexity is to a part of computer-
aided verification called Model Checking. For a long time, the area of formal
methods had a reputation of claiming more than it could deliver.

The promise of proving large programs and systems correct was held out
for decades as a technology that was right around the corner. Model checking
is a modest approach to formal methods. This modesty is misleading; model
checking is so modest that it is practical and useful. Many hardware design
companies, including Intel, have adopted model checking as part of their basic
design method [K97].

The idea is simple. When we design a program, distributed protocol, or cir-
cuit, we do so in a formal language. This might be a circuit design language such
as VHDL, or a system specification language such as State Charts or Heitmeyer’s
SCR [BH].

Such a formal design determines a logical structure, K = 〈S, p1, . . . , pk, R〉,
called a Kripke structure or transition system. S consists of the set of possible
global states of the design, the set of all possible gate values for the circuit, or
all possible assignments of values to the variables of a program, or all possible
assignments of states to each processor in the distributed protocol. Binary rela-
tion R is the next move relation: R(s, s′) means that the move from s to s′ is a
possible atomic transition of the circuit or program. Unary relations p1, . . . , pk

express properties of the global states, for example, being an initial state, being
� Research supported by NSF grant CCR-9505446.

V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 1–4,
1998.
c© Springer-Verlag Berlin Heidelberg 1998



2 Neil Immerman

an accepting state, or that a particular variable has a special value. The size
of S is often exponential in the size of the design. This phenomenon is typically
referred to as the state explosion problem.

Once we have our formal design, a representation of the transition system
can be automatically generated. We may now wish to write some simple correct-
ness conditions in a formal language. For example, we might want to express the
following:

1. If the Restart button is pressed, we eventually restart.
2. Doors are not opened between stations.
3. Division is performed correctly.
4. The motor is not turned on during maintenance.

These conditions express the fact that (1) if we press the Restart button on
a personal computer it will eventually restart — without our having to unplug
it and plug it in again; (2) the subway train controller meets some simple safety
conditions; (3) Intel’s new processor does its arithmetic correctly; and (4) the
mixer in a nuclear waste storage container (which is designed to keep its contents
mixed and thus less volatile) cannot turn on (and thus cause injury) during
maintenance.

Now that we have formally expressed our design and our statement concern-
ing its behavior, we can simply press a button and be told whether or not K |= ϕ,
that is, does the design satisfy the desired property?

This is the model checking problem: given K and ϕ, test whether K satis-
fies ϕ. Model checkers are being hailed as great debugging aides. We can write
a simple property that our system should satisfy and press the button. If it
does not satisfy the property then we will be told so. Typical model checking
programs will present a counter-example run of the system, i.e., they produce
the explicit bug. If the model does satisfy the property, then we will be told
so. Note that this is better than just not finding a bug. Our model checker has
automatically proved that our design has a certain desirable property.

Model Checking is a burgeoning field. It has already succeeded in finding
many bugs in circuit designs that escaped less formal debugging and testing
methods.

I believe the potential for model checking goes well beyond debugging circuit
designs. As a user designs a circuit, program, web page, lecture, book, course,
etc., the system on which it is designed can have a formal model of what is being
constructed. The user can ask if the design will have a certain simple property.
The system will answer, “no, and here is a bug”, or “yes”. If the answer is yes,
then that can be something that this user or even other users can depend upon
and build upon. Furthermore, the system could ask if the property should be
checked for dynamically, i.e., the system could issue a warning if a later change
in the design caused the desired property to be violated. In fact, there is an
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enormous potential here for rational, computer-aided design, verification, and
maintenance. To accomplish this, it is necessary to maintain a formal model and
to keep the query language simple.

Two popular query languages for model checking are the computational
tree logics CTL and CTL∗ [E91]. These languages are usually translated to the
modal mu calculus before being evaluated.

Moshe Vardi and I showed that the languages CTL and CTL� are naturally
embedded in transitive closure logic, using only two domain variables [IV97]. This
logic is more natural than the mu calculus for expressing the kind of reachability
properties that we typically want to model check. Furthermore, transitive logic,
a subset of NSPACE[log n], is more feasible to check than the mu calculus. The
latter is polynomial-time complete, where that means polynomial time in the
size of the huge Kripke structures.

More recently, Natasha Alechina and I have extended the paper [IV97],
showing the practical use of transitive closure logic in symbolic model check-
ing [AI]. In particular, we have identified an expressive fragment of transitive
closure logic that has linear-time data complexity and admits the above embed-
ding of CTL�.

Descriptive complexity applies directly to model checking. In model check-
ing we need to determine whether our huge logical structure satisfies a given
formula. Since the structures are so large, the complexity of the query language
is a crucial factor in whether it can be feasibly checked. This is the reason that
our approach to reducing the complexity of the query languages in [IV97,AI] is
so promising.

In this lecture, I will survey some recent work at the intersection of model
checking and descriptive complexity. In particular I will emphasize the following
three topics.

1. Efficient Query Languages: The transitive closure logics discussed in [IV97]
and especially [AI] offer improvements in efficiency over current methods
that use the mu calculus. We are currently studying the time-space tradeoffs
in evaluating such queries.

2. Abstraction: We wish to test whether a huge Kripke structure K satisfies a
simple query ϕ. The most promising way to do this is to project K down to a
homomorphic image K′ that is smaller than K and yet satisfies a correspond-
ing formula ϕ′ iff the original structure K satisfies ϕ. It is easy to construct
situations where the model checking problem is NSPACE[log n]-complete in
the size of the Kripke structure, and thus PSPACE-complete in the size of
the design. However, many natural situations admit repeated abstractions
whose composition drastically reduces the size of the structures, thus allow-
ing feasible model checking. We are working to codify some of the situations
where this occures.
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3. Dynamic Model Checking: From both a practical and a theoretical point of
view it is important to consider the dynamic complexity of model checking
as the design and thus the structure K changes. We would like to be able
to recheck a formula after slightly changing the design in less time than it
took us to check the formula originally. Similarly, we would like to have the
abstract structure K′ automatically modified as we change the structure K.
These issues are closely tied to current work on the dynamic complexity of
reachability [PI97].
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Abstract. Let G = (V, E) be a complete undirected graph with vertex
set V , edge set E, and edge weights l(e) satisfying triangle inequality.
The vertex set V is partitioned into clusters V1, . . . , Vk. The clustered
traveling salesman problem (CTSP) is to compute a shortest Hamilto-
nian cycle (tour) that visits all the vertices, and in which the vertices of
each cluster are visited consecutively. Since this problem is a generaliza-
tion of the traveling salesman problem, it is NP-hard. In this paper, we
consider several variants of this basic problem and provide polynomial
time approximation algorithms for them.

1 Introduction

Let G = (V,E) be a complete undirected graph with vertex set V , edge set E,
and edge weights l(e) satisfying triangle inequality. The vertex set V is parti-
tioned into clusters V1, . . . , Vk. The clustered traveling salesman problem (CTSP)
is to compute a shortest Hamiltonian cycle (tour) that visits all the vertices, and
in which the vertices of each cluster are visited consecutively. Applications and
other related work may be found in [3,9,13] and an exact branch and bound
algorithm is described in [15]. The traveling salesman problem (TSP) can be
viewed as a special case of CTSP in which there is only one cluster V1 = V
(alternatively, each Vi is a singleton). We deal with several variants of the prob-
lem depending on whether or not the starting and ending vertices of a cluster
have been specified. Since all the variants are generalizations of TSP, they are
all NP-hard.
V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 6–17,
1998.
c© Springer-Verlag Berlin Heidelberg 1998
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In this paper we focus on the design of approximation algorithms with guar-
anteed performance ratios. These are algorithms that run in polynomial time,
and produce suboptimal solutions. We measure the worst case ratio of the cost of
the solution generated by the algorithm to the optimal cost. We present approxi-
mation algorithms with bounded performance ratios for several different variants
of this problem. The previously known related results are a 3.5-approximation
for the problem with given starting vertices [2] (and this result extends to the
case where no starting or ending vertices are given, with the same approxima-
tion bound), a 3

2 -approximation for the problem in which there are only two
clusters with unspecified end vertices and a prespecified starting vertex [10], and
a 5

3 -approximation for the problem in which the order of visiting the clusters in
the tour is specified as part of the problem [1].

In this paper we describe a 1.9091-approximation algorithm for the problem
in which the starting and ending vertices of each cluster are specified. We give
a 1.8-approximation algorithm if for each cluster the two end vertices are given,
but we are free to choose any one as the starting vertex and the other one as
the ending vertex. We give a 2.75-approximation algorithm for the case when
we are only given clusters with no specific starting and ending vertices, and a
2.643-approximation algorithm if we are only given the starting vertex in each
cluster.

Our solutions use known approximation algorithms to three closely related
problems: the traveling salesman path problem (TSPP), the stacker crane prob-
lem (SCP) and the rural postman problem (RPP). These problems are discussed
in Section 2. In fact one of the contributions of our paper is to design new al-
gorithms for TSPP, and to show their use in improving the previously known
approximation factors for CTSP; along with careful use of the algorithms for
SCP and RPP.

Outline of the paper: In Section 2 we discuss some basic notation that is
used in the paper. In addition, we review algorithms for approximating TSPP,
SCP, and RPP. In Section 3 we address the case in which the starting and
ending vertices in each cluster are specified. In Section 4 we address the case in
which the end vertices are given, but either one could be chosen as the entry or
exit vertex for the cluster. In Section 5 we address the case in which only the
starting vertex in each cluster is specified. In Section 6 we address the case in
which no entry or exit vertex is specified for any cluster. Finally, in Section 7
we study the problem when the number of clusters is a constant, and describe
a 5

3 -approximation algorithm for all variants. We also show that obtaining an
approximation ratio of α for k clusters (k ≥ 4) with unspecified end vertices,
implies an approximation ratio of α for TSPP with specified end vertices. Thus,
improving the approximation ratio for a constant number of clusters is at least
as hard as improving the approximation ratio for TSPP (for which the best
approximation ratio is currently 5

3 [8]).
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2 Preliminaries

Some of our algorithms use a directed cycle cover routine in digraphs. The di-
rected cycle cover problem is to find a set of directed cycles of minimum total
weight that includes all the vertices in a given digraph. This problem is equivalent
to weighted bipartite matching, which is also called the assignment problem [14].
We also use an undirected cycle cover algorithm that finds in an undirected graph
a set of undirected cycles of minimum total weight that includes all its vertices.
This problem can be solved by applying a weighted matching algorithm [16].

For a graph G = (V,E) we denote by l(e) the weight (also known as length)
of an edge e ∈ E. For a subset E′ ⊆ E we denote L(E′) =

∑
e∈E′ l(e), the total

weight (length) of the edges. Let OPT denote both an optimal solution of the
problem under consideration and its total length. Similarly, let MST (G) denote
both a minimum-weight spanning tree of G and its weight. We also assume that
the edge weights obey the triangle inequality.

2.1 The Traveling Salesman Path Problem

Hoogeveen [8] considered three variations of TSPP, in which as part of the input
instance the following constraints are placed on the end vertices of the resulting
Hamiltonian path: (1) both end vertices are specified, (2) only one of the end
vertices is specified, and (3) no end vertices are specified. For the latter two
cases, it was shown that a straightforward adaptation of Christofides’ algorithm
yields an algorithm with a performance ratio of 3

2 . The case with two specified
ends is more difficult as we now elaborate.

Let s and t be two specified vertices in G. We consider the problem of finding
a path with s and t as its two ends, that visits all vertices of G. One can solve this
problem in a manner similar to Christofides’ algorithm for TSP [4], by starting
with MST (G), adding a suitable matching, and then finding an Eulerian walk of
the resulting graph. We do not get a 3

2 approximation ratio since in the TSPP
the optimal solution is a path, and not a tour. The bound of 1

2OPT on the
weight of a minimum-weight perfect matching of a subset of the vertices, which
holds for TSP (tour), does not hold here.

We obtain a 5
3 approximation ratio as follows.

Theorem 1. There exists a polynomial-time algorithm for TSPP between given
end vertices s and t, that finds solutions S1 and S2 which satisfy the following
equations:

l(S1) ≤ 2 MST (G)− l(s, t)
≤ 2 OPT − l(s, t),

l(S2) ≤ MST (G) +
1
2
(OPT + l(s, t))

≤ 3
2

OPT +
1
2

l(s, t).
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Proof. We “double” the edges of MST (G) except for those on the unique s− t
path on it. The result is a connected multigraph whose vertex degrees are all
even except for those of s and t. We now find an Eulerian walk between s
and t on this multigraph and turn it into a Hamiltonian path between s and t
without increasing the weight by shortcutting and applying the triangle inequal-
ity. We call it S1. The length of S1 is at most 2MST (G) − l(s, t), which is at
most 2OPT − l(s, t).

To obtain S2, we adopt the following strategy. Consider adding the edge (s, t)
to OPT, and making it a cycle. The length of this cycle is OPT + l(s, t). The
cycle can be decomposed into two matchings between any even-size subset of
vertices, and the length of the smaller matching is at most 1

2 (OPT + l(s, t)).
We use the strategy of Hoogeveen [8], and add to MST (G) a minimum-weight
matching of vertices selected based on their degree in MST (G) (odd degree
vertices of V \ {s, t} and even degree vertices of {s, t} in MST (G)), and output
an Eulerian walk S2 from s to t in the resulting graph. This Eulerian walk can be
converted into a Hamiltonian path by shortcutting. Using the triangle inequality,
we obtain that l(S2) is at most MST (G)+ 1

2 (OPT + l(s, t)) ≤ 3
2OPT + 1

2 l(s, t).

Corollary 1. The shorter of the paths S1 and S2 is at most 5
3OPT .

Proof. Using Theorem 1, observe that if l(s, t) > 1
3OPT , then l(S1) ≤ 5

3OPT .
Otherwise, l(s, t) ≤ 1

3OPT , in which case l(S2) ≤ 5
3OPT .

Remark 1. Hoogeveen [8] proves the bound of 5
3OPT in a different way. Solu-

tion S2 can be directly bounded as MST (G) +w(M), where w(M) is the weight
of a min-weight perfect matching on the subset of odd degree vertices of V \{s, t}
and even degree vertices of {s, t} in MST (G). He showed that OPT ∪MST (G)
can be decomposed into three matchings, and this shows that w(M) ≤ 2

3OPT .
Our algorithm for TSPP with given end vertices is different, and this leads to
improvements in the analysis of our algorithms for CTSP.

2.2 The Stacker Crane Problem

Let G = (V,E) be an arbitrary graph that satisfies the triangle inequality. Let
D = {(si, ti) : i = 1, . . . , k} be a given set of special directed arcs, each with
length �i. The arc (si, ti) denotes an object that is at vertex si and needs to be
moved to vertex ti using a vehicle (called the stacker crane). The stacker crane
problem (SCP) is to compute a shortest walk that traverses each directed arc
(si, ti) at least once in the specified direction (from si to ti). Let D =

∑
i �i and

A = OPT −D.
The stacker crane problem is a generalization of TSP since TSP can be viewed

as an instance of SCP in which each vertex is replaced by an arc of zero-length. It
is possible to derive a 2-approximation algorithm for the problem using standard
techniques such as “twice around the tree” heuristic. Algorithm StackerCrane by
Frederickson, Hecht and Kim [7] is a 1.8-approximation algorithm for SCP. It
applies two different algorithms and then selects the best of the two solutions
generated by them. We briefly review the basic ideas behind the two algorithms
(for details, see [7,12]):
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– Algorithm ShortArcs: Shrink the directed arcs and reduce the problem to
an instance of TSP. Use an approximation algorithm for the TSP instance,
and then recover a solution for the original problem (the algorithm itself
is somewhat subtle and the reader is referred to the original paper). This
algorithm works well when D is small compared to OPT .

– Algorithm LongArcs: Complete the set of directed arcs into a directed cycle
cover. Then find a set of edges of minimum total weight to connect the cycles
together; add two copies of each one of these edges, and orient the copies in
opposite directions to each other. The resulting graph is Eulerian, and the
algorithm outputs an Euler walk of this solution. The algorithm performs
well when D is large.

The following theorem can be derived from [7].

Theorem 2. Consider an instance of the stacker crane problem in which the
sum of the lengths of the special directed arcs is D. Let OPT be an optimal
solution, and let A = OPT −D. The walk returned by Algorithm ShortArcs has
length at most 3

2A + 2D. The walk returned by Algorithm LongArcs has length
at most 3A+D.

2.3 The Rural Postman Problem

Let E′ ⊆ E be a specified subset of special edges. The rural postman problem
(RPP) is to compute a shortest walk that visits all the edges in E′. The Chinese
postman problem is a special case of RPP in which E′ = E, i.e., the walk must
include all the edges. But the Chinese postman problem is solvable in polynomial
time by reducing it to weighted matching, whereas RPP is NP-hard.

The two algorithms, defined above for SCP, can be modified to solve RPP.
We define Algorithm LongArcs2 that is similar to LongArcs, but in this case, D is
a set of undirected edges, and we only change the algorithm so that it completes
the set of edges into an undirected cycle cover. The second part of Theorem 2
holds for this case as well.

Algorithm ShortArcs greatly simplifies when applied to RPP and, turns to be
a straightforward generalization of Christofides algorithm for TSP. As indicated
by Frederickson [6], it produces a 3

2 -approximation algorithm for the problem
(see the survey by Eiselt et al. [5] for more details and a paper by Jansen [11]
for a generalization).

We denote by Algorithm RuralPostman the algorithm which executes these
two algorithms and returns the shorter solution.

Remark 2. In some of our algorithms for CTSP, we generate instances of RPP
(SCP) and run the above algorithms for them. In the RPP (SCP) instances that
we generate the special edges (directed arcs) are vertex disjoint. This in fact
guarantees that the walks are actually tours since each vertex is visited once.
These instances are themselves CTSP instances with |Vi| = 2 (i = 1, ..., k) and
given end vertices (starting and ending vertices, respectively).
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However, we note that if for some constant c, |Vi| ≤ c(1 ≤ i ≤ k) then we
can obtain the same approximation ratios as for RPP (SCP) quite easily since
within each cluster we can obtain an optimal solution.

3 Given Start and End Vertices

In this section, we consider the CTSP in which the starting vertex si and ending
vertex ti is given for each cluster Vi. Our algorithm is based on the following
idea. We decompose the problem into two parts. Inside each cluster Vi, we find
pathi, a path from the start vertex si to the end vertex ti that goes through
all vertices of that cluster. This is TSPP with given end vertices. In addition,
we need to connect the paths by adding edges into a single cycle. We replace
each cluster by a special arc from si to ti and get an instance of the stacker
crane problem. Find a tour that includes all the special directed arcs. From this
solution to SCP, we replace each arc (si, ti) by the path pathi computed within
that cluster. Figure 1 describes the algorithm in detail.

Algorithm GivenST
Input
1. A graph G = (V, E), |V | = n, with weights l(e) e ∈ E.
2. A partition of V into clusters V1, ..., Vk.
3. Start and end vertices si and ti respectively, for each cluster Vi, i = 1, . . . , k.
returns A clustered tour.
begin
1. For each Vi, compute pathi, a Hamiltonian path with end vertices si and ti.
2. Apply Algorithm StackerCrane with special directed arcs {(si, ti) | i = 1, ..., k}

to obtain tour T .
3. In T , replace the special directed arc (si, ti) by pathi, i = 1, ..., k.
4. return the resulting tour Tm.
end GivenST

Fig. 1. Algorithm GivenST

Theorem 3. Let Tm be the tour returned by Algorithm GivenST in Figure 1.
Then,

l(Tm) ≤ 21
11

OPT < 1.9091OPT .

Proof. The algorithm consists of solving two subproblems: TSPP with given end
vertices, and SCP. Let L be the sum of the lengths of the paths of OPT through
each cluster. Let A be the length of the other edges of OPT that are not in L
(edges of OPT that connect the different clusters together). Let D be the total
length of the directed arcs (si, ti), i = 1, . . . , k. By Theorem 1, the lengths of the
two solutions to TSPP with given end vertices are at most 2L−D and 3

2L+
1
2D.
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Using the fact that the minimum of a set of quantities is at most any convex
combination,

l(TSPP ) ≤ min
(
2L−D,

3
2
L+

1
2
D

)

≤ 9
11

(
2L−D

)
+

2
11

(3
2
L+

1
2
D

)

=
21
11

L− 8
11

D.

There exists a solution to SCP of length at most A+D. Hence by Theorem 2, the
lengths of the two solutions to SCP are at most 3

2A+2D and 3A+D. Therefore
the solution returned by the SCP algorithm is at most

l(SCP ) ≤ min
(3
2
A+ 2D, 3A+D

)

≤ 8
11

(3
2
A+ 2D

)
+

3
11

(
3A+D

)

=
21
11

A+
19
11

D.

In Step 3 of Algorithm GivenST, the two solutions are combined by replacing
arcs of length D in the TSPP solution by the SCP solution. We obtain an upper
bound on the length of the solution Tm thus obtained by combining the above
equations.

l(Tm) = l(TSPP )−D + l(SCP )

≤
(21
11

L− 8
11

D
)
−D +

(21
11

A+
19
11

D
)

=
21
11

(
L+A

)
=

21
11

OPT .

4 Given End Vertices

In this section, we consider the CTSP in which for each i, i = 1, . . . , k, we are
given the two end vertices, {s1

i , s
2
i }, of cluster Vi. The vertices of each cluster

must be contiguous on the tour, and the end vertices of cluster Vi must be s1
i

and s2
i , but we are free to select any one of them as the start vertex and the

other vertex as the end vertex. We modify Algorithm GivenST by executing
Algorithm RuralPostman rather than Algorithm StackerCrane, since pathi can
be oriented in any direction. The solution obtained consists of the special edges
(s1

i , s
2
i ), i = 1, . . . , k and other undirected edges between the end vertices. We

replace the special edges by the corresponding paths between s1
i to s2

i computed
in Step 1.

Theorem 4. Let Tm be the tour returned by Algorithm GivenEnds. Then

l(Tm) ≤ 9
5

OPT .
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5 Given Starting Vertices

In this section, we consider the version of CTSP in which, for each cluster i we
are given only its starting vertex si and we are free to select its ending vertex.
We give an algorithm with an approximation ratio of 2.643. We propose two
different heuristics, and select the shorter of the tours generated. In the first
heuristic, we combine a tour of the starting vertices with tours of the individual
clusters to generate a clustered tour. In the second heuristic, for each cluster, we
select the end vertex ti to be the farthest vertex from si within the cluster. We
then find a solution using Algorithm GivenST (Section 3) that finds a clustered
tour when the start and end vertices of each cluster are given. Figure 2 describes
the algorithm.

Algorithm GivenStart
Input
1. A graph G = (V, E), |V | = n, with weights l(e) e ∈ E.
2. A partition of V into clusters V1, ..., Vk .
3. In each cluster i, starting vertex si.
returns A clustered tour
begin
1. Compute a tour Ti that visits all vertices of Vi, for each i ∈ {1, 2, . . . , k}.

Compute a tour S of just the starting vertices {s1, s2, . . . , sk}.
Let Ts be a tour obtained by shortcutting S ∪ (∪k

i=1Ti).

2. For each cluster Vi, choose an end vertex ti that is farthest from si. Let
Algorithm GivenST return tour Tl with start vertices si and end vertices ti.

3. return the shorter of the tours Ts and Tl.
end GivenStart

Fig. 2. Algorithm GivenStart

In Step 1, we compute k + 1 tours, one for each cluster Vi, and a tour that
visits just the start vertices. All these tours can be computed using the TSP
algorithm of Christofides [4]. The intuition behind this heuristic is that it does
well when the sum of the distances between the start and end vertices of each
cluster in the optimal solution is small relative to the total cost. In Step 2, we
select an end vertex ti ∈ Vi that maximizes l(si, ti). With that selection of end
vertices, we can now apply Algorithm GivenST to find a clustered tour.

We introduce some notation to analyze the algorithm. Let A be the total
cost of those edges of OPT that connect vertices of two different clusters (there
are exactly k such edges). Let L be the sum of the lengths of the paths of OPT
through the clusters. By definition OPT = A + L. Let d be the sum of the
distances between the start and end vertices of each cluster of OPT ; note that
we are summing the lengths of direct edges that connect start vertices to the end
vertices chosen by OPT . Let D be the sum of distances between si and ti, i.e.,
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D =
∑k

i=1 l(si, ti). Since we chose ti in Vi as the vertex that maximizes l(si, ti),
d ≤ D.

Lemma 1. Let Ts be the tour computed in Step 1 of Algorithm GivenStart.
Then,

l(Ts) ≤ 3
2
OPT + 2d.

Proof. The Hamiltonian paths through each cluster can be converted to cycles
by adding an edge that connects si with the end vertex in that cluster of OPT .
Hence there exists a collection of k tours, one through each cluster Vi, whose
total cost is L + d. We now follow the analysis of Christofides [4]. The sum of
costs of minimum spanning trees through each cluster is at most L. The cost of
the matchings connecting odd-degree vertices of each cluster is at most 1

2 (L+d).
Therefore the sum of the k tours computed in Step 1 is at most 3

2L+ 1
2d. There

exists a tour of just the start vertices of length A + d, which is obtained from
OPT by replacing the paths through each cluster of length L by a direct edge
connecting the end vertices and deleting the intermediate vertices. Hence the
cost of the tour S computed in Step 1 is at most 3

2 (A+ d). Tour Ts is obtained
by combining all the above tours and its length is at most 3

2 (L + A) + 2d =
3
2OPT + 2d.

Lemma 2. Let Tl be the tour computed in Step 2 of Algorithm GivenStart.
Then,

l(Tl) ≤ 3
2
OPT + 2L− 3

2
d.

Proof. The tour Tl is obtained by running Algorithm GivenST after choosing an
end vertex ti for each cluster. The algorithm computes a solution to SCP (Step 2),
which is computed in turn by computing two solutions and taking the shorter
of the two (see Section 2.2). We prove that if one just takes the SCP solution
computed by Algorithm ShortArcs, we get the desired result. We observe that
OPT can be shortcut to obtain a feasible solution to the corresponding stacker
crane problem and therefore if Algorithm ShortArcs is applied to this problem,
we get a tour whose length is at most 3

2OPT + 1
2D. In this tour, we replace each

arc (si, ti) by a path from si to ti. By Theorem 1 the lengths of such paths is at
most 2

∑k
i=1 MST (Gi)−D ≤ 2L−D, where Gi is the subgraph induced by Vi.

Hence the total length of the tour obtained is

l(Tl) ≤
(3
2
OPT +

1
2
D

)
−D + (2L−D)

=
3
2
OPT + 2L− 3

2
D

≤ 3
2
OPT + 2L− 3

2
d,

since d ≤ D.
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Theorem 5. Let Tm be the clustered tour returned by Algorithm GivenStart in
Figure 2. Then,

l(Tm) ≤ 37
14

OPT < 2.643 OPT .

Proof. If d ≤ 4
7L, then by Lemma 1 and the obvious inequality L ≤ OPT ,

l(Ts) ≤ 3
2
OPT +

8
7
L ≤ 37

14
OPT .

If d > 4
7L, then the same inequality holds for l(Tl) by Lemma 2. Since the

algorithm chooses the shorter of the tours, the theorem follows.

6 Unspecified End Vertices

In this case we are only given the clusters and we are free to choose the start and
end vertices in the clusters. We give a 2.75 approximation for an arbitrary num-
ber of clusters. We first apply a TSPP algorithm with unspecified ends within
each cluster. We use the direct edges between the ends of these paths as special
edges for an RPP instance. We compute an approximate tour of this instance
and finally replace each special edge by the corresponding path to produce our
first tour. To obtain our second tour, in each cluster, select two vertices si and ti
such that l(si, ti) is maximized, to be the end vertices in the cluster, and then
apply Algorithm GivenEnds to obtain a tour. Finally, we select the shorter tour.
Figure 3 describes the algorithm.

Algorithm UnspecifiedEnds
Input
1. A graph G = (V, E), |V | = n, with weights l(e) e ∈ E.
2. A partition of V into clusters V1, ..., Vk .
returns A clustered tour
begin
1. Apply a TSPP algorithm with unspecified end vertices in each of V1, . . . , Vk.

Let pathi be the resulting path on Vi, and denote its end vertices by ai and bi.
Apply Algorithm RuralPostman with special edges (ai, bi) i = 1, ..., k and
let Ts be the tour obtained by replacing special edge (ai, bi) by pathi i = 1, ..., k.

2. In each cluster find vertices si and ti that maximize l(si, ti). Apply Algorithm
GivenEnds with end vertices {si, ti}, and let Tl be the tour that it returns.

3. return the shorter of the tours Ts and Tl.
end UnspecifiedEnds

Fig. 3. Algorithm UnspecifiedEnds

Theorem 6. Let Tm be the tour returned by Algorithm UnspecifiedEnds in Fig-
ure 3. Then,

l(Tm) ≤ 11
4
OPT.
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7 Constant Number of Clusters

In this section, we consider the CTSP where the number of clusters, k, is a
constant. The case k = 1 is the TSP. We show that the CTSP with given end
vertices is equivalent to TSPP with given end vertices. Hence we can obtain the
obvious 5

3 -approximation for this case by using the 5
3 approximation for TSPP,

but any further improvement in the approximation ratio is possible only if the
approximation algorithm for TSPP with given end vertices is improved.

We also show that TSPP with given end vertices is equivalent to CTSP
with unspecified end vertices for four or more clusters. This shows that an α-
approximation algorithm for this problem, would imply an α-approximation al-
gorithm for TSPP with given end vertices.

Theorem 7. If there exists an α-approximation algorithm to the TSPP with
given end vertices then there exists an α-approximation algorithm for CTSP for
a constant number of clusters (for all the variants we consider in this paper).

Corollary 2. There exists a 5
3 -approximation algorithm to CTSP for constant

number of clusters (in all the variants we consider for this paper).

Remark 3. If there exists an α-approximation algorithm for TSPP with given end
vertices there exists an α-approximation algorithm for CTSP when the order of
the clusters and the start and end vertices are given. This follows by finding a
path between each pair of end vertices inside each cluster using the approximation
algorithm for the TSPP, and connecting the paths using the given order. If the
order of the clusters is specified but the end vertices are not specified, Anily,
Bramel and Hertz [1] give a 5

3 -approximation algorithm.

Theorem 8. If there exists an α-approximation algorithm for CTSP with given
end vertices and k clusters, for some k ≥ 2, then there exists an α-approximation
algorithm for the TSPP with given end vertices.

Theorem 9. If there exists an α-approximation algorithm for CTSP with un-
specified end vertices and k clusters, for some k ≥ 4, then there exists an α-
approximation algorithm for the TSPP with given end vertices.

Remark 4. The approximation given in [10] is for the CTSP with unspecified end
vertices with three clusters, where one is a singleton. The main point of the last
theorem is that we cannot obtain such a bound even when a single new cluster
is added, unless the bound for TSPP of 5

3 is improved.
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Abstract. The problem of Radio Labelling is to assign distinct integer
labels to all the vertices of a graph, such that adjacent vertices get labels
at distance at least two. The objective is to minimize the label span.
Radio labelling is a combinatorial model for frequency assignment in case
that the transmitters are not allowed to operate at the same channel.

We show that radio labelling is related to TSP(1,2). Hence, it is NP-
complete and MAX–SNP-hard. Then, we present a polynomial-time al-
gorithm for computing an optimal radio labelling, given a coloring of
the graph with constant number of colors. Thus, we prove that radio la-
belling is in P for planar graphs. We also obtain a 3

2
-approximation NC

algorithm and we prove that approximating radio labelling in graphs of
bounded maximum degree is essentially as hard as in general graphs.

We obtain similar results for TSP(1,2). In particular, we present the first
3
2
-approximation NC algorithm for TSP(1,2), and we prove that dense

instances of TSP(1,2) do not admit a PTAS, unless P = NP.

1 Introduction

The Frequency Assignment Problem (FAP) arises from the fact that radio trans-
mitters operating at the same or closely related frequency channels have the po-
tential to interfere with each other. FAP can be formulated as an optimization
problem as follows: Given a collection of transmitters to be assigned operating
channels and a set of interference constraints on transmitter pairs, find an as-
signment that fulfills all the interference constraints and minimizes the allocated
bandwidth.

A common model for FAP is the interference graph. Each vertex of an inter-
ference graph represents a transmitter, while each edge represents an interference
constraint between the adjacent transmitters. The frequency channels are usually
assumed to be uniformly spaced in the spectrum and are labelled using positive
integers. Frequency channels with adjacent integer labels are assumed adjacent
in the spectrum [5,6,8]. Clearly, FAP is a generalization of graph coloring [6].
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Instead of specifying the interference constraints for each pair of transmitters,
FAP can be defined by specifying a minimum allowed spatial distance for each
channel/spectral separation that is a potential source of interference [5,6]. In [6]
these are called Frequency-Distance (FD) constraints. FD-constraints can be
given as a set of distances {D0, D1, . . . , Dκ}, D0 ≥ D1 ≥ · · · ≥ Dκ, where the
distance Dx, x ∈ {0, 1, . . . , κ}, is the minimum distance between transmitters
using channels at distance x.

The FD(κ)-coloring problem has been proposed as a model for FAP in un-
weighted interference graphs [8]. In FD(κ)-coloring we seek a function χκ :
V �→ {1, . . . , ν} that fulfills the FD-constraints with respect to the graph dis-
tances D0 = κ + 1, D1 = κ, . . . , Dκ = 1, and minimizes the largest color ν
used (color span). Alternatively, v, u ∈ V are only allowed to get colors at dis-
tance x, |χκ(v)−χκ(u)| = x, x ∈ {0, 1, . . . , κ}, if v and u are at distance at least
κ − x + 1 from each other in the interference graph. A polynomial-time exact
algorithm for a variant of FD(κ)-coloring in lattices is presented in [8]. FD(2)
-coloring (κ = 2) is a combinatorial model for the widely used “co-channel” and
“adjacent-channel” interference constraints. FD(2)-coloring is also called radio
coloring in [4]. A problem similar to FD(2)-coloring is studied [11] in the context
of mobile networks, where each vertex may require more than one colors (multi-
coloring). A polynomial-time approximation algorithm for triangular lattices is
presented in [11].

In some practical applications the transmitters cover a local or metropolitan
area. Hence, the transmitters are not allowed to operate at the same chan-
nel (D0 = ∞, non-reusable frequency channels). In this paper we study Ra-
dio Labelling, which is the equivalent of FD(2)-coloring in the context of non-
reusable frequency assignment. In particular, a valid radio labelling fulfills the
FD-constraints with respect to D0 = ∞, D1 = 2, D2 = 1. In radio labelling we
seek an assignment of distinct integer labels to all the vertices of a graph, such
that adjacent vertices get labels at distance at least two. The objective is to
minimize the maximum label used (label span). The definition of radio labelling
is communicated to us by [7].

Competitive algorithms and lower bounds for on-line radio labelling are pre-
sented in [4]. Moreover, radio labelling and similar combinatorial models for
non-reusable frequency assignment are used for obtaining lower bounds on the
optimal values of general FAP instances [1,14]. These lower bounds are necessary
for assessing the quality of the solutions found by heuristic algorithms.

1.1 Summary of Results

We start with proving that radio labelling is equivalent to Hamiltonian Path
with distances one and two (HP(1,2)). Hence, radio labelling is MAX–SNP-hard
and approximable in polynomial time within 7

6 [13]. We also prove that both
radio labelling and FD(2)-coloring remain NP-complete for graphs of diameter
two.

Next, we present a polynomial-time algorithm for computing an optimal radio
labelling, given a coloring of the graph with constant number of colors. Therefore,
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we prove that radio labelling is in P for planar graphs and graphs colorable with
constant number of colors in polynomial time.

We proceed to deal with radio labelling in general graphs and we obtain a
3
2 -approximation NC algorithm. In particular, if MCG denotes the cardinality
of the maximum clique and χ(G) denotes the chromatic number of the graph
G(V,E), the algorithm produces a radio labelling of value at most |V |+MCG −
1 ≤ |V |+χ(G)−1, without assuming any knowledge on MCG or χ(G). Therefore,
it outperforms all known sequential approximation algorithms for graphs with
clique number (chromatic number) less than |V |

6 .
Additionally, we show that there exists a constant ∆� < 1, such that, for all

∆ ∈ [∆�, 1), radio labelling in graphs G(V,E) of maximum degree ∆(G) ≤ ∆|V |
is essentially as hard to approximate as in general graphs. This is in contrast
with the fact that, if ∆(G) < n

2 , then an optimal radio labelling of value |V | can
be easily computed.

Since radio labelling is closely related to HP(1,2) and TSP(1,2), we also
obtain similar results for these problems. In particular, given a partition of a
graph G into constant number of cliques, we show how to decide in polynomial
time if G is Hamiltonian. Moreover, we present the first 3

2 -approximation NC
algorithm for TSP(1,2) and HP(1,2). The best previously known parallel algo-
rithm for metric TSP and all the special cases is the algorithm of Christofides [2],
which is in RNC, but it is not known to be in NC.

We also prove that dense instances of TSP(1,2) and HP(1,2) are essentially as
hard to approximate as general instances, as opposed to the success in designing
Polynomial Time Approximation Schemes (PTAS) for dense instances of many
combinatorial optimization problems (cf. [10] for a survey). Recently a different
proof of the same result appears independently in [3].

2 Preliminaries

Given a graph G(V,E), χ(G) denotes the chromatic number, MISG is the cardi-
nality of the Maximum Independent Set, MCG is the cardinality of the Maximum
Clique, and d(v, u) denotes the length of the shortest path between v, u ∈ V . For
all graphs G, MCG ≤ χ(G). The complementary graph G is a graph on the same
vertex set V that contains an edge {v, u}, iff {v, u} �∈E. Clearly, MISG = MCG.
A graph G(V,E) is called ∆-bounded, for some constant 1 > ∆ > 0, if the maxi-
mum degree∆(G) is no more than ∆|V |. Also, a graph G(V,E) is called δ-dense,
for some constant 1 > δ > 0, if the minimum degree δ(G) is at least δ|V |.

The Travelling Salesman Problem with distances one and two (TSP(1,2))
is the problem of finding a Hamiltonian cycle of minimum length in a com-
plete graph, where all the edge lengths are either one or two. Clearly, given
a graph G(V,E), TSP(1,2) is a generalization of the Hamiltonian cycle prob-
lem in G, where each edge in E is considered of length one and each edge not
in E (non-edge) of length two. TSPG denotes the optimal value of the TSP(1,2)
instance corresponding to the graph G. An interesting variant of TSP(1,2) is
Hamiltonian Path with distances one and two (HP(1,2)), where the objective
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is to find a Hamiltonian path of minimum length. Since TSP(1,2) and HP(1,2)
generalize the Hamiltonian cycle and path problems respectively, they are NP-
complete. Moreover, they are MAX–SNP-hard and there exists a polynomial-
time 7

6 -approximation algorithm [13].

Definition 1. (FD(κ)-labelling)
Instance: A graph G(V,E).
Solution: A valid FD(κ)-labelling, i.e. a function Lκ : V �→ {1, . . . , ν} such
that, for all v, u ∈ V , |Lκ(v) − Lκ(u)| = x, x ∈ {1, . . . , κ}, only if d(v, u) ≥
κ− x+ 1.
Objective: Minimize the maximum label ν used (label span).

This paper is devoted to FD(2)-labelling, which is also called Radio Labelling.
In the following, given a graph G(V,E), RL(G) denotes the value of an optimal
radio labelling for G and, for any v ∈ V , RL(v) denotes the label assigned to v
by a valid radio labelling.

Since radio labelling assigns distinct integer labels to all the vertices of a
graph, it is a vertex arrangement problem. In particular, given an arrange-
ment v1, v2, . . . , vn, a valid radio labelling can be computed as follows:
RL(v1) = 1, and for i = 1, . . . , n− 1, RL(vi+1) = RL(vi) + 1, if {vi, vi+1} �∈E,
and RL(vi+1) = RL(vi) + 2, otherwise. Conversely, any radio labelling implies
a vertex arrangement, in the sense that v precedes u, iff RL(v) < RL(u). A
radio labelling L is minimal, if there does not exist another radio labelling L′

that corresponds to the same vertex arrangement and RL(L′) < RL(L). In the
sequel, we only consider minimal radio labellings. It is not hard to verify the
following.

Lemma 2. Radio labelling is equivalent to HP(1,2) in the complementary graph.

Hence, Dirac’s Theorem implies that if ∆(G) < |V |
2 , a radio labelling of

value |V | exist and can be found in polynomial time. Given a coloring of G
with χ colors, it is easy to find a radio labelling of value at most |V | + χ − 1.
Therefore, |V | ≤ RL(G) ≤ |V | + χ(G) − 1. Additionally, for graphs of diameter
two, radio labelling is equivalent to FD(2)-coloring.

Lemma 3. Radio labelling and FD(2)-coloring restricted to graphs of diameter
two are NP-complete.

Proof sketch. Given a graph G of diam(G) = 2, the problem of deciding if the
complementary graph G contains a Hamiltonian path is NP-complete. ��

3 An Exact Algorithm for Constant Number of Colors

Since radio labelling is equivalent to HP(1,2) and a coloring corresponds to
a partition into cliques of the complementary graph, we present the technical
part of the proof in the context of Hamiltonian paths/cycles and partitions into
cliques. In particular, we prove that, given a partition of a graph G(V,E) into
constant number of cliques, we can decide if G is Hamiltonian in polynomial
time.
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3.1 Hamiltonian Cycles and Partitions into Cliques

The o re m 4 . Given a graph G(V,E), |V | = n, and a partition of V into κ > 1
cliques, there exists a deterministic algorithm that runs in time O(

nκ (2κ− 1) 
)

and decides if G is Hamiltonian. If G is Hamiltonian, the algorithm outputs a
Hamiltonian cycle.

Proof. A set of inter-clique edges M ⊆ E is an HC-set if M can be extended
to a Hamiltonian cycle using only clique-edges, i.e. there exists a M 

( c ) ⊆ E of
clique edges such that M ∪M 

( c ) is a Hamiltonian cycle.
We first show that, given a set of inter-clique edges M , we can decide if M is

an HC-set and construct a Hamiltonian cycle from M in poly(n, κ) time (Propo-
sition 1). Then, we prove that G is Hamiltonian iff there exists an HC-set of
cardinality at most κ(κ − 1) (Lemmas 6 and 7). The algorithm exhaustively
searches all the sets of inter-clique edges of cardinality at most κ(κ− 1) for an
HC-set. Additionally, we conjecture that, if G is Hamiltonian, then there exists
an HC-set of cardinality at most 2(κ− 1). We prove this conjecture for a special
case (Lemma 8) and we use Lemma 6 to show the equivalence to Conjecture 1.

Let C = {C1, . . . , Cκ} be a partition of V into κ > 1 cliques. Given a set
M ⊆ E of inter-clique edges, the clique graph T (C,M) contains exactly κ ver-
tices, that correspond to the cliques of C, and represents how the edges of M
connect the different cliques. If M is an HC-set, then the corresponding clique
graph T (C,M) is connected and eulerian. However, the converse is not always
true.

Given a set of inter-clique edges M , we color an edge  red, if it shares a vertex
of G with another edge of M . Otherwise, we color it  bl ue. The corresponding
edges of G are colored with the same colors, while the remaining edges (E−M)
are colored  bl ack. Additionally, we color  red each vertex v ∈ V , which is the
common end vertex of two or more  red edges. We color  bl ue each vertex v ∈ V
to which exactly one edge ofM (red or  bl ue) is incident. The remaining vertices
of G are colored  bl ack (Figure 1).

Let H be any Hamiltonian cycle of G and let M be the corresponding set of
inter-clique edges. Obviously,  red vertices cannot be exploited for visiting any
bl ack vertices belonging to the same clique. If H visits a clique Ci through a
vertex v, and leaves Ci through a vertex u, then v, u ∈ Ci consist a  bl ue vertex
pair. A bl ue pass through a clique Ci is a simple path of length at least one,
that entirely consists of non- red vertices of Ci. A clique Ci is covered by M , if
all the vertices of Ci have degree at most two in M , and the existence of a non-
red vertex implies the existence of at least one  bl ue vertex pair. The following
proposition characterizes HC-sets.

Prop osition 5. A set of inter-clique edges M is an HC-set iff the corresponding
clique graph T (C,M) is connected, eulerian, and,

(a) For all i = 1, . . . , κ, Ci is covered by M ; and
(b) There exists an eulerian trail R for T such that: For any red vertex v ∈ V , R

passes through v exactly once using the corresponding red edge pair.
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Proof sketch: Any HC-set corresponds to a connected, eulerian clique graph
T (C,M) that fulfills both (a) and (b). Conversely, we can extend M into a
Hamiltonian cycle H following the eulerian trail R. All the red vertices can be
included in H with degree two because of (b). Moreover, since R is an eulerian
trail and (a) holds for M , all the blue and the black vertices can be included
in H with degree two. Therefore, H is a Hamiltonian cycle. ��

The proof of Proposition 1 implies a deterministic procedure for deciding
if a set of inter-clique edges is an HC-set in poly(n, κ) time. Moreover, in case
that M is an HC-set, this procedure outputs a Hamiltonian cycle.
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(b) An HC-set with 5 edges

(e) An HC-set with 3 edges(d) A cycle using less RED edges

A red vertex
A blue vertex

A black vertex

A red edge

An edge to be removed

A blue edge

A black edge
A black edge of the cycle

Fig. 1. An application of Lemmas 6 and 7.

Lemma 6. Let Bκ ≥ 2 be some integer only depending on κ such that, for any
graph G(V,E) and any partition of V into κ cliques, if G is Hamiltonian and
|V | > Bκ, then G contains at least one Hamiltonian cycle not entirely consisting
of inter-clique edges (red vertices).
Then, for any graph G(V,E) and any partition of V into κ cliques, G is Hamil-
tonian iff it contains a Hamiltonian cycle with at most Bκ inter-clique edges.
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Proof. Let H be the Hamiltonian cycle of G containing the minimum number
of inter-clique edges and let M be the corresponding set of inter-clique edges.
Assume that |M | > Bκ. The hypothesis implies that H cannot entirely consist
of  red vertices. Therefore, H should contain at least one  bl ue vertex pair.

We substitute any bl ue pass of H through a clique Ci with a single red su-
per-vertex v̂, that also belongs to the clique Ci. Hence, v̂ is connected to all
the remaining vertices of Ci using bl ack edges. These substitutions result in a
cycle H ′ that entirely consists of red vertices, and contains exactly the same
set M of inter-clique edges with H .

Obviously, the substitutions of all the bl ue passes of H with red super-
vertices result in a graph G′(V ′, E′) that is also Hamiltonian, |V ′| > Bκ, and V ′

is partitioned into κ cliques. Moreover, for any Hamiltonian cycle HG′ of G′,
the reverse substitutions of all the red super-vertices v̂ with the corresponding
bl ue passes result in a Hamiltonian cycle of G that contains exactly the same
set of inter-clique edges with HG′ (Figure 1).

SinceH ′ is a Hamiltonian cycle that entirely consists of inter-clique edges and
|V ′| > Bκ, the hypothesis implies that there exists another Hamiltonian cycle
of G′ that contains strictly less inter-clique edges than H ′. Therefore, there exists
a Hamiltonian cycle of G that contains less inter-clique edges than H . ��

Lemma 6 implies that, in order to prove the upper bound on the cardinality
of a minimum HC-set, it suffices to prove the same upper bound on the number
of vertices of Hamiltonian graphs that (i) can be partitioned into κ cliques, and
(ii) only contain Hamiltonian cycles entirely consisting of inter-clique edges. It
should be intuitively clear that such graphs cannot contain an arbitrarily large
number of vertices.

Lemma 7. Given a graph G(V,E) and a partition of V into κ cliques, G is
Hamiltonian iff there exists an HC-set M such that |M | ≤ κ(κ− 1).

Proof. By definition, the existence of an HC-set implies that G is Hamiltonian.
Conversely, let H be the Hamiltonian cycle of G that contains the minimum
number of inter-clique edges, and let M be the corresponding HC-set. If |M | ≤
κ(κ− 1), then we are done. Otherwise, Lemma 6 implies that it suffices to prove
the same upper bound on |V | for graphs G(V,E) that only contain Hamiltonian
cycles entirely consisting of inter-clique edges.

Assume that |V | = |M | and the coloring of V under M entirely consists of
red vertices, and consider an arbitrary orientation of the Hamiltonian cycle H
(e.g. a traversal of the edges of H in the clockwise direction). If there exist
a pair of cliques Ci and Cj and four vertices v1, v2 ∈ Ci and u1, u2 ∈ Cj ,
such that both vx are followed by ux (x = 1, 2) in a traversal of H , then the
black edges {v1, v2} and {u1, u2} can be used instead of {v1, u1} and {v2, u2}
in order to obtain a Hamiltonian cycle containing less inter-clique edges than H .
The previous situation can be avoided only if, for all i = 1, . . . , κ, and j =
1, . . . , κ, j �= i, at most one vertex vj ∈ Ci is followed by a vertex u ∈ Cj in any
traversal of H . Hence, if |V | > κ(κ−1), then G contains at least one Hamiltonian
cycle not entirely consisting of inter-clique edges. Alternatively, any HC-setM of
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minimum cardinality contains at most two edges between any pair of cliques Ci

and Cj . Thus, M contains at most κ(κ− 1) inter-clique edges. ��

Therefore, we can decide if G is Hamiltonian in time O(
nκ (2κ− 1) 

)
, because

the number of the different edge sets containing at most κ(κ − 1) inter-clique
edges is at most n 

2κ ( κ− 1), and we can decide if a set of inter-clique edges is an
HC-set in time poly(n, κ) = O(nκ). ��

A bl ue Hamiltonian cycle is a Hamiltonian cycle that does not contain any
red vertices or edges. We can substantially improve the bound of κ(κ − 1) for
graphs containing a bl ue Hamiltonian cycle.

Lemma 8. Given a graph G(V,E) and a partition of V into κ cliques, if G
contains a  bl ue Hamiltonian cycle, then there exists an HC-set M entirely con-
sisting of  bl ue edges, such that |M | ≤ 2(κ− 1).

Proof. Let H be the  bl ue Hamiltonian cycle of G that contains the minimum
number of inter-clique edges and let M be the corresponding HC-set. Assume
that |M | > 2(κ−1), otherwise we are done. Notice that, since  red vertices cannot
be created by removing edges, any M ′ ⊆ M that corresponds to an eulerian,
connected, clique graph T (C,M ′) is an HC-set that only contains bl ue edges.

Let ST (C,MS) be any spanning tree of T (C,M). Since |MS | = κ − 1, the
graph T 

( S )(C,M−MS), which is obtained by removing the edges of the spanning
tree from T , contains at least κ edges. Therefore, T 

( S ) contains a simple cycle L.
The removal of the edges of L does not affect connectivity (the edges of L do
not touch the spanning tree ST ), and subtracts two from the degrees of the
involved vertices/cliques. Clearly, the clique graph T ′(C,M − L) is connected
and eulerian, and M − L, |M − L| < |M |, is an HC-set. ��

There exist HC-sets of cardinality exactly 2(κ − 1) that correspond to a
Hamiltonian cycle using the minimum number of inter-clique edges. Therefore,
the bound of 2(κ−1) is tight. However, we are not able to construct HC-sets that
contain more than 2(κ − 1) edges and correspond to Hamiltonian cycles using
the minimum number of inter-clique edges. Hence, we conjecture that the bound
of 2(κ − 1) holds for any graph and any partition into κ cliques. An inductive
(on |V |) application of Lemma 6 suggests that this conjecture is equivalent to
the following:

Conjecture 9. For any Hamiltonian graph G(V,E) of 2κ − 1 vertices and any
partition of V into κ cliques, there exists at least one Hamiltonian cycle not
entirely consisting of inter-clique edges.
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3.2 A Reducti on from Radi o Lab elling to Hamiltonian Cycle

Lemma 10. Given a graph G(V,E), |V | = n, and a coloring of G with κ colors,
an optimal radio labelling can be computed in O(

nκ (2κ +1) 
)
time.

Proof sketch. Since RL(G) ≤ n + κ − 1, optimal HP(1,2)/TSP(1,2) solutions
to the complementary graph G can be found by at most O(n 

2κ) calls to the
algorithm of Theorem 4. ��

Since any planar graph can be colored with constant number of colors in poly-
nomial time, the following theorem is an immediate consequence of Lemma 10.

The o re m 11 . An optimal radio labelling of a planar graph can be computed in
polynomial time.

Remark 1. Conjecture 9 implies that, given a graph G(V,E) and a coloring
with κ colors, an optimal radio labelling can be computed in time nO ( κ ).

4 An NC  A pproximat ion A lgorit hm for General Graphs

Then, we present a  
3
2 -approximation NC algorithm for radio labelling in general

graphs. For clarity of presentation, the algorithm is described and analyzed in
the context of Hamiltonian paths and cycles. In particular, we obtain the first
3
2 -approximation NC algorithm for HP(1,2) and TSP(1,2).

The o re m 12. The following inequalities hold for any graph G(V,E), |V | = n:

2MISG ≤ TSPG ≤ n+ MISG (1)

Moreover, a tour and an independent set that fulfill (1) can be computed in NC.

Proof. The algorithm TSP-MIS (Figure 2) proceeds in phases, such that the
following holds for the ith phase:
For all the vertices v, v ∈ V i implies that degP (v) ≤ 1. Moreover, for each
non-trivial path p ∈ P , exactly one of the end vertices of p is in V i.

Therefore, at the end of the algorithm, the set P consists of simple paths
(of 1-edges) and isolated vertices. If the isolated vertices are considered as trivial
paths, the edge set P covers V with vertex disjoint simple paths. Additionally,
the vertex sets Si are independent sets, because M i is a maximal matching
in Gi(V i, Ei).
Performance: The performance of the algorithm is determined by the number
of edges (of length 1) that are included in the set P at the end of the algorithm.
Initially, the set P is empty. At each phase i, the edges of M i are added to P
in step (*). Let |M i| be the number of edges of a maximal matching M i of the
graph Gi. The algorithm runs for K + 1 phases, where K will be fixed later.
Clearly, |P | ≥ ∑K

i=1 |M i|.
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Algorithm TSP-MIS
Input: A graph G(V, E).
Output: A set P of edges that cover V with vertex disjoint simple paths.

A set S� of independent vertices.

P := ∅;
i := 0;
repeat

i := i + 1; /* ith phase */

V i := {v ∈ V : degP (v) = 0};
For any non-trivial path p ∈ P,

add exactly one of the end vertices of p to V i;

Ei :=
�{v, w} ∈ E : v ∈ V i ∧ w ∈ V i

	
;

Find a Maximal Matching M i in Gi(V i, Ei);
(*) P := P ∪ M i;

Si := {v ∈ V i : degMi(v) = 0};
until M i = ∅ or i > K;

S� := Si of maximum cardinality;

return(P, S�);

Fig. 2. The Algorithm TSP-MIS.

Since the vertices of V i not covered by a maximal matching M i form an
independent set, we obtain that,

|V i| − MISG

2
≤ |M i| ≤ |V i|

2

Furthermore, for any pair of vertices of V i that are matched by M i, exactly one
vertex is added to V i+1. Therefore,

|V i|
2

≤ |V i+1| = |V i| − |M i| ≤ |V i| + MISG

2

The following inequality holds for all i ≥ 1, and can be proved by induction.

|V i+1| ≤ |V 1| + (2i − 1)MISG

2i
(2)

If K = �logn�, then inequality (2) implies that |V K+1| < MISG+1. By summing
the equalities |V i+1| = |V i| − |M i|, for all 1 ≤ i ≤ K + 1, we obtain that,

|V K+1| = |V 1| −
K∑

i=1

|M i| ≥ |V | − |P |

Therefore, |P | ≥ n − MISG. Since the set P consists of simple paths of total
length at least n − MISG, we can construct a Hamiltonian cycle from P by
adding no more than MISG edges of length two. Hence, TSPG ≤ n+ MISG.
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The proof of the inequality 2MISG ≤ TSPG is simple. Furthermore, if the
cardinality of S� was less than TSPG−n, then the previous analysis implies that
the result of TSP-MIS would be a Hamiltonian cycle of length less than TSPG.

There exist graphs G such that TSPG = n+ MISG − 1. For example, for any
integer x > 1, consider the graph consisting of a clique on n − x vertices and
an independent set of x vertices, all of them connected to a single vertex of the
clique. Clearly, MISG = x+ 1 and TSPG = n+ x.
Compl exi ty: The algorithm runs for at most �logn�+1 phases. Since the con-
nected components of P are simple paths, the computation of Gi can be eas-
ily implemented in NC. The complexity of the algorithm is dominated by the
computation of the maximal matching. There exist a CRCW PRAM algorithm
that produces a maximal matching in O(log 

3 n) time using O(n 
2) processors [9].

Moreover, the sequential complexity of  TSP-MIS is O(n 
2 logn). ��

Obviously, the arguments above also apply to HP(1,2) and to radio labelling
in the complementary graph G. Therefore, the following is an immediate conse-
quence of Theorem 12:

Co ro l l ary 13 . There exists an NC algorithm that runs in a CRCW PRAM in
time O(log 

4 n) using O(n 
2) processors and approximates,

1. Radio labelling, HP(1,2), and TSP(1,2) within 
3
2 .

2. HP(1,2) and TSP(1,2) restricted to graphs G, such that MISG ≤ αn, within
(1 + α).

3. Radio labelling restricted to graphs G, such that MCG ≤ αn (χ(G) ≤ αn),
within (1 + α).

4. Maximum Clique restricted to graphs G, such that RL(G) ≥ (1+β)n, within
2β

1+ β .

5 Graphs of B o unded Maximum Degree

Even though radio labelling is in P for graphs G(V,E) of ∆(G) < |V |
2 , we prove

that there exists a constant 1
2 < ∆� < 1, such that, for all ∆ ∈ [∆�, 1), ∆-

bounded instances of radio labelling (i.e. ∆(G) ≤ ∆|V |) do not admit a PTAS.

The o re m 14 . There exists a constant 12 < ∆� < 1, such that, for all ∆ ∈ [∆�, 1),
∆-bounded instances of radio labelling do not admit a PTAS, unless P = NP.

Proof sketch. Transform any graph G(V,E) to a ∆-bounded graph by adding a
clique on 

1−∆
∆ vertices. Since radio labelling is MAX–SNP-hard, there exists a

constant ε� > 0, such that radio labelling is not approximable within (1 + ε�),
unless P = NP . For any small constant α, ε� > α > 0, ∆� = 

1+ α
1+ ε� < 1. ��

For graphs with optimal values RL(G) ≥ |V |
∆ , ∆ ∈ [∆�, 1), the previous

transformation is an L-reduction from such instances of radio labelling to ∆-
bounded instances. A similar result also holds for dense instances of HP(1,2)
and TSP(1,2).

Co ro l l ary 15 . There exists a constant δ� > 0, such that, for all 0 < δ ≤ δ�, δ-
dense instances of HP(1,2) and TSP(1,2) do not admit a PTAS, unless P = NP.
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6 Open Problems

An interesting direction for further research is to obtain a polynomial-time ap-
proximation algorithm for FD(2)-coloring in planar graphs using our exact algo-
rithm for radio labelling. One approach may be to decompose the planar graph
to subgraphs, such that almost all vertices of each subgraph get distinct colors
by an optimal (or near optimal) assignment. Then, our exact algorithm can be
used for computing an optimal radio labelling for each of the resulting subgraphs.
Obviously, the decomposition of the planar graph and the combination of the
partial assignments to a near optimal solution require an appropriate planar
separator theorem.

Another research direction is the conjecture that, given a graphG(V,E) and a
partition of V into κ cliques, G is Hamiltonian iff there exists a Hamiltonian cycle
containing at most 2(κ− 1) inter-clique edges. This would imply a nO ( κ ) exact
algorithm for radio labelling in the complementary graph G, given a coloring
of G with κ colors. In this paper, we prove the conjectured bound for graphs
and partitions that contain at least one Hamiltonian cycle H , such that any
vertex v ∈ V has degree at most one in the set of inter-clique edges of H .

Additionally, it may be possible to improve the complexity of the algorithm
of Theorem 4 to O(f(κ)p(n)), where f(κ) is a fixed function of κ, e.g. f(κ) = 2κ 2 ,
and p(n) is a fixed polynomial in n of degree not depending on κ, e.g. p(n) = n.
This is also suggested by Papadimitriou [12].
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Abstract. We define a new type system for lambda calculi with re-
sources which characterizes the flat operational semantics that distin-
guishes deadlock from divergence. The system follows the intersection
style but with a special management of structural rules. The novel fea-
ture in comparison with previous works is the introduction of a controlled
form of weakening that allows to deal with deadlock. To show the ade-
quacy result we apply the realizability technique on a decorated calculus
where the resources to be consumed are explicitly indicated.

1 Introduction

In this paper we address the problem of detecting possibly deadlocked terms of
the lambda calculus with resources λr defined by Boudol [2], through a typing
system. This lazy non-deterministic calculus was designed so as to narrow the
gap between π-calculus and λ-calculus by introducing the possibility of raising
a new form of irreducible term (that can be interpreted as deadlocked) dur-
ing evaluation. As usual in lazy calculi, evaluations can diverge, that is infinite
computations can arise, or converge to lambda abstractions; furthermore, evalu-
ations can be blocked by lack of resources. Let us illustrate this with an example
(we use integers and sum for simplicity though they do not belong to the formal
definition of the calculus) : Define M = λfx.f(fx) and Si = λy.y + i. Then

M(S1 | S2)5
�→r (f(fx))〈S1 | S2/f〉〈5/x〉 →r (S1(fx))〈S2/f〉〈5/x〉
→r (fx+ 1)〈S2/f〉〈5/x〉 →r (S2x+ 1)〈1/f〉〈5/x〉
→r (x+ 2 + 1)〈1/f〉〈5/x〉 →r (5 + 2 + 1)〈1/f〉〈1/x〉
�→r 8〈1/f〉〈1/x〉

Notice that arguments are multisets of terms e.g. (S1 | S2), called resources,
and that β-reduction transforms arguments into explicit substitution entries like
〈S1 | S2/f〉. Resources are then consumed non-deterministically by necessity and
the symbol 1 denotes the absence of resources. In the case above, the resources
were enough to reach a value and all possible evaluations gives the same result,
but for instance, M(S1 | S2 | S3)5 has three legal results (8, 9 and 10) depending
on which resources Si are used. Now consider the following situation :

M(S1)5
�→r(fx+ 1)〈1/f〉〈5/x〉

V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 30–42,
1998.
c© Springer-Verlag Berlin Heidelberg 1998
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In this case, the evaluation cannot proceed since there is no available resource
for f . We say that the irreducible resulting term is deadlocked. Observe that
such terms can arise in the presence of arguments composed of a finite number of
resources only. In order to recover pure lazy lambda calculus, infinitely available
resources are allowed. For instance, the resource S1 is used twice during the
evaluation M(S∞

1 )5 �→r7〈S∞
1 /f〉〈1/x〉.

Various operational semantics can be defined in this framework, depending
on which irreducible terms are taken as valid results, studied in [2,4,5,6,7,9,10].
Among them we have the standard semantics, which takes abstractions as values
only -hence deadlocked and divergent terms are identified-, and the flat seman-
tics where abstractions and deadlocked terms are different kinds of values. In
this paper we propose a new intersection-like type system for λr, with a spe-
cial management of hypotheses, that induces an adequate characterization of
the flat semantics. The difficulties come from the fact that not only contrac-
tion of hypotheses is not sound (this corresponds to the finite availability of
resources which means that resources cannot be duplicated, as for the standard
semantics) but the usual structural rule for weakening is not applicable in gen-
eral when deadlock is meaningful. Indeed, adding useless hypotheses can destroy
deadlock. To overcome this problem, two kind of types (for assumptions) have
been used, finite and infinite, the first one to keep track of deadlock (over which
no weakening is possible), the second one to give account of ordinary derivations.
The realizability proof-technique used to show the adequacy result has been also
adapted to the new scenario : We introduce a decorated calculus which allows
to memorize the relevant assumptions made during type-derivation, i.e. which
β-reductions must be performed and which resources must be fetched to reach
a value of the desired type. Using results by Boudol and Laneve about the em-
bedding of lazy λ-calculus into π-calculus [6], we conclude that the semantics
induced by the type system over pure λ-terms is at most as discriminating as
the π-semantics.

2 The Calculus

The set of terms of the lambda calculus with resources λr includes variables,
abstractions, applications and terms with substitution entries like M〈B/x〉; ar-
guments are either the empty bag 1 or non empty multisets of resources, possibly
with infinite multiplicity. The syntax is the following 1 :

(terms) : M ::= x |λx.M | (MB) |M〈B/x〉
(bags) : B ::= 1 |P

P ::= M |M∞ | (P | P )

Contexts are terms with some subterms replaced by a hole [ ]. The notation
C[M ] stands for the term where the hole of C is replaced by M . We assume that
application associates to the left. We use MR̃ as a short form for MR1 . . . Rn.
1 Remark that in our setting, bags cannot be composed of 1 and some other terms,
while this is so in the definition of [2]. However, the two presentations are equivalent.
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(P0 | P1)=ac(P1 | P0) (P0 | (P1 | P2))=ac((P0 | P1) | P2)

P=acQ ⇒ P ≡ Q M∞ ≡ (M |M∞) P ≡ Q ⇒
{
MP ≡MQ
M〈P/x〉 ≡M〈Q/x〉

(β) (λx.M)P→rM〈P/x〉 (v) (λx.M)〈P/z〉→rλx.(M〈P/z〉) if x �∈fv(z, P )

(fetch) M〈N/x〉	M ′ and x �∈fv(N) ⇒
{
M〈N/x〉→rM

′〈1/x〉
M〈(N | Q)/x〉→rM

′〈Q/x〉

M→rM
′ ⇒

{
MP→rM

′P
M〈P/x〉→rM

′〈P/x〉
N→rM

′ if M ≡ N or M=αN

x〈N/x〉	N M〈N/x〉	M ′ ⇒
{
MP 〈N/x〉	M ′P
M〈P/z〉〈N/x〉	M ′〈P/z〉 if x �= z, z �∈fv(N)

Fig. 1. Structural equivalence and Evaluation rules

For R̃ composed of substitution entries only, we often write M〈P̃ /x̃〉 or even
Mρ instead of M〈P1/x1〉 . . . 〈Pn/xn〉. Free and bound variables of terms are
defined as usual (both λ-abstractions and substitution entries are binders). We
consider terms up to α-conversion (M=αN). The following terms will be used
throughout the paper : I = λx.x, Ω = (λx.xx∞)(λx.xx∞)∞ and D = y〈1/y〉.
Terms of the shape λx1 . . . xn.Ω are called unsolvable, and terms of the shape
λx1 . . . xn.D are called potentially deadlocked. Their order is n, which can be
zero. The structural equivalence 2 ≡ and the lazy evaluation rules →r are given
in Fig. 1. Lazy λ-calculus is a sub-calculus of λr

3. The encoding defined in [2]
is the following (in the rest of the paper, E and F stand for pure λ-terms) :
[[x]] = x, [[λx.E]] = λx.[[E]] and [[(EF )]] = [[E]][[F ]]∞.

2 The standard definition of λr includes P ≡ (1 | P ).
3 Two other calculi will be mentioned along the paper : lambda calculus with resources
and convergence testing λc

r [9,7], which incorporates a convergence testing operator
in the style of [1], and lambda calculus with multiplicities λm, where only homo-
geneous bags (M | . . . | M) are allowed, with finite or infinite multiplicity. λc

r is
non-deterministic, while λm is deterministic up to α-conversion.
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We define the convergence/divergence predicates as follows :

M ⇑ def⇐⇒ M may diverge
evaluation issued from M).

M ⇓ δ(T ) def⇐⇒ M may deadlock (i.e. M
�→rxR̃〈1/x〉S̃= T).

M ⇓ γ(T ) def⇐⇒ M may converge (i.e. M
�→rλx.M

′ = T).

The notations M ⇓ δ and M ⇓ γ stand for ∃T M ⇓ δ(T ) and ∃T M ⇓ γ(T ).

Definition 1. (operational semantics)

standard : M ��
l N

def⇐⇒ ∀C C[M ] ⇓ γ ⇒ C[N ] ⇓ γ .

flat : M ��
l N

def⇐⇒ ∀C C[M ] ⇓ γ ⇒ C[N ] ⇓ γ and
C[M ] ⇓ δ ⇒ C[N ] ⇓ δ .

over lambda-terms : E ≤0
l F

def⇐⇒ [[E]] �0
l [[F ]]

where o = �, � and l = m, r, rc. The associated equivalences are 
o
l , and =o

l .
Sometimes o and/or l will not appear, indicating that the kind of semantics
and/or the language is irrelevant.

2.1 Standard and Flat Semantics Compared

In the standard and flat scenarios, we have

M〈R/x〉 
M x �∈fv(M)
(MP )〈R/x〉 
 (M〈R/x〉)P x �∈fv(P )

M〈P/z〉〈R/x〉 
M〈R/x〉〈P/z〉 z �= x, x �∈fv(P ), z �∈fv(R)
(MP )〈L∞/x〉 
 (M〈L∞/x〉)P 〈L∞/x〉

Proposition 1. All unsolvable resources except that of maximal order can be
dropped from bags in the two semantics. Furthermore, Ω can be eliminated from
bags in the standard semantics 4.

Example 1. Let P = (λx1 . . . xn1 .Ω | . . . | λx1 . . . xnj .Ω), m = max{ni}, and Q =
(λx1 . . . xm.Ω). Then NP � NQ : if NP ⇓ γ(V ), at most one unsolvable was consumed
from P , say λx1 . . . xni .Ω; then V = λxh . . . xni .Ωρ, with ni ≥ h. Therefore NQ ⇓
γ(λxh . . . xm.Ωρ

′). If NP ⇓ δ, the unsolvables are not used; then NQ ⇓ δ.

Proposition 2. In the standard semantics, potentially deadlocked terms can be
discarded as unsolvable ones (recall that Ω and D are not distinguished). In the
flat semantics, only repeated potentially deadlocked terms can be discarded.

Example 2. Let P = (λx1 . . . xn.D | λx1 . . . xn.D | λx1 . . . xk.D | λx1 . . . xk.D), Q1 =
(λx1 . . . xm.D), Q2 = (λx1 . . . xn.D | λx1 . . . xk.D), with m = max{n, k}. We have
NP �� NQ2, but NP ��� NQ1 in general : assume N = I, k < n and C = [ ]P1 . . . Pk;

then C[IP ]
�→rDρ ⇓ δ but C[IQ1]

�→rλxk+1 . . . xn.Dρ
′ ⇓ γ only.

4 This holds for λr and λm but not for λc
r, since the convergence testing combinator

can be used to count the number of unsolvable or potentially deadlocked terms of
order greater than zero (see [9] for detailed proofs about standard semantics).



34 Carolina Lavatelli

Unlike ��, the flat preorder �� does not verify η-expansion : for instance,
[ ]〈1/x〉 separates the terms x and λy.xy. Indeed, x〈1/x〉 ⇓ δ but (λy.xy)〈1/x〉 ⇓
γ only. Moreover, let Q ≡ (P | Q′), then MP��MQ and M〈P/x〉��M〈Q/x〉
but this is not true in the flat scenario since xx〈I/x〉 ⇓ δ but xx〈I | Ω/x〉 ⇑. 5.

Example 3. We have M〈P0/x〉Q〈P1/x〉��(MQ)〈P0 | P1/x〉 for any P0 and P1.

Let P0 = I and P1 = λzy.y. We have (xx)〈P0/x〉x〈P1/x〉 �→rx〈1/x〉x〈P1/x〉 ⇓ δ, while
((xx)x)〈P0 | P1/x〉 ⇓ γ(I) only.

2.2 On the Expressiveness of Resource Calculi

In this section, we draw a comparison of expressiveness between calculi with
resources, lazy lambda calculus and π-calculus. Besides the notions already in-
troduced, we use Lévy [11] and Longo [12] intensional semantics for lambda cal-
culus ≤L, based on a notion of approximation that distinguishes λx.Ω from Ω,
and its η-extension ≤η

L defined by Ong [15] and used to characterize the local
structure of Plotkin-Scott-Engeler model of λ-calculus. Moreover, �λ stands for
Morris preorder for lazy lambda calculus. As far as π-calculus is concerned, as-
sume [[E]]u stands for the π-expression associated with the lambda term E, for
a given channel u, and define E ≤π F

def⇐⇒ [[E]]u �π [[F ]]u, where �π is the con-
textual semantics of the π-calculus [14]. In the following, the single arrow −→
stands for strict inclusion and the double arrow ←→ for equality :

≤L
[4]−→ ≤�

m

[4]←→ ≤η
L

[15]−→ �λ

≤L
[5]←→ ≤�

m

[5]←→ ≤�
r

6←→ ≤π

=π
[16]←→ =L

[4]←→ =�
m

[9]←→ =�
rc

3 Type Assignment System

The syntax for types is determined by the following grammar:

(types for terms) : φ ::= ω | δ | π → φ

(types for bags) : π ::= 1 | ψ | ψ × 1

ψ ::= φ | ψ × ψ

The difference with respect to classical intersection type systems is that δ is the
type for deadlock, and that the types for arguments involve 1, which is the type
of the empty bag. The constructor × behaves much like the standard conjunction
operator except that × is not idempotent. The classes of types Tω and Tδ defined
below are associated with the unsolvable and the possibly deadlocked terms
5 However, there are some cases for which these inequalities hold : when P is not
used in the deadlocked evaluation, when P has an infinite resource, when Q contains
a term which may deadlock. Something similar happens when one tries to group
substitutions entries.
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respectively. Let T 0
φ = {φ} and T i+1

φ = {ω → σ | for any σ ∈ T i
φ}. Then :

Tω =
⋃
T i

ω and Tδ =
⋃
T i

δ . Among the types for bags we distinguish the following
subsets 6 :

(finite types) Θ = {φ1 × . . .× φn × 1 | φi �∈ Tδ ∪ Tω} ranged over by θ, θ′, . . .
(infinite types) Ψ = {φ1 × . . .× φn} ranged over by ψ,ψ′, . . .

Definition 2. The relation ∼ between types is the least equivalence verifying the
usual laws for arrows in the weak theory of lambda-calculus (1. and 2.), together
with additional laws for product (3. to 8.) :

1. ψ → ω ∼ ω → ω
2. π1 ∼ π0 and φ0 ∼ φ1 ⇒ (π0 → φ0) ∼ (π1 → φ1)

3. ω × π ∼ π
4. π0 × π1 ∼ π1 × π0

5. π0 × (π1 × π2) ∼ (π0 × π1)× π2

6. π0 ∼ π′
0 and π1 ∼ π′

1 ⇒ π0 × π1 ∼ π′
0 × π′

1

7. φ ∈ T p
ω and σ ∈ T q

ω and p ≤ q ⇒ σ ∼ φ× σ
8. φ ∈ T p

δ ⇒ φ ∼ φ× φ .

Rules 1. to 6. belong to the type theory of [2]. Remark that the operator × is not
idempotent, that is, contraction of types is not allowed in general. Nevertheless,
π ∼ π × π holds for π ∈ Tω ∪ Tδ. Rules 7. and 8. are new and have no effect on
finite types; their intended meaning is to collapse the typing of terms that differ
either on the number of unsolvable terms or on the number of deadlocked terms
as the operational semantics does (cf. examples 1 and 2).

The typing system associated with λr is a sequent calculus where the provable
judgments are of the form Γ � M : φ, where Γ is a finite set of hypotheses
{x1 : π1, . . . , xn : πn}, with xi �= xj for i �= j. We often write x ∈ Γ for
∃π x : π ∈ Γ , and Γ (x) = π if x : π ∈ Γ . We write x : π, Γ instead of {x : π}∪Γ
provided that x �∈Γ . The following notion of combination of contexts is needed
to formalize the typing rules.

Definition 3. The combination - of two product types is the commutative and
associative operation satisfying :

θ/θ′ = ψ × θ′ if θ = ψ × 1
ψ/ψ′ = ψ × ψ′

ψ/θ =

{
ψ × θ if ψ × θ is a finite type
ψ × ψ′ if θ = ψ′ × 1 and ψ ∼ δ × ψ′′

undefined otherwise

(Γ/∆)(x) =

{
Γ (x) if x �∈∆
∆(x) if x �∈Γ
Γ (x)/∆(x) otherwise.

6 Notice that Θ ∪Ψ does not cover the whole set of product types. For instance ω× 1
is neither finite nor infinite.
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all terms

(L0a) �M : ω (L0b)
x : ψ, Γ �M : φ φ ∼ φ′ ψ ∼ ψ′

x : ψ′, Γ �M : φ′

variables

(L1a)
φ �= ω

x : φ � x : φ
(L1b) x : 1 � x : δ

abstractions

(L2a)
x : π, Γ � N : φ

Γ � λx.N : π → φ

(L2b)
Γ � N : φ x �∈Γ

Γ � λx.N : ω → φ

applications

(L3a)
Γ �M : ψ → φ ψ = φ1 × . . .× φn P ≡ (M1 | . . . |Mn | Q) ∆i �Mi : φi

Γ/(∆1/ . . . /∆n) � (MP ) : φ
(1)

(L3b)
Γ �M : θ → φ θ = φ1 × . . .× φn × 1 P=ac(M1 | . . . |Mn) ∆i �Mi : φi

Γ/(∆1/ . . . /∆n) � (MP ) : φ
(2)

(L3c)
Γ �M : ψ → φ

Γ �MB : φ
(3) (L3d)

Γ �M : 1→ φ

Γ �M1 : φ

(L3e)
Γ �M : δ

Γ � (MB) : δ

closures

(L4a)
x : ψ, Γ �M : φ ψ = φ1 × . . .× φn P ≡ (M1 | . . . |Mn | Q) ∆i �Mi : φi

Γ/(∆1/ . . . /∆n) �M〈P/x〉 : φ
(1)

(L4b)
x : θ, Γ �M : φ θ = φ1 × . . .× φn × 1 P=ac(M1 | . . . |Mn) ∆i �Mi : φi

Γ/(∆1/ . . . /∆n) �M〈P/x〉 : φ
(2)

(L4c)
x : ψ, Γ �M : φ

Γ �M〈B/x〉 : φ
(3) (L4d)

x : 1, Γ �M : φ

Γ �M〈1/x〉 : φ
(L4e)

Γ �M : φ x �∈Γ

Γ �M〈B/x〉 : φ

with φ �= ω in (L3a) to (L3d) and (L4a) to (L4e)

and (1) ψ �∼ω, (2) n ≥ 1, (3) ψ ∼ ω.

Fig. 2. Type System
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The type system is defined in Fig. 6. Unlike that of [2] for the standard
semantics of λr , our system deals with two categories of types, finite (θ) and
infinite (ψ) (if we forget the rules for finite types, these two systems are similar).
Observe that rule (L0b) applies only to infinite types. In fact, we do not want
ω×θ ∼ θ for otherwise, one could derive � x〈Ω/x〉 : δ by using rules (L1b), (L0a)
and (L4b) (in this case θ = 1). Roughly, finite types help in proving deadlock :
the only way to introduce finite types in a derivation is by axiom (L1b) and the
conditions imposed in definition 3 preserve deadlock.

Example 4. Let M = x(λy.xy)I, M1 = M〈I/x〉 and M2 = M〈(I | I)/x〉. We have
M1 ⇓ δ but M2 ⇓ γ only. Let φ = ω → δ; then

x : φ→ φ � x : φ→ φ

x : 1 � x : δ

x : 1 � xy : δ
(L3e)

x : 1 � λy.xy : ω → δ
(L2b)

x : (φ→ φ)× 1 �M : δ
(L3a)

Using (L4b) and the fact that � I : φ → φ we conclude � M1 : δ as expected. Remark
that asking for exactly one argument in rule (L4b) is essential. If this condition is
relaxed, by allowing some kind of weakening, then we may have �M2 : δ too, which is
not correct.

Let us examine the problem posed by weakening in the framework of a system
that distinguishes between deadlock and divergence.

Example 5. Assume that we have a rule for weakening that allows to arbitrarily enlarge
the types of the hypotheses as in [2]. Then we can build the following typing :

x : δ → δ � x : δ → δ

x : (δ → δ)× (ω → (φ→ φ)) � x : δ → δ
(weak)

x : 1 � x : δ

x : (δ → δ)× (ω → (φ→ φ))× 1 � xx : δ
(L3a)

x : (δ → δ)× (ω → (φ→ φ))× 1 � (xx)x : δ
(L3e)

Using rule (L4b) and the fact that � I : δ → δ and � λy.I : ω → (φ → φ), one
shows �M = (xx)x〈(I | λy.I)/x〉 : δ, but this is not correct, since the typing system is
supposed to characterize convergence : Observe that M ⇓ γ(I) but M �⇓δ.

The problem appears when the weakened hypothesis is combined with a finite
type. This is why we do not allow useless hypotheses in axiom (L0a) and we ask
for φ �= ω in axiom (L1a) (notice that to derive � I : ω → ω we must use (L0a)
and then (L2b)) 7. We finish our discussion about the typing system by showing
why contraction is not sound.

7 Nothing similar happens when dealing with infinite types. In this case, the rules for
applications and closures involve an implicit weakening since the bags in question
can contain many terms (of any type) not used in the derivation.
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�M∞�o ≡M
∞ �M∞�i+1 ≡ (�M� | �M

∞�i)

(β)

{
(λx.M)�B�→�r�M〈B/x〉
(λx.M)�B�→�r�M〈B/x〉

(fetch)

{
x〈�N�/x〉	N
x〈�N�/x〉	N

M ⇓ �δ�(T ) def⇐⇒ M
�→�r�xR̃〈1/x〉S̃ = T and T has no brackets at all.

M ⇓ �γ�(T ) def⇐⇒M
�→�r�λx.M

′ = T

decorated-flat : M��
�r�N

def⇐⇒ ∀C C[M ] ⇓ �γ� ⇒ C[N ] ⇓ �γ� and
C[M ] ⇓ �δ� ⇒ C[N ] ⇓ �δ�

Fig. 3. Decorated Semantics

Example 6. Let M = (λx.x(xI))I and τ = φ → φ. It is easy to see that � I : τ ,
� I : τ → τ and x : (τ → τ ) × (τ → τ ) � x(xI) : τ . If contraction were allowed, then
x : τ → τ � x(xI) : τ , which would imply �M : τ . That is M would have been given a
functional type while it just evaluates to deadlock.

Definition 4. (type semantics)

For λr-terms : M�φN
def⇐⇒ ∀Γ ∀φ (Γ �M : φ ⇒ Γ � N : φ)

For λ-terms : E ≤φ F
def⇐⇒ [[E]]�φ[[F ]]

4 Main Results

The crucial point for establishing the adequacy of the type semantics, is to prove
that the type system characterizes convergence, that is :

M ⇓ γ ⇐⇒ �M : ω → ω and M ⇓ δ ⇐⇒ �M : δ .

The ⇒ part follows essentially by subject expansion since abstractions have
type ω → ω and deadlocked terms have type δ.

Lemma 1. (subject expansion) M→rM
′ and Γ �M ′ : φ ⇒ Γ �M : φ.

As for the ⇐ part, in order to apply the realizability technique, we work on
the following decorated version of λr, with brackets and underscores :

decorated-terms : M ::= x |λx.M | (MB) | (M�B�) | (M�B�) |M〈B/x〉 |M〈B/x〉
decorated bags : B ::= 1 |P

P ::= M |M∞ | (P | P ) | �M� | �M∞�n

The notation u(M) stands for the undecorated term obtained by erasing all
brackets and underscores from M , and d(M) stands for some decorated term
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such that u(d(M)) = M . Fig. 4 completes the definition of the decorated calcu-
lus. In this framework, the first line must be added to the definition of ≡ and
the new (β) and (fetch) rules replace those for λr in Fig. 1. Brackets and under-
scores are introduced to control the possible evaluations of terms. Notice that
the new evaluation rules say that only bracketed arguments can be β-reduced,
and that only bracketed resources can be fetched. Moreover, underscored ar-
guments become underscored variables by β-reduction. Observe that one has
M ⇓ �δ�(T ) only if the head variable of T is bound by a substitution entry
without underscore; nevertheless, some underscored variables may appear in T
elsewhere.

Lemma 2. Let M be a decorated λr-term and N be a λr-term. Assume α is
either δ or γ. Then (M ⇓ �α� ⇒ u(M) ⇓ α) and (N ⇓ α ⇒ d(N) ⇓ �α�).
To define the realizability predicate, we use a kind of type simplification with
respect to rules 3., 7. and 8. of definition 2 defined as follows :

if ψ ∼ ω then ψ �→ε (the empty sequence)
if ψ �∼ω then ψ �→φ1, . . . , φn with n ≥ 1 iff

ψ ∼ φ1 × . . .× φn with φi �= ω and
∀i �= j φi ∈ Tω ⇒ φj �∈ Tω and
∀i �= j (φi ∈ T p

δ and φj ∈ T q
δ ) ⇒ p �= q .

Definition 5. (realizability predicate over decorated terms)

1. |=M : ω
def⇐⇒ true

2. |=M : δ
def⇐⇒ M ⇓ �δ�

3. |=M : π → φ
def⇐⇒ M ⇓ �γ� and ∀B |= B : π ⇒

{
|=M�B� : φ if π ∈ Θ
|=M�B� : φ if π ∈ Ψ

4. |= 1 : 1
def⇐⇒ true

5. |= P : θ = φ1 × . . .× φn × 1
def⇐⇒ P=ac(�M1� | . . . | �Mn�) and ∀i |= Mi : φi

6. |= B : ψ �→ε def⇐⇒ true

7. |= B : ψ �→φ1, . . . , φn
def⇐⇒ B ≡ (�M1� | . . . | �Mn� | P ) and ∀i |= Mi : φi

For open terms, assume Γ = x1 : θ1, . . . , xm : θm, z1 : ψ1, . . . , zn : ψn and
fv(M) = {x1, . . . , xm} ∪ {z1, . . . , zn} ∪ {y1, . . . , yk} with m,n, k ≥ 0. Then

Γ |= M : φ
def⇐⇒ ∀P̃ Q̃ (∀ij |= Pi : θi and |= Qj : ψj) ⇒|=M〈P̃ /x̃〉〈Q̃/z̃〉〈Ω̃/ỹ〉 : φ

In comparison with classical realizability predicates, the interesting case is 3. As-
sume φ = δ. The use of brackets in the inductive part of the definition guarantees
that M can consume B (that is, M evaluates to an abstraction). Moreover, if π
is infinite, the fact that B is underscored ensures that deadlock (remember that
φ = δ) does not come from B even if all its resources have been used during
evaluation. Finally, recall that the typing system makes useful hypothesis only,
that is, some free variables of M may not be captured by Γ in a derivation
Γ � M : φ. In the definition of Γ |= M : φ, this aspect is taken into account by
imposing substitution entries 〈Ω/y〉 (certainly useless for convergence) for these
free variables.
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Theorem 1. (soundness) Γ �M : φ ⇒ Γ |= d(M) : φ.

Proof. We indicate the main steps of the proof, which is by induction on the derivation
Γ �M : φ. For rules (L0) to (L2), the inductive hypothesis together with the following
easy properties are enough :

(1) If M��
�r�N and Γ |=M : φ, then Γ |= N : φ.

(2) If x : π, Γ |=M : φ and π ∼ π′, φ ∼ φ′ then x : π′, Γ |=M : φ′.

In the case of applications and closures, properties (3) and (4) are needed to combine
the multiple inductive hypotheses (see example below). Assume |= P : π0/ . . . /πn and
P ≡ (P0 | . . . | Pn) with |= Pi : πi. Define Q = (�H1〈P1/x〉� | . . . | �Hn〈Pn/x〉� | Q′),
with x �∈fv(Q′) :

(3)N〈P0/x〉Qρ��
�r�N(�H1� | . . . �Hn� | Q′)〈P/x〉ρ.

(4)N〈P0/x〉〈Q/y〉ρ��
�r�N〈(�H1� | . . . | �Hn� | Q′)/y〉〈P/x〉ρ.

Consider the following example :M1 = (yy
∞),M2 = (yy)D,M =M1M2, N = λx.xxx

and σ : ω → (δ → δ). It is easy to see that

y : σ �M1 : δ → δ y : σ �M2 : δ

Γ = y : σ × σ �M : δ
(L3a)

To prove Γ |= d(M) : δ, we show |= d(M)〈P/y〉 : δ for an arbitrary bag P such that
|= P : σ×σ : we decompose P into P0, P1 both verifying |= Pi : σ, we use the inductive
hypotheses |= d(M1)〈P0/y〉 : δ → δ and |= d(M2)〈P1/y〉 : δ, and then we apply (3).

In order to prove (3) and (4), one uses property (5), which allows to conclude
that, under some assumptions, it is possible to group substitution entries on the same
variable (cf. discussion in section 2.1, in particular example 3).

(5) If |= P : π0/π1, P ≡ (P0 | P1), |= Pi : πi then M〈P0/x〉R̃〈P1/x〉S̃��
�r�MR̃〈P/x〉S̃.

Let us illustrate why (5) does not hold if we replace ��
�r� by ��

r. Indeed, to prove (5)
we reproduce in the right side term the evaluation steps issued from the left side
term. This is not possible if we consider all evaluations and not only decorated ones.
Define P = (�λz.I� | �λz.I� | N), P0 = (�λz.I� | N) and P1 = (�λz.I�). Then |=
P : σ × σ and |= Pi : σ for i = 0, 1. We have d(M1)〈P0/y〉d(M2)〈P1/y〉 ⇓ �δ�, and
also d(M1M2)〈P/y〉 ⇓ �δ�. But if we ignore decorations, then M1〈P0/y〉M2〈P1/y〉 �→r

(y〈y∞/x〉〈1/y〉)(M2〈P1/y〉)) ⇓ δ by fetching N first (although it is not decorated inside
brackets), but this move gives the following when performed in the term at the right :

(M1M2)〈P/x〉 �→ryM2〈y∞/x〉〈λz.I/y〉I〈M2/z〉〈y∞/x〉〈1/y〉 ⇓ γ.

Theorem 2. (adequacy for λr-terms) M�φN ⇒ M��
rN .

An immediate corollary of this theorem and results stated in section 2.2 is:

Theorem 3. (adequacy for π-encoded λ-terms) E ≤φ F ⇒ E ≤π F .
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5 Conclusion

We have proposed an intersection-like type system for the lambda calculus with
resources which provides an adequate abstract counterpart to the flat operational
semantics that distinguishes divergence from deadlock. The question about com-
pleteness (that is, M�φN ⇐ M��

rN) seems delicate since its proof would in-
volve the definition of a convenient notion of approximant (cf. [10] for a proposal
in the framework of the standard semantics) and a non-trivial separation tech-
nique. Indeed, a proof by definability is not feasible since convergence testing
lacks to the calculus. The problem is maybe easier over pure lambda terms, for
which we have already E≤LF ⇐⇒ E ≤�

r F . Concerning the type system itself,
it would be interesting to study to what extent it relates to other systems for
concurrent languages dealing with deadlock, such us those presented in [3,8], at
least in the restricted universe of pure functions (indeed, the support languages
of both references -an extension of π and λ for the first one, and a π-like pro-
cess calculus for the second one- contain lambda calculus through appropriate
encodings). We leave these topics for further work.
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On encoding pπ in mπ
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Abstract. This paper is about the encoding of pπ, the polyadic π-calculus, in
mπ, the monadic π-calculus. A type system for mπ processes is introduced which
captures the interaction regime underlying the encoding of pπ processes respecting
a sorting. A full-abstraction result is shown: two pπ processes are typed barbed
congruent iff their mπ encodings are monadic-typed barbed congruent.

1 Introduction

The π-calculus is a model of computation in which one can naturally express systems
where the inter-connection structure among the parts changes during evolution. Its basic
entities are names. They may be thought of as names of communication links. Processes,
terms expressing systems, use names to interact, and pass names to one another by
mentioning them in interactions. Names received by a process may be used and mentioned
by it in further interactions.

In mπ, the monadic π-calculus [MPW92], an interaction between processes involves
the transmission of a single name. In pπ, the polyadic π-calculus [Mil92], a tuple of names
is passed in an interaction. As shown in [MPW92] atomic communication of tuples of
names is expressible in the monadic calculus. Using standard notation (a reader unfamil-
iar with π-calculus may care to refer to Section 2) the key clauses in an inductively-defined
translation [[·]] from polyadic processes to monadic processes are

[[x(z1 . . . zn). P ]] = x(w). w(z1). . . . . w(zn). [[P ]]

and
[[x〈a1 . . . an〉. Q]] = νw xw.wa1. . . . . wan. [[Q]]

where in each case w is a fresh name, i.e. is not free in the translated process. The
transmission of a tuple �a = a1 . . . an is expressed by

[[x(z1 . . . zn). P | x〈a1 . . . an〉. Q]]
= [[x(z1 . . . zn). P ]] | [[x〈a1 . . . an〉. Q]]
−→ νw (w(z1). . . . . w(zn). [[P ]] | wa1. . . . . wan. [[Q]])
−→n [[P ]]{�a/�z} | [[Q]]
= [[P{�a/�z} | Q]]

where �z = z1 . . . zn. Although communication of an n-tuple is represented using n + 1
interactions, it can be considered atomic since

νw (w(z1). . . . . w(zn). [[P ]] | wa1. . . . . wan. [[Q]]) ≈ [[P ]]{�a/�z} | [[Q]]
� Funded by the EU, under the Marie Curie TMR Programme.

�� Basic Research in Computer Science, Centre of the Danish National Research Foundation.
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where ≈ is (weak) barbed congruence. The first interaction creates a private link, and the
subsequent semantically-inert communications transfer the names a1 . . . an from sender
to receiver via that link.

In the polyadic calculus there is a pressing need for some kind of typing discipline,
as among the processes are terms – w(v). v(yz).0 | w〈x〉. x〈abc〉.0 is an example – where
the components disagree on the length of the tuple to be passed – in the second com-
munication in the example. Even on well-typed processes, however, the translation [[·]] is
not fully abstract when barbed congruence is adopted as process equivalence. If P and Q
are well-typed polyadic processes then the equivalence of [[P ]] and [[Q]] implies that of P
and Q, but the converse does not hold, the reason being, briefly, that there are monadic
contexts that do not conform to the interaction regime that underlies the translation. A
simple example is P = xy. xy.0 and Q = xy.0 | xy.0: the monadic processes K[[[P ]]] and
K[[[Q]]] are not barbed bisimilar where K is the monadic context [·] | x(z). x(w). a(v).0.

In this paper we introduce a typing system for monadic processes that captures the
interaction regime underlying the translation, and use it to obtain a full-abstraction
result. The following informal and incomplete account is filled out in the paper. Fix a set
S of sorts and a polyadic sorting λ, a partial function from S to S∗, of the kind introduced
in [Mil92]. Write Ψ �λ P if P is well-typed under λ assuming its free names have the sorts
recorded in Ψ , a finite partial function from names to S-sorts. Write P ≈λ Q if P and Q

are mutually well-typed and C[P ]
·≈ C[Q] for every suitably well-typed context C, where

·≈ is barbed bisimilarity. We construct a set Sm of monadic sorts and a monadic sorting
λm expressed using a graph. We give a typing system for inferring judgments of the
form Ψ ;∆;Γ �m

λ M where M is a monadic process and ∆,Γ are finite partial functions
from names to Sm-sorts. One property of the system is that Ψ �λ P iff Ψ ; ∅; ∅ �m

λ [[P ]].
As a guide, in a judgment Ψ ′;∆;Γ �m

λ M appearing in an inference of a judgment
Ψ ; ∅; ∅ �m

λ [[P ]], the functions ∆ and Γ will record the monadic sorts of the monadic
names introduced in translating P that are free in M and that M may use immediately
for receiving and for sending, respectively. The sort of name that M may receive or send
via a monadic name w is determined by λm; in general, that sort changes from one use
of w to the next. Using the typing system we define ≈m

λ on monadic processes by setting
M ≈m

λ N if M and N are mutually well-typed in the monadic system and K[M ]
·≈ K[N ]

for every suitably well-typed monadic context K. The main theorem is that if P and Q
are well-typed polyadic processes then

P ≈λ Q iff [[P ]] ≈m
λ [[Q]].

Thus the monadic typing system captures the interaction regime that underlies the
polyadic-monadic translation. The main theorem is not easy to prove. The proof, how-
ever, sheds light on an important class of monadic processes, and several of the techniques
used in it may be useful in other situations.

There has been much work on typing for π-calculus processes; a sample of papers
is [Hon93,Kob97,KPT96,LW95,Mil92,NS97,PS93,PS97,San97,Tur96,VH93]. The work to
which that presented here is most closely related is [Yos96]. We will explain the relation-
ship at the end of the paper. In Section 2 we recall necessary background material, in
Section 3 we introduce the typing system for monadic processes, and in Section 4 we
outline the proof of the main theorem. The full proof is too long to present in detail here,
so we concentrate on describing the main ideas.
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2 Background

In this section we recall necessary definitions and notations. We refer to the papers cited
in the Introduction for further explanation.

We presuppose a countably-infinite set of names, ranged over by lower-case letters.
We write �x for a tuple x1 . . . xn of names.

The prefixes are given by
π ::= x�y | x(�z)

where �z is a tuple of distinct names.
The processes are given by

P ::= 0 | π. P | P | P ′ | νz P | !P.

We write P for the set of processes; P,Q,R range over P .
A context is an expression obtained from a process by replacing an occurrence of

‘0’ by the hole [·]. C ranges over contexts. We write C[P ] for the process obtained by
replacing the occurrence of the hole in C by P .

We sometimes refer to processes and contexts collectively as terms and use T to range
over terms. A term is monadic if for each subterm x�y. T or x(�y). T of it, | �y |= 1. We
write M for the set of monadic processes; M,N,K range over M. Also, K,H range over
monadic contexts.

In x(�z). P and in νz P the displayed occurrences of �z and z are binding with scope
P . An occurrence of a name in a term is free if it is not within the scope of a binding
occurrence of the name. We write fn(P ) for the set of names that have a free occurrence
in P , and fn(P,Q, . . .) for fn(P ) ∪ fn(Q) ∪ . . .. We write also bn(P ) for the set of names
that have a binding occurrence in P .

A substitution is a function on names which is the identity except on a finite set.
We use θ to range over substitutions, and write xθ for θ applied to x. The support of
θ, supp(θ), is {x | xθ �= x}, and the cosupport is cosupp(θ) = {xθ | x ∈ supp(θ)}. If
supp(θ) = {x1, . . . , xn} and xiθ = yi for each i, we write {y1 . . . yn/x1 . . . xn} for θ. If X is
a set of names we write Xθ for {xθ | x ∈ X}. We write Pθ for the process obtained by
replacing each free occurrence of each name x in P by xθ, with change of bound names
to avoid captures.

We adopt the following conventions. We identify processes that differ only by change
of bound names. Further, when considering a collection of processes and substitutions
we tacitly assume that the free names of the processes are different from their bound
names, that no name has more than one binding occurrence, and that no bound name is
in the support or cosupport of any of the substitutions.

Structural congruence is the smallest congruence, ≡, on processes such that

1. P1 | (P2 | P3) ≡ (P1 | P2) | P3, P1 | P2 ≡ P2 | P1, P | 0 ≡ P
2. νz νw P ≡ νw νz P , νz 0 ≡ 0
3. νz (P1 | P2) ≡ P1 | νz P2 provided z �∈ fn(P1)
4. !P ≡ P | !P .

An occurrence of one term in another is unguarded if it is not underneath a prefix.

Lemma 1. If P ≡ Q then Pθ ≡ Qθ and fn(P ) = fn(Q) and for each unguarded π. P ′ in
P there is an unguarded π.Q′ in Q with P ′ ≡ Q′.
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Intraaction is the smallest relation, −→, on processes such that

1. x�y. P | x(�z). Q −→ P | Q{�y/�z} provided |�y |=|�z |
2. P −→ P ′ implies P | Q −→ P ′ | Q
3. P −→ P ′ implies νz P −→ νz P ′

4. P ≡ Q −→ Q′ ≡ P ′ implies P −→ P ′.

We write =⇒ for the reflexive and transitive closure of −→.

Lemma 2. If P −→ Q then fn(Q) ⊆ fn(P ).

In writing terms we assume composition associates to the left. Any intraaction arises
from two complementary unguarded prefixes not underneath replications:

Lemma 3. If P −→ Q then P ≡ P ′ = ν �w (x�y. P1 | x(�z). P2 | P3) where | �y |=| �z | and
Q ≡ Q′ = ν �w (P1 | P2{�y/�z} | P3) and P ′ �→Q′, i.e. P ′ −→ Q′ may be inferred without
use of the structural rule (rule 4).

If x is a name then x is a co-name. We use µ to range over names and co-names.
The observability predicates , ↓µ, are defined by: P ↓x if P has an unguarded subterm

x(�z). Q and x ∈ fn(P ); and P ↓x if P has an unguarded subterm x�y.Q and x ∈ fn(P ).
Further, ⇓µ is =⇒↓µ.

Lemma 4. The relations ↓µ are closed under ≡, and P ↓x iff P ≡ ν �w (x(�z). Q | Q′)
where x �∈�w, and P ↓x iff P ≡ ν �w (x�y.Q | Q′) where x �∈�w.

Barbed bisimilarity is the largest symmetric relation, ≈̇, such that if P ≈̇ Q then P ↓µ

implies Q ⇓µ, and P −→ P ′ implies Q =⇒ ≈̇ P ′.
Monadic processes M and N are monadic barbed congruent , M ≈m N , if K[M ] ≈̇

K[N ] for every monadic context K.
A simple but important observation is

Lemma 5. If w �∈fn(M,N, �y) and �y = y1 . . . yn and �z = z1 . . . zn, then

νw (wy1. . . . . wyn.M | w(z1). . . . . w(zn). N) ≈m M | N{�y/�z}.

Definition 1. The translation [[·]] from terms to monadic terms is defined as follows:

[[x〈y1 . . . yn〉. T ]] = νw xw.wy1. . . . . wyn. [[T ]]
[[x(z1 . . . zn). T ]] = x(w). w(z1). . . . . w(zn). [[T ]]

and [[[·]]] = [·], [[0]] = 0, [[T | T ′]] = [[T ]] | [[T ′]], [[νz T ]] = νz [[T ]], and [[ !T ]] = ![[T ]].

The translation enjoys the following properties.

Lemma 6. fn([[P ]]) = fn(P ) and [[Pθ]] = [[P ]]θ.

Lemma 7. If P ≡ Q then [[P ]] ≡ [[Q]].

Lemma 8. P ↓µ iff [[P ]] ↓µ.

Lemma 9. If P −→ Q then [[P ]] −→M =⇒ [[Q]] with M ≈m [[Q]].
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We now consider typing of polyadic processes. Fix a set S of sorts , ranged over by s, t,
and a sorting λ : S ⇀ S∗.

We use Ψ to range over finite partial functions from names to sorts. We write n(Ψ)
for the domain of Ψ . If n(Ψ) = {x1, . . . , xn} and Ψ(xi) = si for each i, we write {x1 :
s1, . . . , xn : sn} for Ψ . We write Ψ(x) � s to mean ‘if x ∈ n(Ψ) then Ψ(x) = s’. Ψ and
Ψ ′ are compatible if x ∈ n(Ψ) ∩ n(Ψ ′) implies Ψ(x) = Ψ ′(x). If Ψ and Ψ ′ are compatible
we write Ψ, Ψ ′ for Ψ ∪ Ψ ′, and we abbreviate Ψ, {x : s} to Ψ, x : s. We write Ψθ for
{xθ : s | x : s ∈ Ψ}.

Definition 2. P is a λ-process if Ψ � P may be inferred for some Ψ using the rules in
Table 1, where the side conditions are

1. z �∈ n(Ψ),
2. λ(s) = (t1 . . . tn) where n ≥ 1, Ψ(x) � s, Ψ(yi) � ti, x = yi implies s = ti, and

yi = yj implies ti = tj ,
3. λ(s) = (t1 . . . tn) where n ≥ 1, Ψ(x) � s, and zi /∈ n(Ψ).

Ψ � 0

Ψ � P

Ψ � !P

Ψ � P1 Ψ � P2

Ψ � P1 | P2

Ψ, z : s � P
(1)

Ψ � νz P

Ψ � P
(2)

Ψ, x : s, y1 : t1, . . . , yn : tn � x〈y1 . . . yn〉. P

Ψ, z1 : t1, . . . , zn : tn � P
(3)

Ψ, x : s � x(z1 . . . zn). P

Table 1. The polyadic typing rules

The type system enjoys the following properties.

Lemma 10. If Ψ � P then fn(P ) ⊆ n(Ψ) and bn(P ) ∩ n(Ψ) = ∅.

In view of the last assertion, when we write a judgment Ψ � P we tacitly assume that
the bound names of P are chosen not to be in n(Ψ).

Lemma 11. If Ψ � P and Ψ ′ ⊆ Ψ and fn(P ) ⊆ n(Ψ ′), then Ψ ′ � P .

Lemma 12. If Ψ � P and n(Ψ ′) ∩ n(Ψ) = ∅, then Ψ, Ψ ′ � P .

Lemma 13. If Ψ � P and Q ≡ P , then Ψ � Q.

Lemma 14. If Ψ � P and P −→ P ′, then Ψ � P ′.
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Lemma 15. If P is a λ-process and P =⇒ Q ≡ ν �w (x�y.Q1 | x(�z). Q2 | Q3), then
|�y |=|�z |.

We write Ψ � P,Q if Ψ � P and Ψ � Q. The rules for typing contexts are like the
rules for typing processes, with the addition of the rule: Ψ � [·] for any Ψ . A context C is
a λ(Ψ)-context if using the rule-instance Ψ � [·] we can infer Ψ ′ � C for some Ψ ′. If Ψ � P
and C is a λ(Ψ)-context, then C[P ] is a λ-process.

Definition 3. P and Q are barbed λ-congruent , P ≈λ Q, if there is Ψ such that Ψ � P,Q
and C[P ] ≈̇ C[Q] for every λ(Ψ)-context C.

3 The monadic type system

We now introduce the monadic type system and establish some of its properties. Fix a
set S of sorts and a sorting λ.

Definition 4. The set of m-sorts , ranged over by σ, τ , is

Sm = {◦, •} ∪ {si | 1 ≤ i ≤ |λ(s) |, s ∈ S}.
For example, if S = {s, t, r} and λ(s) = (t r), λ(t) = (s) and λ(r) = (), then Sm =
{◦, •, s1, s2, t1}.
Definition 5. The labelled directed graph Gλ has nodes Sm, labels S, and arrows

◦ s−→ s1
t1−→ s2

t2−→ . . .
tn−1−−→ sn tn−→ •

if λ(s) = (t1 . . . tn). In particular, if λ(s) = () it has an arrow ◦ s−→ •.
For the example sorting above the arrows are

◦ s−→ s1
t−→ s2

r−→ • and ◦ t−→ t1
s−→ • and ◦ r−→ •.

We use ∆,Γ to range over finite partial functions from names to Sm − {•}, and use
analogous notations to those mentioned earlier in connection with functions Ψ .

The following notion will be important in typing compositions.

Definition 6. Suppose ∆1 and Γ1 are compatible, and ∆2 and Γ2 are compatible. Then
∆1, Γ1 and ∆2, Γ2 are complementary if n(∆1) ∩ n(∆2) = ∅, n(Γ1) ∩ n(Γ2) = ∅, and
∆1, ∆2 and Γ1, Γ2 are compatible.

Definition 7. A monadic process M is a λm-process if Ψ ;∆;Γ �M may be inferred for
some Ψ,∆, Γ using the rules in Table 2.

In the rules for prefixes, {w : •} is read as ∅; this saves writing. Note that in the rules
for input prefix, z �= x by the convention on free and bound names.

The rules are best understood via an example. Assuming the example sorting above,
let P = !νa (Q | R) where Q = a〈bc〉.0 and R = a(uv).0. Then

[[P ]] = !νa ((νw aw.wb. wc.0) | a(z). z(u). z(v).0)

and we have, in full,
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Ψ ; ∅; ∅ � 0

Ψ ; ∅; {y : σ} � M

Ψ, x : s; ∅; {y : ◦} � xy. M
◦ s−→ σ and Ψ(x) � s and y �∈ n(Ψ, x)

Ψ ; ∅; {x : τ} � M

Ψ, y : s; ∅; {x : σ} � xy. M
◦ �= σ

s−→ τ and Ψ(y) � s and x �∈ n(Ψ, y)

Ψ ; {z : σ}; ∅ � M

Ψ, x : s; ∅; ∅ � x(z). M
◦ s−→ σ and Ψ(x) � s and z �∈ n(Ψ)

Ψ, z : s; {x : τ}; ∅ � M

Ψ ; {x : σ}; ∅ � x(z).M
◦ �= σ

s−→ τ and x, z �∈ n(Ψ)

Ψ ; ∆1; Γ1 � M1 Ψ ; ∆2; Γ2 � M2

Ψ ; ∆1, ∆2; Γ1, Γ2 � M1 | M2

∆1, Γ1 and ∆2, Γ2 are complementary

Ψ, z : s; ∆; Γ � M

Ψ ; ∆; Γ � νz M
z �∈ n(Ψ, ∆, Γ )

Ψ ; ∆; Γ, z : ◦ � M

Ψ ; ∆; Γ � νz M
z �∈ n(Ψ, ∆, Γ )

Ψ ; ∆, z : σ; Γ, z : σ � M

Ψ ; ∆; Γ � νz M
z �∈ n(Ψ, ∆, Γ ) and σ �= ◦

Ψ ; ∅; ∅ � M

Ψ ; ∅; ∅ � !M

Table 2. The monadic typing rules

∅; ∅; ∅ � 0

{c : r}; ∅; {w : s2} � wc. 0

{b : t, c : r}; ∅; {w : s1} � wb. wc.0

{a : s, b : t, c : r}; ∅; {w : ◦} � aw. wb. wc.0

{a : s, b : t, c : r}; ∅; ∅ � [[Q]]

{u : t, v : r, b : t, c : r}; ∅; ∅ � 0

{u : t, b : t, c : r}; {z : s2}; ∅ � z(v).0

{b : t, c : r}; {z : s1}; ∅ � z(u). z(v).0

{a : s, b : t, c : r}; ∅; ∅ � [[R]]

{a : s, b : t, c : r}; ∅; ∅ � [[Q]] | [[R]]

{b : t, c : r}; ∅; ∅ � νa ([[Q]] | [[R]])

{b : t, c : r}; ∅; ∅ � [[P ]]

Note that in the judgment

{a : s, b : t, c : r}; ∅; {w : ◦} � aw.wb. wc.0
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the name w is recorded in the Γ -component with m-sort ◦, and that the second of the
restriction rules is applied to infer

{a : s, b : t, c : r}; ∅; ∅ � [[Q]].

In the judgment
{b : t, c : r}; ∅; {w : s1} � wb.wc.0

w is ascribed m-sort s1, indicating that the process can immediately send on w. The
graph Gλ stipulates that the name which can be sent via w must be of sort t. In the
judgment

{c : r}; ∅; {w : s2} � wc.0
w has m-sort s2 and c sort r as given by Gλ. After being used for sending for the second
and last time, w disappears from the Γ -component.

In a complementary way, m-sorts are ascribed to z in the ∆-components of the judg-
ments involving subterms of R to indicate how they use the name for receiving.

We now state some properties of the type system (several auxiliary results are omit-
ted).

Lemma 16. Suppose Ψ ;∆;Γ � M . Then: (1) ∆ and Γ are compatible. (2) n(Ψ) ∩
n(∆,Γ ) = ∅. (3) fn(M) ⊆ n(Ψ,∆, Γ ). (4) n(∆,Γ ) ⊆ fn(M). (5) ◦ /∈ cosupp(∆). (6)
Γ (x) = ◦ implies x �∈n(∆). (7) bn(M) ∩ n(Ψ,∆, Γ ) = ∅.
In view of the last part, when we write a judgment Ψ ;∆;Γ �M we tacitly assume that
the bound names of M are chosen not to be in n(Ψ,∆, Γ ).

We write |T | for the number of operators in the term T .

Lemma 17. If Ψ ;∆;Γ �M then there is M ′ ≡M such that |M ′ | ≤ |M | and:

1. If w : ◦ ∈ Γ then M ′ = ν �w xw.N or M ′ = ν �w (xw.N | K) where w �∈�w.
2. If w : σ ∈ Γ and σ �= ◦, then M ′ = ν �w wx.N or M ′ = ν �w (wx.N | K) where w �∈�w.
3. If w : σ ∈ ∆ then M ′ = ν �w w(z). N or M ′ = ν �w (w(z). N | K) where w �∈�w.
4. If w : σ ∈ ∆∩Γ then M ′ = ν �w (wx.N | w(z). N ′) or M ′ = ν �w (wx.N | w(z). N ′ | K)

where w �∈�w.

The reason this lemma takes the form it does is that to carry out later arguments by
induction on type inference, a handle on the size of terms is needed.

Typing is, as would be expected, invariant under structural congruence:

Lemma 18. If Ψ ;∆;Γ �M and N ≡M , then Ψ ;∆;Γ � N .

The final result in this section shows how typing changes under intraaction. To prove the
lemma it is necessary to examine the effects of substitution on typing.

Lemma 19. If Ψ ;∆;Γ �M and M −→M ′, then Ψ ;∆′;Γ ′ �M ′ where

1. ∆′ = ∆ and Γ ′ = Γ , or
2. ∆′ = ∆, y : σ and Γ ′ = Γ − {y : ◦} ∪ {y : σ} where y : ◦ ∈ Γ and ◦ s−→ σ, or
3. ∆′ = ∆− {y : σ} ∪ {y : τ} and Γ ′ = Γ − {y : σ} ∪ {y : τ} where y : σ ∈ ∆ ∩ Γ and
◦ �= σ

s−→ τ .

49On encoding p    in mππ



The rules for typing monadic contexts are like the rules in Tab. 2, with the addition
of the rule: Ψ ;∆;Γ � [·] for any Ψ,∆, Γ . A monadic context K is a λm(Ψ,∆,∆′)-context
if assuming Ψ ;∆;∆ � [·] we can infer Ψ ′;∆′;∆′ � K for some Ψ ′.

Definition 8. M and N are barbed λm-congruent , M ≈m
λ N , if there are Ψ,∆ such that

Ψ ;∆;∆ �M,N and K[M ] ≈̇ K[N ] for every λm(Ψ,∆, ∅)-context K.

Recalling the counterexample P = xy. xy.0 and Q = xy.0 | xy.0 to full abstraction of
the translation, and the monadic context K = [·] | x(z). x(w). a(v).0 such that K[[[P ]]] �̇≈
K[[[Q]]], note that K is not a λm(Ψ,∆, ∅)-context for any Ψ and ∆.

4 Main results

In this section we outline the main results. First we relate typing of P under λ and typing
of [[P ]] under λm.

Lemma 20. If Ψ � P then Ψ ; ∅; ∅ � [[P ]].

Lemma 21. If Ψ ;∆;Γ � [[P ]] then ∆ = Γ = ∅ and Ψ � P .

This lemma does not hold if we remove the very minor restriction ‘n ≥ 1’ from the
side conditions of the typing rules for polyadic prefixes. For example if λ(s) = (s), then
∅; ∅;x : s1 � [[x〈〉.0]], [[x().0]].

We now outline the proof that the translation is sound.

Theorem 1. If [[P ]] ≈m
λ [[Q]] then P ≈λ Q.

Proof. Consider first B = {(R, [[R]]) | R a λ-process}. We noted in Section 2 that

1. R ↓µ iff [[R]] ↓µ, and
2. if R −→ R′ then [[R]] −→ N =⇒ [[R′]] with N ≈m [[R′]].

We show that
if [[R]] −→ N then N ≈m [[R′]] where R −→ R′. (1)

Assertion (1) does not hold without the assumption that R is a λ-process: consider for
instance R = a〈bc〉.0 | a(z).0. Assertion (1) is harder to prove than it may at first sight
appear. The reason is that the structural rule may be applied arbitrarily in inferring
[[R]] −→ N , and it takes some work to see that a suitable R′ can always be found. The
monadic type system plays a key role in carrying out that work.

Note that P ≡ Q iff P ≡∗
1 Q, where P ′ ≡1 Q

′ if there are a context C and processes
P ′′, Q′′ comprising an instance of one of the axioms of structural congruence such that
P ′ = C[P ′′] and Q′ = C[Q′′].

We write 〈Ψ ;∆;Γ � M〉 for an inference of the judgment Ψ ;∆;Γ � M . We say w is
monadic in 〈Ψ ;∆;Γ � M〉 if for some judgment Ψ ′;∆′;Γ ′ � M ′ in 〈Ψ ;∆;Γ � M〉 we
have w ∈ n(∆′, Γ ′). We write M � M ′ if there are 〈Ψ ;∆;Γ � M〉 and w monadic in it
such that M ′ is obtained from M by replacing a subterm N by N ′ where

1. N = νw νz K and N ′ = νz νw K where z is not monadic in 〈Ψ ;∆;Γ �M〉, or
2. N = νw (K | K ′) and N ′ = K | νw K ′ where w �∈ fn(K), or
3. N = νw (K | K ′) and N ′ = νw K | K ′ where w �∈ fn(K ′).
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Note that M � M ′ implies M ′ ≡1 M . In a structural manipulation of [[R]], a �-
transformation involving νw changes the term structure in such a way as to move
the restriction towards the prefix of the form xw introduced in translating R. The �-
transformations and their inverses have no direct counterparts in a manipulation of R.
We have, however,

Lemma 22. If [[R]] ≡M then M �∗ [[R′′]] where R′′ ≡ R.

Now returning to the proof of (1), suppose [[R]] ≡ M = ν �w (xw.M1 | x(z).M2 | M3)
and M �→M ′ = ν �w (M1 | M2{w/z} | M3) ≡ N . Then R ≡ R′′ where M �∗ [[R′′]]. By
the form of M , R′′ = ν�v (x�y. P1 | x(�z). P2 | P3) and R′′ �→R′ = ν�v (P1 | P2{�y/�z} | P3)
where νw xw.M1 �∗ [[x�y. P1]], x(z).M2 �∗ [[x(�z). P2]], and ν�u M3 �∗ [[P3]] where �w is
a permutation of �vw�u. Further N =⇒ [[R′]] and [[R′]] ≈m N as required. By 1, 2 and (1)
we have

Corollary 1. If R is a λ-process then [[R]] ≈̇ R.

To complete the proof of the theorem, suppose [[P ]] ≈m
λ [[Q]] and Ψ is such that Ψ ; ∅; ∅ �

[[P ]], [[Q]] and K[[[P ]]] ≈̇ K[[[Q]]] for every λm(Ψ, ∅, ∅)-context K. Then Ψ � P,Q and if C is
a λ(Ψ)-context then [[C]] is a λm(Ψ, ∅, ∅)-context and so

C[P ] ≈̇ [[C[P ]]] = [[C]][[[P ]]] ≈̇ [[C]][[[Q]]] = [[C[Q]]] ≈̇ C[Q].

Hence P ≈λ Q. �
We now outline the proof that the translation is complete.

Theorem 2. If P ≈λ Q then [[P ]] ≈m
λ [[Q]].

Proof. Suppose P ≈λ Q and Ψ0 is such that Ψ0 � P,Q and C[P ] ≈̇ C[Q] for every λ(Ψ0)-
context C. Then Ψ0; ∅; ∅ � [[P ]], [[Q]]. Suppose K is a λm(Ψ0, ∅, ∅)-context. The crucial fact
is:

There is a λ(Ψ0)-context C such that K[[[P ]]] ≈̇ [[C]][[[P ]]] and K[[[Q]]] ≈̇ [[C]][[[Q]]]. (2)

From this, using Corollary 1 we have

K[[[P ]]] ≈̇ [[C]][[[P ]]] = [[C[P ]]] ≈̇ C[P ] ≈̇ C[Q] ≈̇ [[C[Q]]] = [[C]][[[Q]]] ≈̇ K[[[Q]]].

To establish (2) we show

Lemma 23. Suppose Ψ ;∆;∆, �w : ◦ � K assuming Ψ0;∆0;∆0, �w0 : ◦ � [·]. Then there
exists C such that

1. Ψ � C assuming Ψ0 � [·], and
2. if Ψ0;∆0;∆0, �w0 : ◦ � M then ν�v �w K[M ] ≈m

λ [[C]][ν�v0 �w0 M ] where �v = n(∆) and
�v0 = n(∆0).

The proof is by induction on the derivation of Ψ ;∆;∆, �w : ◦ � K. Note that the assertion
concerns ≈m

λ and not ≈̇; this is important in the induction.
The most difficult cases are the prefixes. We outline the argument for the input prefix;

the argument for output prefix is dual to it.
Suppose K = x(z).K0. Then by the typing rules Ψ = Ψ ′ ∪ {x : s} and ∆, �w = ∅ and

Ψ ′; {z : s1}; ∅ � K0 (where ◦ s−→ s1). For clarity we assume that λ(s) = (t1t2) – this
retains the essence of the problem. By Lemma 17 we have (in the most complicated of
the four possible combinations),
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K ≡ K′ = x(z). ν�u1 (z(z1). ν�u2 (z(z2).K3 | K2) | K1)

with | K′ | ≤ |K |. (We abuse notation here: each Ki is a term, i.e. a process or a context.)
From the typing rules, setting �u3 = ∅, in 〈Ψ ; ∅; ∅ � K′〉 the judgment for Ki is of the form

Ψi, �x1, �x2;∆i;∆i, �vi : ◦ � Ki where �xi�ri�vi = �ui where n(∆i) = �ri.

By the inductive hypothesis there are C1, C2, C3 such that Ψi, �x1, �x2 � Ci assuming Ψ0 � [·],
and if Ψ0;∆0;∆0, �w0 : ◦ � M then ν�ri�vi Ki[M ] ≈m

λ [[Ci]][ν�r0 �w0 M ] where �r0 = n(∆0).
Then set

C = x(z1z2). ν�x1�x2 (C3 | C2 | C1).

We then show that for every M such that Ψ0;∆0;∆0, �w0 : ◦ �M ,

K′[M ] ≈m
λ [[C]][ν�r0 �w0 M ]. (3)

As an aside, note here the fundamental role of typing in the inductive argument. It is
not in general the case that K′[M ] ≈m [[C]][ν�r0 �w0 M ]. For example if ν�u1 K1 ↓µ for some
µ then H′[K′[M ]] �̇≈ H′[[[C]][ν�r0 �w0 M ]] where H′ is [·] | νw xw.0.

Returning to the main proof, if Ψ0;∆0;∆0, �w0 : ◦ �M then K′′[M ] ≈m
λ [[C]][ν�r0 �w0 M ]

where

K′′ = x(z). z(z1). z(z2). ν�u1�u2 (K3 | K2 | K1).

So assertion (3) follows from

K′[M ] ≈m
λ K′′[M ].

This in turn follows from

Lemma 24. Suppose Ψ ; ∅; ∅ � K ′,K ′′ where

K ′ = x(z). ν�u1 (z(z1). ν�u2 (z(z2).K3 | K2) | K1)

K ′′ = x(z). z(z1). z(z2). ν�u1�u2 (K3 | K2 | K1).

Then K ′ ≈m
λ K ′′.

Let Θ = {{�y/�x} | for each i, xi : s ∈ Ψ and yi : t ∈ Ψ implies s = t}. The strategy for the
proof of this lemma is to show that

R = {(H[K ′θ],H[K ′′θ]) | θ ∈ Θ and H is a λm(Ψθ, ∅, ∅)-context}∪ ≈̇
is a barbed bisimulation up to ≈m. Then for any λm(Ψ, ∅, ∅)-context H we have H[K ′] ≈̇
H[K ′′], and hence K ′ ≈m

λ K ′′. �
A final remark: in the translation the clause for output prefix could alternatively be

[[x〈a1 . . . an〉. Q]] = νw xw. (wa1. . . . . wan.0 | [[Q]]).

The same results hold in this case, the type system and Lemma 5 showing clearly why
the two translations are in essence the same.

As mentioned in the Introduction, the work to which that presented here is most closely
related is [Yos96]. There a notion of graph type for monadic processes is introduced and
studied. Nodes of a graph type represent atomic actions, and edges an activation ordering
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between them. Among other results, a full abstraction theorem for the translation of
polyadic processes to monadic processes is shown. The present paper is not, therefore,
the first to prove such a result. We believe, however, that the approach introduced in
this paper is considerably simpler and clearer. The type system is of a kind which is
well understood, and its rules are very natural, given the idea of the graph Gλ arising
from a polyadic sorting λ. We found the ability to argue by induction on type inference
invaluable to the proof of full abstraction. We believe the techniques introduced here
may be useful in other circumstances.
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Abstract. In this paper we study the Steiner tree problem in graphs for
the case when vertices as well as edges have weights associated with them.
A greedy approximation algorithm based on “spider decompositions” was
developed by Klein and Ravi for this problem. This algorithm provides
a worst case approximation ratio of 2 ln k, where k is the number of
terminals. However, the best known lower bound on the approximation
ratio is (1− o(1)) ln k, assuming that NP �⊆DTIME[nO(log log n)], by a
reduction from set cover.

We show that for the unweighted case we can obtain an approximation
factor of ln k. For the weighted case we develop a new decomposition the-
orem, and generalize the notion of “spiders” to “branch-spiders”, that are
used to design a new algorithm with a worst case approximation factor of
1.5 ln k. We then generalize the method to yield an approximation factor
of (1.35+ε) ln k, for any constant ε > 0. These algorithms, although poly-
nomial, are not very practical due to their high running time; since we
need to repeatedly find many minimum weight matchings in each itera-
tion. We also develop a simple greedy algorithm that is practical and has
a worst case approximation factor of 1.6103 ln k. The techniques devel-
oped for this algorithm imply a method of approximating node weighted
network design problems defined by 0-1 proper functions as well.

These new ideas also lead to improved approximation guarantees for
the problem of finding a minimum node weighted connected dominating
set. The previous best approximation guarantee for this problem was
3 lnn due to Guha and Khuller. By a direct application of the methods
developed in this paper we are able to develop an algorithm with an
approximation factor of (1.35 + ε) lnn for any fixed ε > 0.

1 Introduction

The Steiner tree problem is a classical problem in networks, and is of wide in-
terest. The problem is known to be NP-hard for graphs, as well as in most
V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 54–66,
1998.
c© Springer-Verlag Berlin Heidelberg 1998
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metrics [5]. Much effort has been devoted to the study of polynomial time ap-
proximation algorithms for this problem [1,9,10,11,14]. For other results on the
Steiner tree problem see the book by Hwang, Richards and Winter [8].

The Steiner tree problem is defined as follows: given a graph G = (V,E) and
a subset of vertices S ⊆ V we wish to compute a minimum weight tree that
includes the vertices in S. The tree may include other vertices not in S as well.
The vertices in S are also called terminals (sometimes these are referred to as
“required” vertices). For results on edge weighted problems see [1,2,9,11,14,15].
In this paper, we concentrate on the study of the node weighted version, where
the nodes, rather than the edges have weights. This is a more general problem,
since one can reduce the edge weighted problem to the node weighted problem
by subdividing edges and giving the new vertices the weight corresponding to
the subdivided edge.

The first non-trivial polynomial time approximation factor for this problem
was achieved by Klein and Ravi [10]. Their algorithm achieves a worst case
approximation factor of 2 ln k where k is the number of terminals. They showed
that the problem is at least as hard to approximate as the set-cover problem, for
which a polynomial time approximation algorithm with a factor of (1 − ε) ln k,
for any constant ε > 0 would imply that NP ⊆ DTIME[nO(log log n)] [4].

The Klein-Ravi algorithm [10] is based on an earlier heuristic by Rayward-
Smith [13] and may be viewed as a generalization of the set-cover greedy ap-
proach [3]. In this scheme, at each step a “spider” is chosen so as to minimize
the ratio of the weight of spider to the number of terminals that it connects.
They prove that the process of greedily picking spiders yields a good solution.

Our first algorithm is based on a new decomposition theorem, using which we
can establish a bound of 1.5 lnk for the approximation factor. We show that we
can decompose the solution into more complex objects called branch-spiders. We
also show how to compute the min-ratio branch spider in polynomial time. This
algorithm is described in Section 3. We then show how to use generalizations
of branch-spiders to develop a new algorithm with an approximation factor of
(1.35 + ε) ln k, for any ε > 0. Unfortunately, finding branch-spiders of minimum
ratio is computationally intensive as it uses weighted matchings repeatedly, so
this algorithm is not practical for large graphs.

Our second approach yields a much faster algorithm and also addresses gen-
eralizations to the case when the optimal solution is a collection of connected
components. It has a worst case approximation factor of 1.6103 lnk. It is not dif-
ficult to observe that this algorithm can be extended easily to problems defined
by 0-1 proper functions (see [6,10]). This algorithm is described in Section 4.

Due to lack of space we omit a description of the ln k approximation algorithm
for the case when all node weights are 1.

In Section 6 we show how to use the methods developed in this paper to solve
the Connected dominating set (CDS) problem. This improves the 3 lnn factor
shown for the weighted CDS problem in [7].
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2 Preliminaries

We assume that the input graph is connected and that only the vertices have
weights. In the case where both edges and vertices have weights, we can subdivide
the edges to introduce a vertex of degree two which has the same weight as the
edge. In this way we can reduce the version where both the nodes and edges
have weights, to the version where only the nodes have weights. Without loss of
generality the subset of required vertices, also called terminals have zero weight
since they are included in every solution. We assume that these have degree one,
since for each terminal s, we can create a new vertex s′ and add the edge (s, s′)
and consider s′ as the terminal.

Definition 1. A spider is defined as a tree having at most one node of degree
more than two. Such a node (if one exists) is called the center of the spider.

Definition 2. An m spider (m > 2) is defined as a spider with a center of
degree m.
A 2 spider is one with no node of degree more than two.

An m spider has m leaves, and each path to a leaf from its center is called a
leg. A 2 spider is a path. (By our assumption on the terminals, all terminals are
leaves.)

Definition 3. An m+ spider (m > 2) is defined as a spider with a center of
degree at least m.

The weight of a subgraph is the sum of the weights of the nodes in the
subgraph. The ratio of a subgraph is the ratio of its cost to the number of
terminals included in it. The terminals are always degree one by construction.

Contracting a subgraph is the operation of contracting all nodes of the sub-
graph to form one vertex. If we contract a subgraph S in graph G, making the
contracted vertex into a terminal, then it is easy to argue that the weight of the
optimal solution is at most the weight of the subgraph together with the weight
of the optimal solution for the new graph. In the algorithms discussed below, we
will contract small trees. The shrunken node has zero weight, and we make it a
degree one node once again.

Klein and Ravi [10] give an algorithm that repeatedly contracts the min-ratio
spider. The reason one obtains a 2 lnk factor as opposed to a ln k factor (as in
set cover), is that one may repeatedly contract 2 spiders, and each time a spider
is contracted, we create a new terminal to denote the contracted spider, so the
number of terminals decreases by one and not two (see [10] for the proof). If
we could restrict our attention to larger spiders, then we get a better algorithm.
However, we cannot show that a decomposition into large spiders exists – to
achieve this, we modify spiders into more general structures.

The next two lemmas are due to Klein and Ravi [10], and used in their proof
for the approximation factor of 2 lnk.
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Lemma 1. Any solution to the node weighted Steiner tree problem can be de-
composed into spiders having terminals as leaves.

Lemma 2. If there are ni terminals that need to be connected then the minimum
ratio spider has min ratio γm ≤ w(OPT )

ni
.

Note that minimum ratio spiders can be computed in polynomial time as
was shown in [10].

3 Algorithm for Node Weighted Steiner Trees

Before describing the new decomposition theorem, we introduce the notion of
branch-spiders.

Definition 4. A branch is defined as a tree with at most three leaves. We refer
to one of the leaves as the root.

Definition 5. A branch-spider is constructed by identifying the roots of a col-
lection of disjoint branches into a single vertex, called the center.

Definition 6. A 3+ branch-spider is one with at least three terminals.

We now show a decomposition of a solution to the node weighted Steiner tree
problem into 3+ branch-spiders. This proof is similar to the proof by Wolsey
given in [10].

Lemma 3. Any solution to the node weighted Steiner tree problem, with at least
three terminals, can be decomposed into 3+ branch-spiders having terminals as
leaves.

Proof. Consider a solution to the node weighted Steiner tree problem. This is
a tree that includes all the terminals as leaf nodes. The depth of a node is the
distance of a node from an arbitrarily chosen root. The theorem can be proven by
induction on the number of terminals. Choose a node v of maximum depth, such
that the subtree rooted at v contains at least three terminals. We immediately
obtain a branch-spider (with at least three terminals) rooted at v. Note that no
proper descendant of v has three terminals in its subtree, hence this satisfies the
requirement of being a branch-spider. Delete the subtree rooted at v. If the tree
still contains at least three terminals, by the induction hypothesis we can find a
decomposition of the remaining tree into 3+ branch-spiders, and we are done.
If there are at most two terminals remaining, we can attach them to v while
maintaining a branch-spider rooted at v. This concludes the proof.

We now address the issue of computing minimum ratio 3+ branch-spiders.
(The ratio of a branch-spider is defined in the same way as for spiders, the total
weight divided by the number of terminals that it connects.)

We show how to find a minimum weight branch-spider centered at vertex v
that has exactly � terminals in it. Actually what we find is a connected subgraph
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that has the same ratio as this branch-spider. Using this procedure it is easy
to compute the minimum ratio branch-spider with at least three terminals by
simply enumerating over all possible centers and sizes of branch-spiders (� ≥ 3).
Algorithm for finding a minimum weight 3+ branch-spider (G∗,v,�)

Step 1. Build a weighted graph G′
v = (V ′

v , E
′
v) with V ′

v ={all terminals in G∗}
and w(x, y) = weight of a min weight Steiner tree in G∗ connecting terminals
{x, y, v} (in this calculation we do not include the weight of the center v).

Step 2.
Case (a) If � is odd, for each terminal x, we find a minimum weight matching Mx

of cardinality � 

2� in G′

v −{x}. The total weight of the spider is w(v) +w(Mx) +
w(x) where w(x) is the distance1 from v to x in the graph G∗. We take the
minimum weight spider over all choices of x.
Case (b) If � is even, we find a a minimum weight matching M of cardinality 


2
in G′

v. The total weight of the spider is w(v) + w(M).
(The problem of finding a min weight matching of cardinality � 


2� in H =
(VH , EH) may be reduced to minimum weight perfect matching by creating
|VH | − 2� 


2� dummy vertices, and by adding zero weight edges from each vertex
in H to each dummy vertex. A minimum weight perfect matching in the new
graph permits all vertices, except for 2� 


2� vertices, to be matched at zero cost
to the dummy vertices. The remaining vertices are forced to match each other
at minimum cost, yielding a matching M of cardinality � 


2�.)
Lemma 4. The algorithm described above computes a connected subgraph with
ratio at most the ratio of the 3+ branch-spider of minimum ratio.

Proof. Let the minimum ratio 3+ branch-spider have its center at vertex v′ and
have � terminals. A pair of branches, each having a single terminal, can be viewed
as a single branch with two terminals. In this way we can pair up branches with
only one terminal, leaving at most one unpaired branch. This naturally induces
a matching in G′

v of cardinality � 

2�. This shows that there is a matching of

size (cardinality) � 

2�, the center vertex and possibly a single branch of total

weight at most the cost of the branch-spider. When the algorithm tries v′ as its
center, with the correct choice of � and tries x as the unpaired branch, we should
compute a connected subgraph, which is really a union of Steiner trees, having v
as a leaf node, of weight at most the weight of the 3+ branch-spider.

The algorithm works iteratively. In each iteration, let ni denote the number
of terminals remaining at the start of iteration i. Initially, n1 = k the number of
terminals in S.
Node Steiner Tree Algorithm:I

Repeat the following steps until we have at most two terminals left, and then
connect the terminals optimally.

Step 1. Find a 3+ branch-spider in G with minimum ratio.
1 To compute the distance from v to x we do not include the weight of the vertex v,
since this has already been included in the weight of the spider. The distance is
simply the weight of the minimum weight path from v to x.
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Step 2. Contract the chosen branch-spider, and update G.
The following lemma follows from Lemma 3.

Lemma 5. In iteration i having ni terminals to connect, the minimum ratio
branch-spider has ratio at most w(OPT )

ni
.

Theorem 1. The algorithm described above yields a node weighted Steiner tree
of cost at most 1.5 lnk times the optimal, where k is the initial number of ter-
minals.

Proof. Denote the cost of the spider chosen at iteration i to be Ci. We will prove
that

Ci ≤ 1.5w(OPT ) ln
ni

ni+1
. (1)

Summing up all the Ci values (over all z iterations) gives the required bound.

z∑
i=1

Ci ≤
z∑

i=1

1.5w(OPT ) ln
ni

ni+1

z∑
i=1

Ci ≤ 1.5w(OPT ) ln k

Notice that if the algorithm stopped when there were two terminals left,
Ci ≤ w(OPT ), and the above equation follows.

We will now prove Equation (1). Assume the minimum ratio 3+ branch-
spider has t terminals. Since t ≥ 3, we have t− 1 ≥ 2

3 t. From Lemma 5,

Ci

t
≤ w(OPT )

ni

This gives us that t
ni

≥ Ci

w(OPT ) . Since ni+1 = ni − (t− 1), we get

ni+1 ≤ ni − 2
3
t ≤ ni(1 − 2Ci

3w(OPT )
).

ln
ni

ni+1
≥ − ln(1 − 2Ci

3w(OPT )
) ≥ Ci

1.5w(OPT )
.

The last step uses the fact that − ln(1 − x) ≥ x. We conclude that

Ci ≤ 1.5w(OPT ) ln
ni

ni+1
.

Further Improvements:
We can improve the approximation ratio by restricting ourselves to minimum
ratio objects that have size at least four. However, to decompose the optimal
solution into structures of size at least four, we need to prove a decomposition
property like Lemma 3.
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Definition 7. A bramble is defined as a tree with at most four leaves. We refer
to one of the leaves as the root. A full bramble is one with exactly four leaves.

Definition 8. A bramble-spider is constructed by identifying the roots of a col-
lection of disjoint brambles into a single vertex, called the center.

Definition 9. A 4+ bramble-spider is one with at least four terminals.

Along the lines of Lemma 3 we can prove the following.

Lemma 6. Any solution to the node weighted Steiner tree problem with at least
four terminals can be decomposed into 4+ bramble spiders having the terminals
as leaves.

The difficulty is that we do not know how to find the min ratio 4+ bramble-
spider in polynomial time. We will use a greedy algorithm to approximate this
structure. However this approximation helps only if the size of the bramble
spiders is sufficiently large. To ensure this we need to find optimal bramble-
spiders that have a small number of full brambles.
Node Steiner Tree Algorithm:II
The input to this algorithm is a node weighted graph G, a constant ε > 0 and a
set S of terminals.

Let w = w(OPT )/ni and δ = 1.35, and C = 1
ε .

Repeat the following steps until we have at most 3C terminals left, and then
connect the remaining terminals optimally.

Step 1. Compute the best ratio spider, let the ratio be γm.
Step 2. Compute the best ratio 3+ spider, let the ratio be γ3+.
Step 3. For each j = 0 . . . C compute the min ratio 4+ branch-spider with at

least 4 terminals, and exactly j full brambles attached to it. Let the ratio be γ.
(This can be done in a manner similar to the computation of branch-spiders,

except that we have to try all choices of terminals that will be included as part
of the full brambles. Since there are at most C such sets, this can be done in
polynomial time for a fixed value of C.)

Step 4. Compute γapx, an approximate min ratio bramble spider that has at
least C terminals. We will try each vertex as the root and pick full brambles
of minimum weight greedily. For a fixed root, pick the full bramble with least
weight and mark the three terminals used. Repeatedly, pick the lightest bramble
with no marked terminals, and mark the three terminals, until all terminals have
been marked. While doing this (for each possible root) we will construct a series
of bramble-spiders. We will then select the lowest ratio bramble-spider having
at least C terminals, from all the bramble-spiders considered. Precise details of
this step are provided in Lemma 8.

Step 5. If 2γm ≤ δw then shrink spider from step 1. If 1.5γ3+ ≤ δw then
shrink spider from step 2. Else shrink the spider found in Step 3 or 4, whichever
achieves the minimum in min(δγ, γapx).

For this algorithm to work, we have to know the weight w(OPT ) of the
optimal solution. Since we only know an upper bound on the weight w(OPT )
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(sum of the weight of all vertices), we have to “guess” the weight approximately,
and run the algorithm for each possible guessed value. Suppose the cost of each
iteration is Ci. In each iteration, let ni denote the number of terminals remaining
at the start of iteration i. Initially, n1 = k the number of terminals in S.

We first prove the following theorem.

Theorem 2. If Ci is the cost of the spider contracted in iteration i, then Ci ≤
δ(1+ε

1−ε )w(OPT ) ln ni

ni+1
, for any ε > 0.

We will prove Theorem 2 in two steps.

Lemma 7. In step 5 if we contract the spider chosen in Step 1 or Step 2,
then Ci ≤ δw(OPT ) ln ni

ni+1
.

Proof. Assume we contracted the spider chosen in Step 1. Suppose the minimum
ratio spider has t terminals. Since t ≥ 2, we have t− 1 ≥ t

2 . By the condition in
Step 5, we have

2γm ≤ δw, which reduces to 2
Ci

t
≤ δ

w(OPT )
ni

.

Thus t
2 ≥ niCi

δw(OPT ) . Since ni+1 = ni − (t− 1), we get

ni+1 ≤ ni − t

2
≤ ni(1 − Ci

δw(OPT )
).

Simplifying, we conclude that

Ci ≤ δw(OPT ) ln
ni

ni+1
.

Now suppose we contracted the spider chosen in Step 2. Suppose the mini-
mum ratio 3+ spider has t terminals. Since t ≥ 3, we have t − 1 ≥ 2t

3 . By the
condition in Step 5, we have

3
2
γ3+ ≤ δ

w(OPT )
ni

which implies
3
2
Ci

t
≤ δ

w(OPT )
ni

.

This gives us that 2t
3 ≥ niCi

δw(OPT ) . As before, we get ni+1 ≤ ni − 2t
3 ≤ ni(1 −

Ci

δw(OPT ) ). Simplifying, we get that

Ci ≤ δw(OPT ) ln
ni

ni+1
.

Lemma 8. If the first two conditions in Step 5 are not met, and the min ra-
tio bramble-spider has > C full brambles then γapx ≤ δ(1 + ε)w where w is
w(OPT )/ni.
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Proof. (Of Theorem 2). If we contract the spider chosen in Step 1, or Step 2, we
can use Lemma 7 to prove the claim. If we contract the spider chosen in Step 3
or Step 4, we have to consider the following cases.

Case 1: suppose the best ratio bramble-spider has ≤ C full brambles
(a) δγ ≤ γapx. In this case γ ≤ w. Since Ci

t ≤ w(OPT )
ni

and t−1 ≥ 3
4 t

(we contract at least 4 terminals), we get Ci ≤ 4
3w(OPT ) ln ni

ni+1
.

(b) γapx ≤ δγ(≤ δw). Since in step 4 we find a spider with at least C
terminals, we get a bound of Ci ≤ δ

1−εw(OPT ) ln ni

ni+1
.

Case 2: suppose the best ratio bramble-spider has> C full brambles
(a) δγ ≤ γapx In this case, by Lemma 8, δγ ≤ γapx ≤ δ(1 + ε)w and

we get Ci ≤ 4
3 (1 + ε)w(OPT ) ln ni

ni+1
.

(b) By Lemma 8 γapx ≤ δ(1 + ε)w. Since it has at least C terminals,
we obtain Ci ≤ δ 1+ε

1−εw(OPT ) ln ni

ni+1
.

Theorem 3. The node weighted Steiner tree problem can be approximated to a
factor of 1.35(1 + ε′) ln k for any ε′ > 0.

Proof. Summing up all the Ci values gives a total weight of δ(1+ε
1−ε)w(OPT ) ln k.

Recall that δ = 1.35. For any given ε′ > 0, we set ε = ε′
2+ε′ so that 1+ε

1−ε = 1 + ε′

to obtain the required approximation factor.

4 Faster Approximation Algorithm

We present a greedy algorithm for node weighted Steiner trees, which is prac-
tical and extends to the class of 0-1 proper functions as well (see Section 5).
This algorithm has the same complexity as the original algorithm of Klein and
Ravi [10].
Algorithm

Repeat the following steps until we have at most two terminals left, and then
connect the terminals optimally. Let ni be the number of terminals in iteration i
(initially, n1 = k).

Step 1. Find a spider with the minimum ratio. (this can be done by using
the method by Klein and Ravi [10]). Let the ratio be γm. If it is a 3+ spider
contract it.

Step 2. Else if the minimum ratio spider is a 2 spider, find the 3+ spider with
the minimum ratio. Let this ratio be γ3+.
For each terminal j find its closest terminal, with the distance being the sum
of the weights of the nodes on the path. Call this path Pj . Order these Pj ’s in
increasing order of weight. (For convenience, we use Pj to denote both the path
and its weight.)

Define S = {j|Pj ≤ 2 · min
[

4γm

3 , γ3+

]}. Let the number of distinct paths Pj

such that j ∈ S be �i. Denote the forest induced by these �i paths be T . Let
Cost(T ) denote the weight of this forest.
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Consider min
[

Cost(T )

− ln(1− �i
ni

)
, 2niγm, 3

2niγ3+

]
.

Subcase (a). If the first term is the smallest, contract the forest
induced by the paths.

Subcase (b). If the second term is the smallest, contract the min-
imum ratio spider.

Subcase (c). If the third term is the smallest, contract the minimum
ratio 3+ spider.

4.1 Proof of Approximation Factor

In this section we prove the following theorem.

Theorem 4. The algorithm described above yields a node weighted Steiner tree
of weight at most 1.6103 lnk times the optimal, where k is the initial number of
terminals.

Denote the weight paid at iteration i to be Ci.

Lemma 9. In iteration i, if only step 1 is executed, then Ci≤1.5w(OPT )ln ni

ni+1
.

This proof is the same as the proof of Theorem 1.

Lemma 10. In iteration i, if step 2 is taken, then

min
[

Cost(T )

− ln(1− �i
ni

)
, 2niγm, 3

2niγ3+

]
< 1.6103 w(OPT ).

Lemma 11. In iteration i, if step 2 is taken, then Ci < 1.6103w(OPT ) ln ni

ni+1
.

Proof. If subcase (a) is chosen, then Ci = Cost(T ) and ni+1 = ni − �i. Since
1 − 
i

ni
= ni+1

ni
, and Cost(T )

w(OPT ) < 1.6103(− ln(1 − 
i

ni
)),

Ci

w(OPT )
< 1.6103 ln

ni

ni+1

If subcase (b) is chosen then Ci = 2γm, and ni+1 = ni − 1. From Lemma 10,
2γmni < 1.6103 w(OPT ), we get 1.6103w(OPT )

ni
> Ci.

ln
ni

ni+1
= − ln(1 − 1

ni
) >

1
ni

.

Thus,
1.6103 w(OPT ) ln

ni

ni+1
> Ci.

If subcase (c) is chosen, let the minimum ratio 3+ spider have t legs. Then
Ci = tγ3+, and ni+1 = ni − (t− 1). By Lemma 10,

3Cini

2t
< 1.6103 w(OPT ).
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Now,

ln
ni

ni+1
= ln

ni

ni − t + 1
= − ln(1 − t− 1

ni
) ≥ t− 1

ni
.

Since t ≥ 3, thus (t− 1) ≥ 2t
3 ,

ln
ni

ni+1
≥ t− 1

ni
≥ 2t

3ni
>

Ci

1.6103 w(OPT )
.

The proof of Theorem 4 now follows easily.

Proof. (Of Theorem 4 ) Let there be z − 1 iterations. Then nz = 1. Also if
initially there were k terminals to connect, n1 = k. For all iterations i, we
have 1.6103w(OPT ) ln ni

ni+1
> Ci. Summing over the iterations, the theorem

follows.

5 0-1 Proper Functions

A considerable effort has been spent on solving a generalized network design
problem where the connectivity requirements are specified as a function of a
subset of vertices. These problems assume edge and node weights, and the ob-
jective function is to minimize the sum of the weights. For any subset S of
vertices, define Γ (S) to be the set of edges in the set (S, V − S) (these are the
edges with exactly one end point in S). There is a 0-1 function f defined on sub-
sets of vertices. The cut Γ (S) belongs to a family of cuts if f(S) = 1. Goemans
and Williamson [6] proposed a class of cut families and showed that they are
useful in modeling network design problems. These are defined via proper func-
tions f , which are required to obey the following properties: f(S) = f(V − S)
for all S ⊆ V ; and if A and B are disjoint, then f(A) = f(B) = 0 implies that
f(A ∪B) = 0.

Klein and Ravi show that the node weighted Steiner tree algorithm can be
modified to find a solution for the more general class of problems defined via
proper functions [10]. A subset of vertices S which has f(S) = 1 is called an
active component. They show that active components behave as terminals in
a node weighted Steiner tree formulation. However the final solution need not
have a single connected component; hence the decomposition lemma developed
for branch-spiders does not hold. It may be the case that the optimal solution
has connected components having only two terminals in each. In any case, the
faster algorithm proposed in Section 4 can be modified to obtain an approxima-
tion guarantee of 1.6103 lnk. Typical problems include generalizations of Steiner
trees.

6 Application to Connected Dominating Sets

The connected dominating set (CDS) problem is defined as follows: given a node
weighted graph G, find a subset S of vertices of minimum weight, such that S
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induces a connected subgraph and the vertices in S form a dominating set in G.
See [7] for applications and other results for the CDS problem on unweighted
graphs.

We can develop a similar approximation scheme for connected dominating
sets. As the algorithm proceeds, certain vertices are added to the current CDS.
Initially, the CDS is empty, and finally it forms a valid CDS when the algorithm
terminates. We use the following color notation – each vertex in the CDS is
colored black. All vertices which are adjacent to a black vertex are colored gray.
The remaining vertices are colored white.

Define a piece as a black connected component or a white vertex. Treat each
piece as a terminal. Define spiders as in Section 3, but include only the weight
of non-leaf gray and white nodes when computing the weight of a spider. In
this algorithm, we only shrink black connected components, and not complete
spiders.

It is easy to observe that a spider connecting � pieces, reduces the number
of pieces by � − 1. And ultimately when we have found a solution only one
piece should be remaining. Notice that all the decomposition claims in Section 3
follow. We can proceed analyzing in a similar way to achieve an approximation
ratio of (1.35 + ε) lnk.
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Abstract. We address the problem of I/O scheduling of read-once refer-
ence strings in a multiple-disk parallel I/O system. We present a novel on-
line algorithm, Red-Black Prefetching (RBP), for parallel I/O scheduling.
In order to perform accurate prefetching RBP uses L-block lookahead.
The performance of RBP is analyzed in the standard parallel disk model
with D independent disks and a shared I/O buffer of size M . We show
that the number of parallel I/Os performed by RBP is within a factot
Θ(max{pMD/L, D1/3}) of the number of I/Os done by the optimal off-
line algorithm. This ratio is within a canstant factor of the best possible
when L is L = O(MD1/3).

1 Introduction

Continuing advances in processor architecture and technology have resulted in
the I/O subsystem becoming the bottleneck in many applications. The problem
is exacerbated by the advent of multiprocessing systems that can harness the
power of hundreds of processors in speeding up computation. Improvements in
I/O technology are unlikely to keep pace with processor-memory speeds, causing
many applications to choke on I/O. The increasing availability of cost-effective
multiple-disk storage systems [6] provides an opportunity to improve the I/O
performance through the use of parallelism.

By prefetching data from idle disks the increased disk bandwidth can be
used to eliminate the disk latency seen by later I/O requests. The prefetched
data needs to be cached in an I/O buffer till it is actually requested by the com-
putation. As the size of the I/O buffer is limited, care must be taken to prefetch
the most useful data from the disks. This is the central problem addressed in
this paper: determine which blocks to prefetch in each parallel I/O operation so
that the overall I/O time is minimized.

We use the intuitive Parallel Disk Model introduced by Vitter and
Shriver [13]: the I/O system consists of D independently-accessible disks with
an associated shared I/O buffer of capacity M blocks. The data for the com-
putation is stored on the disks in blocks; a block is the unit of access from a
� Supported in part by the National Science Foundation under grant CCR-9704562
and a grant from the Schlumberger Foundation.
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disk. In each I/O up to D blocks, at most one from each disk, can be read into
the buffer. From the viewpoint of the I/O, the computation is characterized by
a reference string consisting of the ordered sequence of blocks that the compu-
tation accesses. A block should be present in the I/O buffer before it can be
accessed by the computation. Serving the reference string requires performing
I/O operations to provide the computation with blocks in the order specified by
the reference string. The measure of performance is the number of I/Os required
to service a given reference string.

In several applications, a particular data block is accessed either once or
very infrequently. Examples of such applications include database operations
such as external merging [2,10] (including carrying out several of these con-
currently), and streamed applications like real-time retrieval and playback of
multiple streams of multimedia data. To model such access patterns, we assume
that the reference string consists of read I/Os to distinct blocks; such a string is
called a read-once reference string. Surprisingly, in the multiple-disk case even
with this simplification intuitive I/O schedules are sub-optimal.

To prefetch accurately a scheduling algorithm needs some information re-
garding future accesses. In several circumstances it may not have the entire
reference string available at the start of the computation; instead at any time
it has a lookahead of a fixed number of future requests, called the lookahead
window. In this paper we consider L-block lookahead [3], through which at any
instant the scheduler knows the sequence of next L blocks to be requested by
the computation.

We motivate the underlying scheduling problem in the parallel disk model
with an example. Consider a system with D = 3 andM = 6. Assume that blocks
labeled Ai (respectively Bi, Ci) are placed on disk 1 (respectively 2, 3), and that
the reference string Σ = A1A2A3A4B1C1A5B2C2A6B3C3A7B4C4C5C6C7. For
purposes of this example we assume that an I/O is initiated only when the
referenced block is not present in the buffer. Figure 1 (a) shows an I/O schedule
constructed by a simple greedy algorithm which always fetches blocks in the
order of the reference string, and maximizes the disk parallelism at each step.
At step 1, blocks A1 B1 and C1 are fetched concurrently in one I/O. Similarly in
step 2, blocks A2, B2 and C2 are fetched in parallel. In step 3, there is buffer space
for just 1 additional block besides A3, and the choice is between fetching B3, C3

or neither. Fetching greedily in the order ofΣ means that we fetch B3; continuing
in this manner we obtain a schedule of length 9.

In Figure 1 (b), at step 2 disk 2 is idle (even though there is buffer space)
and C2 which occurs later than B2 in Σ is prefetched; similarly, at step 3, C3

which occurs even later than B2 is prefetched. However, the overall length of the
schedule is 7, better than the schedule that fetched greedily in the order of Σ.
The problem is to find a schedule that services the reference string in the least
number of I/Os with the given I/O buffer.

The main contribution of this paper is an algorithm, Red-Black Prefetching
(RBP), for parallel disk scheduling with superior I/O performance. The algo-
rithm is easy to implement and requires time linear in the length of the reference
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Disk 1 A1 A2 A3 A4 A5 A6 A7

Disk 2 B1 B2 B3 B4

Disk 3 C1 C2 C3 C4 C5 C6 C7

Disk 1 A1 A2 A3 A4 A5 A6 A7

Disk 2 B1 B2 B3 B4

Disk 3 C1 C2 C3 C4 C5 C6 C7

(a) (b)

Fig. 1. Schedules for reference string Σ.

string. We analyze the performance of RBP using the competitive ratio; this is
the worst-case ratio between the number of I/Os done by RBP and the number of
I/Os done by the optimal off-line algorithm to service the same reference string.
We show that the competitive ratio of RBP with L-block lookahead is Θ(C),
where C = max{√DM/L,D1/3}. It can also be shown that the competitive
ratio of any algorithm with L-block lookahead is Θ(

√
DM/L). The details are

omitted from this paper. Hence RBP is comparable to the best on-line algorithm
when L ≤MD1/3. The previous best algorithm [3] is optimal only for L =M .

Studies on parallel disk I/O scheduling have usually concentrated on par-
ticular applications such as external merging and sorting [2,10,13]. The general
question of designing on-line prefetching algorithms using bounded lookahead for
read-once reference strings in the parallel disk model was first addressed in [3].
One of their results showed that any algorithm having M -block lookahead can
require Ω(

√
D) times as many I/Os as the optimal off-line algorithm. They also

presented an algorithm, NOM, that achieves this bound. Though NOM has the
best competitive ratio achievable with M -block lookahead, the fact that it uses
only the next M requests in making its scheduling decisions is intrinsic to the
algorithm and there does not seem to be any way to generalize it to make use
of additional lookahead.

Classical buffer management [4,11] has focussed on the problem of caching
to optimize eviction decisions. Lately, an alternate model to study integrated
prefetching and caching was proposed in [5]. In this model the time required to
consume a block is an explicit parameter, and the total elapsed time is the perfor-
mance metric. Off-line approximation algorithms for a single-disk and multiple-
disk systems in this model were addressed in [5] and [9] respectively. Recently a
polynomial time optimal algorithm for the single disk case was discovered in [1].
In the parallel disk model of this paper, a randomized caching and scheduling
algorithm with bounded expected performance was presented in [8]. Using a dis-
tributed buffer configuration, in which each disk has its own private buffer, [12]
presented an optimal deterministic off-line I/O scheduling algorithm to minimize
the number of I/Os.

2 Algorithm RBP

In this section we present the I/O scheduling algorithm, Red-Black Prefetching.
We partition the reference string into phases , each phase corresponding to a
buffer-load of I/O requests. As mentioned before, the competitive ratio will be
used as the performance index of algorithm RBP that uses L-block lookahead.
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Algorithm RBP uses L-block lookahead to schedule I/Os.

– Partition the I/O buffer into two parts, red and black , each of size M/2. Each
half of the buffer will be used to hold only blocks of that color.

– All blocks in the lookahead are colored either red or black. A block of phase(j) at
depth i is colored red if the width of phase(j) at depth i is less than the threshold
width W , wi < W ; else it is colored black.

– On a request for block b, one of the following actions are taken:
– If b is present in either the red or the black buffer, service the request and evict
block b from the corresponding buffer.

– If b is not present in either buffer then
• Begin a batched-I/O operation as follows: If b is red (black), fetch the next

M/2 red (respectively black) blocks beginning with b in order of reference,
into the red (respectively black) buffer. Fetch these M/2 blocks with maximal
parallelism.

• Service the request and evict block b from the buffer.

Fig. 2. Algorithm RBP

We use OPT to denote the optimal off-line algorithm, and TA(Σ) to denote the
number of I/Os done by algorithm A to service the reference string Σ.

Definition 1. Let the reference string be Σ = 〈r0, r1, · · · , rN−1〉.
– The ith phase, i ≥ 0, phase(i), is the substring 〈riM , · · · , r(i+1)M−1〉.
– If the last block referenced is ri, then an on-line scheduling algorithm has L-
block lookahead if it knows the substring 〈ri+1, · · · , ri+L〉.

– An on-line scheduling algorithm A has a competitive ratio of CA if there is
a constant b such that for any reference string Σ, TA(Σ) ≤ CATOPT(Σ) + b.

Fetching blocks one phase at a time can yield sub-optimal schedules. In fact
the optimal algorithm will obtain additional parallelism by prefetching blocks
belonging to several phases at the same time. However, since blocks prefetched
from future phases occupy buffer space till they are consumed they need to
be carefully chosen. In order to decide which blocks ought to be fetched in a
phase-by-phase fashion and which ought to be prefetched across phases, RBP
colors each block either red or black . This coloring is based on a parameter W
called threshold width. Intuitively, the red blocks of a phase span a small (less
than W ) number of disks and form a narrow portion of a phase, while the black
blocks constitute a wide portion. The intent is to fetch black blocks together to
obtain parallelism within a phase, while fetching red blocks together to obtain
parallelism across phases. The coloring scheme is given in the following definition;
the details of the algorithm are presented in Figure 2.

Definition 2. Within a phase, a block on some disk has a depth k if there are
k−1 blocks from that disk referenced before it in that phase. The width of a phase
at height i, denoted by wi, is the number of blocks in that phase with depth i. A
block at depth i is colored red if wi < W ; else it is colored black.
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Figure 3 illustrates these definitions with an example. The system consists
of D = 5 disks and an I/O buffer of size M = 16. The illustrated phase is
phase(p) = 〈a1a2b1c1d1b2b3c2e1e2c3a3e3a4a5c4〉. Figure 3(a) shows the location
of blocks on the disks. Figure 3(b) shows the depth of each block and the width
of the phase at different heights. Finally Figure 3(c) shows the red (shown in
grey) and black blocks assuming W = 3.

1 1 1 1 1

2 24

3 3
4 4

5

2

1

4

5

2

3

2

3

width (b) depth (c) color

b1

b2

b3

c1

c2

c3

c4

d1 e1

e2

e3

a1

a2

a3

a4

a5

(a) block

Fig. 3. Illustration of definitions.

3 Analysis of RBP

In order to bound the competitive ratio of RBP, we need to compare the number
of I/Os done by RBP with L-block lookahead to the number of I/Os done by
the optimal off-line algorithm. We do this by lower bounding the number of
I/Os done by OPT, parameterized by the difference in the number of I/Os done
by RBP and OPT. To simplify our analysis we implicitly assume that in the
schedules considered no block is evicted before it has been referenced. It can be
noted that any I/O schedule can be transformed into another schedule of the
same length, or smaller, for which this property holds.

Theorem 1. The competitive ratio of RBP with L-block lookahead is

Θ(
√
DM/L) if M ≤ L < MD1/3 choosing DM2/L2 ≥W ≥ L/M

Θ(D1/3) if L ≥MD1/3 choosing W = D1/3

Proof. To simplify the presentation, we assume that L is an integral multiple
of M . The I/Os for RBP can be divided into I/Os done to fetch black blocks
and the I/Os to fetch red blocks. Correspondingly, we break our analysis into
two parts. We shown in Lemma 4 that the ratio between the number of I/Os
done by RBP to fetch black blocks, and the total number of I/Os done by OPT
is O(

√
D/W ). Lemma 8 shows that the ratio between the number of I/Os done

by RBP to fetch red blocks and the total number of I/Os done by OPT is
O(max{ 4

√
DW,

√
DM/L}). When M ≤ L < MD1/3 it can be seen that for all

values ofW ,DM2/L2 ≥W ≥ L/M ,
√
DM/L is the dominating term. Similarly,

when L ≥ MD1/3 it can be seen that by choosing W = D1/3 the number of
I/Os done by RBP to fetch red and black blocks are of the same order and D1/3

is the dominating term.
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These bounds can be shown to be tight by constructing reference strings such
that the above bounds are matched in both the ranges of L. The details of these
constructions are omitted from this paper.

3.1 I/Os for Black Blocks

In this section we present a bound on the ratio between the number of I/Os
done by RBP to fetch black blocks and the total number of I/Os done by OPT.
To measure the advantage OPT gains over RBP due to its off-line knowledge,
we define some of the blocks fetched by OPT to be useful blocks. A count of
such blocks is a measure of the reduction in the number of I/Os done by OPT
to service the black blocks of a phase relative to RBP.

Definition 3. Let the set of black blocks of phase(i) be Bi. At some instant let
the blocks in OPT’s buffer be M.

– The residual height of phase(i) at that time is the maximum number of blocks
from a single disk in the set Bi −M.

– The number of useful blocks prefetched in phase(j) for a phase(i), i > j, is
the difference between the residual height of phase(i) at the start of phase(j)
and the residual height of phase(i) at the end of phase(j).

– The number of useful blocks prefetched for phase(i) is the number of useful
blocks prefetched for phase(i) in prior phases.

From the above definition, if OPT prefetches B useful blocks for a single
phase, then at least B blocks must be fetched from a single disk, and hence at
least B I/Os must be done to fetch them. Of course, if the B useful blocks belong
to different phases then less than B I/Os may be sufficient to fetch them.

Lemma 1. If B useful blocks are prefetched by OPT for phase(i) in phase(j),
then OPT must have done at least B I/Os in phase(j).

For ease of notation we use
∑

P to denote the sum over all i such that phase(i)
belongs to the reference string.

Lemma 2. If the number of I/Os done by OPT is TOPT, and T b
RBP

is the number
of I/Os done by RBP to fetch black blocks, then

T b
RBP/2 ≤ TOPT +B

where B is the number of useful blocks prefetched by OPT.

Proof. The total number of black blocks in a phase is at most M . In each
batched-I/O operation RBP fetchesM/2 black blocks; hence at most 2 batched-
I/O operations are required to fetch the black blocks of phase(i). If the maxi-
mum number of black blocks from any single disk in phase(i) is Hb(i), in each
batched-I/O operation for black blocks RBP does no more than Hb(i) I/Os.
Hence, T b

RBP
≤ 2

∑
P Hb(i).

By definition, OPT needs to do at least Hb(i)− bi I/Os in phase(i), where bi
is the number of useful blocks prefetched for phase(i). Since the number of useful
blocks fetched is B, TOPT ≥ ∑

P Hb(i)−
∑

P bi ≥ T b
RBP
/2−B.
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Lemma 3 gives a measure of the cost of useful blocks in terms of the buffer
space that they occupy.

Lemma 3. If at some instant, the buffer contains B useful blocks, then the
buffer should contain at least WB black blocks, where W is the threshold width.

Proof. By definition, the number of useful block prefetched for phase(i) is the
reduction in the maximum number of black blocks that need to be fetched from
any single disk in phase(i). However, by Definition 2 at least W black blocks
must be fetched to reduce the maximum number of black blocks on any single
disk by one. Hence there must be at least WU black blocks in the buffer if there
are U useful prefetched blocks in the buffer.

Lemma 4. The ratio between the number of I/Os done by RBP to fetch black
blocks and the total number of I/Os done by OPT is O(

√
D/W ).

Proof. Let the reference string be Σ. We shall show that TOPT = Ω(B
√
W/D),

whence the lemma follows by Lemma 2. Let the number of useful blocks
prefetched by OPT in phase(i) be bi. Let αl, αl ≥ 0, denote the number of these
blocks prefetched for phase(i+ l), l ≥ 1. Note that

∑
P αl = bi and

∑
P bi = B.

Let IOPT(i) denote the number of I/Os done by OPT in phase(i).

TOPT =
∑
P

IOPT(i) (1)

Since αl useful blocks are prefetched for phase(i+ l) in phase(i), by Lemma 1
the number of I/Os done by OPT in phase(i), IOPT(i) ≥ αl, for all l ≥ 1. In
all l − 1 phases between phase(i) and phase(i + l) there are at least αl useful
blocks intended for phase(i+ l) in the buffer. Then, from Lemma 3 the number
of blocks occupying space in the buffer during phase(i + s), s < l, is at least
Wαl. Hence at least Wαl blocks, that are referenced in phase(i + s), are not
present in the buffer at the start of phase(i + s). Due to this at least αlW/D
I/Os need to be done by OPT in phase(i + s). That is, the number of I/Os
chargeable to the blocks prefetched by phase(i) intended for phase(i+ l), is at
least (l−1)αlW/D. Let phase(i+n) be the last phase to which a useful block is
fetched in phase(i). The number of I/Os chargeable to useful blocks prefetched
in phase(i) is therefore

n∑
l=1

(l − 1)αlW/D =
n∑

l=1

lαlW/D − biW/D

We know that αl ≤ IOPT(i). In order to minimize
∑n

l=1 lαl set αr ≥ αs whenever
r < s. Therefore to lower bound the first term of the summation, set each of the
first �bi/IOPT(i)
 αls to their maximum value, IOPT(i).

n∑
l=1

lαl ≥
bi/IOPT(i)−1∑

l=1

lIOPT(i) ≥ b2i
2IOPT(i)

− bi
2
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Hence,

TOPT ≥
∑
P

(
b2i

2IOPT(i)
− 3bi

2

)
W

D
(2)

Since bi useful blocks are fetched in phase(i), by Lemma 3 the number of blocks
fetched is at least W

∑
P bi. As at best these could have been fetched with full

parallelism TOPT ≥W
∑

P bi/D. Hence, Equation 2 can be rewritten as

TOPT ≥
∑
P

(b2iW )/(5DIOPT(i)) (3)

Combining Equations 1 and 3

TOPT ≥ 1
2

∑
P

(
IOPT(i) +

Wb2i
5DIOPT(i)

)
≥ 1

2

∑
P

bi
√
W/5D = Ω(B

√
W/D)

3.2 I/Os for Red Blocks

In this section we shall bound the ratio between the number of I/Os done by
RBP to fetch red blocks and the total number of I/Os done by OPT. Let us first
group red blocks from contiguous phases into sets of M blocks.

Definition 4. Let the reference string be Σ.

– Σ is partitioned into contiguous sequences of L references called windows;
the i th window is denoted by window(i).

– A swath is a minimal sequence of contiguous phases of a window such that
there are at least M red blocks in these phases. The end portion of a window
which may not have M red blocks is appended to the previous swath of the
window if any; else the whole window constitutes a swath. The j th swath,
j ≥ 0, is denoted by swath(j); every phase is in exactly one swath and
phase(0) is in swath(0).

Note that the definition of a swath depends only upon the reference string and
the threshold parameter W ; it is independent of the I/O scheduling algorithm.
By definition, RBP fetches the red blocks of a swath M/2 blocks at a time. On
the other hand OPT may prefetch blocks for future swaths while servicing the
current swath. To bound the advantage that OPT gets over RBP by doing so,
we redefine useful blocks in the current context. These definitions parallel those
in Section 3.1, but deal with swaths rather than phases.

Definition 5. Let the set of red blocks of swath(i) be Ri. At some instant let
the blocks in OPT’s buffer be M.

– The residual height of swath(i) at that time is the maximum number of red
blocks from a single disk in the set Ri −M.
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– The number of useful blocks prefetched in swath(j) for swath(i), i > j, is the
difference between the residual height of swath(i) at the start of swath(j) and
the residual height of swath(i) at the end of swath(j). Further if swath(i)
and swath(j) are in the same window then these useful blocks are called
short, else they are called long.

– The number of useful blocks prefetched for swath(i) is the number of useful
blocks prefetched for swath(i) in prior swaths.

The following lemma follows directly from the above definition.

Lemma 5. If R useful blocks are prefetched by OPT for swath(i), then OPT
must have done at least R I/Os.

From the above definitions, if u long useful blocks are prefetched in window(i)
for window(j), at least u blocks are present in the buffer while servicing any
window(t), i < t < j. Hence at least u/D × L/M I/Os are chargeable to
these blocks in window(t). By using this observation and an analysis similar
to Lemma 4, the following bound on TOPT can be shown.

Lemma 6. If the number of long useful blocks fetched by OPT is U , then

TOPT = Ω(U
√
L/DM)

We next bound the number of I/Os done by OPT by considering short useful
blocks. Though OPT may prefetch blocks from several swaths at the same time,
the bounded buffer presents a constraint: the number of blocks in the buffer
cannot be more than M . To capture this constraint we define super-swaths,
which is a collection of swaths in which the number of blocks prefetched by
OPT is bounded.

Definition 6. Each window is partitioned into minimal length sequences of con-
tiguous swaths, called super-swaths, such that in each super-swath the number of
useful blocks prefetched by OPT for swaths in the same super-swath is at leastM .
The end portion of the window is appended to the previous super-swath if any,
else the entire window constitutes a super-swath. The k th super-swath, k ≥ 0, is
denoted by superswath(k).

The following lemma gives a lower bound on the number of I/Os done by
OPT relative to that done by RBP to fetch the red blocks in a super-swath. For
ease of notation we use

∑
SSk

to denote the sum over all j such that swath(j)
is in superswath(k).

Lemma 7. If Wr
RBP(k) is the number of I/Os done by RBP to fetch red blocks

of superswath(k), and TOPT(k) is the total number of I/Os done by OPT in
superswath(k), then

Wr
RBP

(k) = O(TOPT(k) + Uk +Rk)

where Uk and Rk are the number of long and short useful blocks, respectively,
prefetched for superswath(k).
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Proof. By the definition of a swath and the fact that there can be at most M
red blocks in any phase, the total number of red blocks in a swath is at most
3M − 2. In each batched-I/O operation RBP fetches M/2 red blocks; hence at
most 6 batched-I/O operations are required to fetch the red blocks of swath(j).
If the number of red blocks from any single disk in swath(j) is Hr(j), in each
batched-I/O operation for red blocks RBP performs no more than Hr(j) I/Os.
Hence

Wr
RBP

(k) ≤ 6
∑
SSk

Hr(j)

Consider the I/Os done by OPT to fetch red blocks of a super-swath. The
total number of useful blocks prefetched for superswath(k) is Uk +Rk.

TOPT(k) ≥
∑
SSk

Hr(j)− (Uk +Rk) ≥ Wr
RBP(k)/6− (Uk +Rk)

Note that in the above lemma Uk ≤ M due to the bound on the buffer
size. Let U ′ be the total number of long useful blocks fetched to super-swaths
in which Uk ≥ Rk and R′ be the total number of short useful blocks fetched to
super-swaths in which Uk < Rk.

Corollary 1. If T r
RBP is the number of I/Os done by RBP to fetch red blocks

then T r
RBP

≤ TOPT + 2U ′ + 2R′.

Lemma 8. The ratio between the number of I/Os done by RBP to fetch red
blocks and the total number of I/Os done by OPT is O(max{ 4

√
DW,

√
DM/L}).

Proof. If U ′ ≥ R′ then the lemma follows by Lemma 6 and Corollary 1, as
U ′ ≤ U .

In the other case when U ′ < R′, consider any superswath(k) in which
Rk > Uk. We shall show that the number of I/Os done by OPT in superswath(k)
is lower bounded by Ω(Rk/

4
√
DW ). This will then imply that TOPT ≥ R′/ 4

√
DW ,

whence the lemma follows by Corollary 1. Two cases are possible depending on
whether superswath(k) is the entire window or not.
Case 1. superswath(k) is not an entire window.

In this case superswath(k) has Θ(M) short useful blocks prefetched for it
within the same super-swath and at most M from without, Rk = Θ(M). Let
the number of swaths in superswath(k) be n. By the definition of a super-
swath n ≥ 2. Consider a set of two swaths, swath(j) and swath(j + 1), in
superswath(k). Let the number of phases in these swaths combined be βj , and
the number of I/Os done by OPT in them be yj. The maximum number of red
blocks from any phase in these swaths, not present in the buffer at the start of
swath(j) is Wyj . Hence the number of red blocks fetched in these swaths is no
more than βjWyj . At most M red blocks could have been prefetched for these
two swaths in previous swaths. Hence at least M red blocks need to be fetched
during these swaths. Hence,

βj ≥M/Wyj
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The number of phases in the super-swath is therefore∑
SSk

βj/2 ≥
∑
SSk

M/2Wyj

From the fact that the arithmetic mean is greater than the harmonic mean,∑
SSk

1/yj ≥ n2/
∑

SSk
yj .

∑
SSk

βj ≥ n2M/W
∑
SSk

yj = Ω

(
n2M/W

∑
SSk

yj

)

OPT has to do at least M/D I/Os in every two phases. Hence the number of
I/Os done by OPT in superswath(k) is at least

TOPT(k) ≥ M

D
× 1

2

∑
SSk

βj/2 = Ω

(
n2M2/(DW

∑
SSk

yj)

)

This together with the fact that TOPT(k) ≥ ∑
SSk

yj/2 yields TOPT(k) =
Ω(nM/

√
DW ). Two cases are possible depending on the number of swaths in

superswath(k), n.
Case 1a. n ≥ 4

√
DW : Then clearly TOPT(k) = Ω(M/ 4

√
DW ).

Case 1b. n < 4
√
DW : By assumption, at least M blocks are fetched and con-

sumed in the same super-swath. Hence, there is at least one swath in
superswath(k) for which at least M/n useful blocks were fetched. Therefore,
by Lemma 5 OPT should have done at least M/n I/Os in superswath(k).

Case 2: superswath(k) is an entire window.
As the entire window is a super-swath no short useful block could have been

prefetched for this super-swath in previous super-swaths. Hence all Rk short
useful blocks are fetched in the same super-swath. By an analysis similar to
Case 1 it can be shown that in superswath(k),

TOPT(k) = Ω
(
Rk/

4
√
DW

)
Finally as Uk < Rk, by Corollary 1 Wr

RBP(k) = O(TOPT(k) +Rk).
Hence in either case if Rk > Uk, TOPT(k) = Ω

(
Rk/

4
√
DW

)
.

4 Conclusions

In this paper we considered the problem of prefetching and I/O scheduling of
read-once reference strings in a parallel I/O system. We presented a novel on-
line algorithm, Red-Black Prefetching (RBP), for this problem and bounded its
competitive ratio. We analyzed the performance of RBP in the standard parallel
disk model with D disks and a buffer of size M . We showed that the number of
I/Os performed by RBP is within Θ(C), where C = max{√MD/L,D1/3}, of
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the optimal schedule. It can be shown that the competitive ratio of any on-line
algorithm with L-block lookahead is Θ(

√
DM/L); hence RBP is asymptotically

optimal when L ≤ MD1/3. RBP is easy to implement and computationally
requires time linear in the length of the reference string.

An interesting alternate measure of performance is the on-line ratio [7]. This
is the ratio between the number of I/Os done by an on-line algorithm to the
number of I/Os done by the optimal on-line algorithm with the same amount
of lookahead. This measure attempts to measure the efficiency with which the
on-line algorithm uses the lookahead available to it. The analysis of this paper
can be extended to show that the on-line ratio of RBP is Θ(C), where C =
min{L/M, (DL/M)1/5, D1/3}, with the corresponding choice of the threshold
width W being L2, (D3M2/L2)1/5 and D1/3, respectively.
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A Synchronous Semantics of Higher-Order

Processes for Modeling Reconfigurable
Reactive Systems
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Abstract. Synchronous languages are well suited for the design of de-
pendable real-time systems: they enable a very high-level specification
and an extremely modular implementation of complex systems by struc-
turally decomposing them into elementary synchronous processes. To
maximize the support for the generic implementation and the dynamic
reconfigurability of reactive systems, we introduce a semantics of higher-
order processes in a seamless extension of the synchronous language
Signal. To enable the correct specification and the modular implemen-
tation of systems, we introduce an expressive type inference system for
characterizing their temporal and causal invariants.

1 Introduction

Synchronous languages, such as Signal [2], Lustre [9], Esterel [3] have
been specifically designed to ease the development of reactive systems. The
synchronous hypothesis provides a deterministic notion of concurrency where
operations and communications are instantaneous. In a synchronous language,
concurrency is meant as a logical way to decompose the description of a system
into a set of elementary communicating processes. Interaction between concur-
rent components is conceptually performed by broadcasting events. Synchronous
languages enable a very high-level specification and an extremely modular design
of complex reactive systems by structurally decomposing them into elementary
processes. The compilation of such specifications consists of the proof of global
safety requirements and of the assembly of processes to form automata or circuits
of fixed interaction topology. In practice, however, fixing the topology of a sys-
tem makes it difficult to model practical situations requiring an optimal reaction
to a major environmental change, e.g., the tele-maintainance of processing algo-
rithms on a satellite; the adaptation of an event handler to a context-sensitive,
menu-driven, user-interface; loading an applet in a browser; the dynamic con-
figuration of a flight-assistance system with respect to the flight phase. Recon-
figurations should be taken into account early in the design of the system in
order to prevent accidental alteration of services or interferences during execu-
tion. The reactivity and safety invariants of the system should be preserved. A
simple and intuitive way to express the dynamic configurability and the generic
V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 78–90,
1998.
c© Springer-Verlag Berlin Heidelberg 1998
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assembly of reactive system components in a synchronous language is to intro-
duce a semantics of higher-order processes. Higher-order processes have been
extensively studied in the context of process calculi [8,14] and allow reasoning
on state and mobility in distributed system. Contemporary work has demon-
strated the practicality of higher-order programming languages for hardware-
design (e.g. Lava [4], Hawk [13]) and the introduction of Lucid-synchrone [6]
has been a first step towards the generalization of the principles of synchronous
programming to higher-order languages. To model reconfigurable reactive sys-
tems, we give a seamless extension of the synchronous language Signal with
first-class processes (section 2). We introduce an inference system (section 3
and 4) for determining the temporal and causal invariants of processes. We state
the formal properties of our inference systems (section 5).

2 Semantics

We adopt the synchronous programming model of Signal [2] and regard a re-
active system as the composition of co-iterative simultaneous equations on dis-
crete signals. A signal represents an infinite sequence of values defined over a
discrete and totally ordered set of instants. Each equation in the system speci-
fies an elementary and instantaneous operation on input signals which produces
outputs. An instant is the time elapsed between two successive occurrences of
messages at the signal. This simple and intuitive notion of time allows concur-
rency to meets determinism: synchronous composition concerns signals present
at the same time. The systematization of this hypothesis has several immediate
consequences: communication becomes broadcast and is immediate (inputs and
outputs are present at the same time). But it also imposes a programming style
which slightly differ from conventions, in that consideration on the logical notion
of time imposed by the model are essential. This can be illustrated by considering
the definition of a counter from m to n: let x = (pre x m) + 1 in when (x ≤ n) x.
At each instant, it is either silent or reacts to input events and provide values
to its environment. The value of x is initially x0 = m. At each instant i > 0, it
is the previous value xi−1 of x added to 1 and is returned until the bound n is
reached. In other words, x0 = m and xi = xi−1 + 1, ∀i ∈ [1..n − m].

Syntax A signal is named x, y or z. A value v is either a boolean b or a closure c.
A closure c consists of a closed (i.e. s.t. fv(e)={x}) and finite expression e param-
eterized by a signal x. Expressions e consist of values v, pervasives p, references
to signals x, abstractions procx e, applications e(e′), synchronous compositions
e || e′ and scoped definitions let x = e in e′

x signal

b ::= true | false boolean
c ::= proc x e closure
v ::= b | c value

e ::= v value
| x | p reference
| e(e′) application
| e || e′ composition
| let x = e in e′ definition

p ::= sync synchro
| pre delay
| when sample
| default merge
| reset reset

Fig. 1. Syntax of expressions e
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By extension, x1..m1
1 = e1 || . . . xmn

n = en simultaneously defines (xj
i )

j=1..mi

i=1..n by
the expressions e1..n of (mi)i=1..n outputs. The pervasive sync e e′ synchronizes e
and e′; pre e e′ references the previous value of e (initially e′); when e e′ outputs e′

when e is present and true; default e e′ outputs the value of e when it is present
or else that of e′. We write x1..n or x̃ for a sequence. We write fv(e) for the signals
lexically free in e. For a relation R, dom(R) is the domain of R and R � (x, P )
the addition of (x, P ) s.t. x 	∈dom(R) to R.

Operational Semantics We define a small step operational semantics which
describes how a system e evolves over time. A step defines an instant. The evolu-
tion of the system over time is modeled by co-iteration. The relation consists of
an environment E, an initial state represented by an expression e, a (composition
of) result(s) r̃ and a final state e′. It means that e reacts to E by producing r̃
and becoming e′. Environments E associate signals x to results r (either absent,
i.e. abs, or present, i.e. v). The axioms (val) defines the transition for values v
(either v or absent to preserve stuttering), the axiom (sig) that for signals x (the
result r associated to x in the environment is emitted). The rule (let) defines
the meaning of let x = e in e′. Since inputs and outputs are simultaneous, the
hypothesis (x, r) is required to conclude that e1 has result r (e.g., example 1).
The rule (par) synchronizes the events E used to produce the result (r̃1, r̃2) of
a composition e1 || e2. The rules (pre1) and (pre2) define the meaning of a delay
statement pre e1 e2. When the result v1 of e1 is present, it is stored in place
of e2 of which the result v2 is emitted. The rules (abs1) and (abs2) mean that
the emission of a closure c from an abstraction procx e require all signals y free
in e to be present in E.

The inductive definition of values v further excludes co-inductive closures,
e.g. c = procx c(x) from let f = procx f(x) (the causal analysis, section 4, detects
and rejects “instantaneously recursive” closures). The rule (app) evaluates e1 to
a state e′1 and result r1. If it is absent, rule (cls2), so is the result. If it is a
closure procx e1, rule (cls1), x is bound to r2 and e1 evaluated to e′1 and to r̃.
The keyword reset allows to store the internal state of a process when necessary
(e.g., the watch, below). If the reset e1 is absent, rule (rst1), no reconfiguration
takes place. The initial process e2 is evaluated to r and applied to e3. The
application produces a result r̃ and a new state, consisting of r′ and e′3. It is
stored in place of e2 and e3. If e1 emits a new process c, rule (rst2), the previous
state is discarded and the new state c′ results from applying c to e3. Pervasives
sync, when and default incur no state transition. The operator default e e′ outputs
the value of e when e is present. If e returns abs, the result is that of e′. The
operator when e e′ outputs the value of e′ when e is present with the value true.
All operators on booleans (e.g. and, or, not) and on integers (e.g. +, -, *) are
synchronous: inputs and outputs are present simultaneously or absent.

Example 1. Let us consider a variant of the example 1 which reacts to an input
tick by counting from an initial value start down to 0 to emit a timeout. At each
instant, all expressions are simultaneously executed. The signal count is reset to
start when the timeout occurs. Otherwise it takes a decrement of its previous
value last. Using the timer, we define a watch that emits seconds and minutes by
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E � e r̃−→ e′ instant

(Ei � ei
r̃i−→ ei+1)i≥0 execution

r ::= abs | v result
E � (x, r) environment

Fig. 2. Semantics domains

E�v v−→ v E�v abs−→ v (val)
E � (x, r)�x r−→ x (sig)

E�e1
r̃1−→ e′1 E�e2

r̃2−→ e′2
E�e1 || e2

(r̃1,r̃2)−−−→ e′1 || e′2
(par)

E�e1
v1−→ e′1 E�e2

v2−→ e′2
E�pre e1 e2

v2−→ pre e′1 v1
(pre1)

E�e1
abs−→ e′1 E � e2

abs−→ e′2
E�pre e1 e2

abs−→ pre e′1 e′2
(pre2)

c = (proc x e)[v/y]
y∈fv(e)!\{x}
(y,v)∈E

E�proc x e c−→ proc x e
(abs1)

y ∈ fv(e)\{x} (y, abs)∈E

E�proc x e abs−→ proc x e
(abs2)

E � (x, r1) � e1
r1−→ e′1 E � (x, r1) � e2

r̃−→ e′2
E � let x = e1 in e2

r̃−→ let x = e′1 in e′2
(let)

E � e1
r1−→ e′1 E � r1(e2) r̃−→ r′1(e

′
2)

E � e1(e2) r̃−→ e′1(e
′
2)

(app)

E � e2
r−→ e′2 (x, r) � e1

r̃−→ e′1
E � (proc x e1)(e2) r̃−→(proc x e′1)(e

′
2)

(cls1)

E � e2
r−→ e′2

E � abs(e2) abs−→ abs(e′2)
(cls2)

E � e1
abs−→ e′1 E � e2

r−→ e′2 E � r(e3) r̃−→ r′(e′3)

E � (reset e1 e2)(e3) r̃−→(reset e′1 r′)(e′3)
(rst1)

E � e1
c−→ e′1 E � c(e3) r̃−→ c′(e′3)

E � (reset e1 e2)(e3) r̃−→(reset e′1 c′)(e′3)
(rst2)

Fig. 3. Operational semantics E 
 e
r̃→ e′

x abs v

y abs v′

sync x y abs unit

x abs v v abs
y abs v′ abs v

default x y abs v v v

x abs v abs false true
y abs abs v v v

when x y abs abs abs abs v

Fig. 4. Pervasives sync, when and default

constructing the higher-order processes count seconds and count minutes). We re-
source to reconfiguration to store the internal state of each process (i.e. instances
of count and start). Given a predefined tick signal that represents milliseconds,
we assemble the watch.

let timer = proc (start)
proc (tick) let count = (start when (last ≤ 1)) default (last - 1)

|| last = pre count start || sync (count, tick)
in when (last ≤ 1) true

let watch = proc (start)
proc (tick) let count seconds = timer(1000) || count minutes = timer(60)

|| seconds = (reset (when start count seconds) count seconds)(tick)
|| minutes = (reset (when start count minutes) count minutes)(seconds)
in seconds || minutes

Fig. 5. The timer and the watch
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3 Temporal Invariants

As outlined in the operational semantics, the execution of processes requires the
resolution of temporal relations between signals in order to ensure the respect
of synchronization constraints. Determining clock relations is usually specified
in terms of a clock calculus [2]. A clock calculus abstracts a process by a sys-
tem of boolean equations which denotes the temporal relations between signals.
This system must be satisfiable in order to accept the process as an executable
specification. In the spirit of an effect system [18], we express both temporal and
causal invariants of synchronous processes within an expressive type system.

Type System A type τ is either a data-type bool, a type variable α, a com-
position τ × τ ′, a process type τ → τ ′ (of input τ and output τ ′). The type
of a signal x is represented by a data-type τ annotated with a clock κ. The
data-type τ denotes the structure of values transported by the signal and the
clock κ denotes the discrete set of instants at which data are present. A clock κ
is represented by a boolean polynomial which denotes a discrete set of instants.
A clock is either 0 (which denotes absence), 1 (which denotes over-sampling), a
clock variable δ (which denotes a set of instants), the additive κ+κ′ (equivalent
to the proposition (κ∧¬κ′)∨ (κ′ ∧¬κ)), which denotes the disjoint union of the
instants denoted by κ and κ′, or the multiplicative κ× κ′ (equivalent to κ∧ κ′),
which denotes the intersection of the instants denoted by κ and κ′.

τ ::= bool | α | τ → τ ′ | τ × τ ′ | τκ type
κ ::= 0 | 1 | δ | κ+ κ′ | κ × κ′ clock
σ ::= τ | ∀α.σ | ∀δ.σ | ∃!δ.σ type scheme
Γ � (x :σκ), ∆ � δ hypothesis

Γ (∆, τκ) = ∃∆\∆′.[∀(ftv(τ )\ftv(Γ )).∀(∆′\∆).∃!(∆∩∆′).τκ]s.t.∆
′ = fcv(τ )\fcv(Γ )\fcv(κ)

Fig. 6. Type system

We refer to the type hypothesis Γ as a relation between signals names and
polymorphic types. We refer to the control hypothesis ∆ as a set of abstract
clocks introduced for sampling signals (e.g., example 3). A polymorphic type σ
denotes the family of all types of a signal. It is universally quantified over free
type variables (written ∀α.σ) and clock variables (written ∀δ.σ) and existentially
quantified over its free abstract clock variables (written ∃!δ.σ). The generaliza-
tion Γ (∆, τκ) of the type τκ of a signal with respect to the type hypothesis Γ
and the control hypothesis ∆ is a pair ∃∆′′.σκ consisting of the polymorphic
type of the signal and of the context-sensitive control hypothesis (i.e. which
refer to signals defined in Γ ). A polymorphic type σκ is constructed by univer-
sally quantifying τκ with the set of its context-free type variable α1..m (i.e. free
in τ but not in Γ ) and clock variables ∆′ \∆ (i.e. free in τ , but neither in Γ
nor in κ), and by existentially quantifying it with its set of context-free con-
trol hypothesis ∆ ∩ ∆′ (i.e. free both in τ and ∆, but neither in Γ or κ).
Context-sensitive control-hypothesis ∆′′ = ∆\∆′ remains. The relation of in-
stantiation, written ∃∆.τκ � σκ means that τ belongs to the family σ given the
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control hypothesis ∆. A pair ∃∆′′.τκ is an instance of the polymorphic type
∀α1..m∀∆∃!∆′.τ ′

κ iff τ equals τ ′ modulo a substitution from α1..m to τ1..m, a
substitution from ∆ to κ1..n and a bijection from ∆′ to ∆′′.

Inference system The sequent ∆,Γ 
 e : τ inductively defines the type and
clock of expressions e given hypothesis Γ and ∆. The rule (let) typechecks the
definition e of a signal x with the type hypothesis Γ by giving it a type τκ and
control hypothesis ∆. Then, the type of x is generalized as ∃∆′.σκ with respect
to Γ . The expression e′ is then typechecked with Γ � (x, σκ) to built the type τ ′

and the control hypothesis ∆′′ of e′. The conclusion accepts let e in e′ as well-
typed with ∆′ � ∆′′. In the rule (var), the control hypothesis ∆ introduced by
instantiating the polymorphic type Γ (x) of a signal x to τ are added to the
sequent. The rule (par) for the composition e || e′ accepts two well-typed expres-
sions e and e′ and merge the disjoint control hypothesis ∆ and ∆′ introduced
by e and e′. The rule (abs) introduces a type hypothesis τ ′ for x in order to ac-
cepts e as well-typed with ∆ and τ . Since a process is a value, it can be assigned
any clock κ provided that all signals y free in e are present (i.e. at clock κ′).
The rule (app) checks the application of a process e to a signal e′. The type τ ′

of e′ must match that expected as formal parameter by the result of e. However,
no output can be present if the process itself is absent. Therefore, the clock of
the output τ must be combined with κ: the presence of an output requires the
presence of e (at the clock κ). This requirement is written τ × κ and defined
by (τκ) × κ′ = τκ×κ′ and (τ1..n) × κ = (τ1 × κ) × . . . (τn × κ). The types of
sync and pre mean that input and output are synchronous at clock κ. The types
of reset and default mean that the output is present at the clock κ ∨ κ′ of both
inputs. The clock of when defines an existentially quantified clock δ which ab-
stracts the instants at which its first argument is present with the value true. The
result is present when that clock intersects with that of the second argument:
δ × κ′.

∆, Γ � e : (τ ′ → τ )κ ∆′, Γ � e′ :τ ′

∆ � ∆′, Γ � e(e′) :τ × κ
(app)

∆, Γ � e :τ ∆′, Γ � e′ :τ ′

∆ � ∆′, Γ � e || e′ :τ × τ ′ (par)

∃∆.τ � Γ (x)

∆, Γ � x :τ
(var)

∆, Γ � e :τ ∆, Γ � e′ :τ ′ ∆′′, Γ � p :τ → τ ′ → τ ′′

∆ � ∆′ � ∆′′, Γ � p e e′ :τ ′′ (pvs)

∆, Γ � (x, τ ′) � e :τ

∆, Γ � proc x e : (τ ′ → τ )κ×κ′
(abs) s.t. κ′ = Π

y∈fv(e)\{x}
(y,σκ′′ )∈Γ κ′′

∆, Γ � (x, τκ) � e :τκ ∆′′, Γ � (x, σκ) � e′ :τ ′

∆′ � ∆′′, Γ � let x = e in e′ :τ ′ (let) s.t. Γ (∆, τκ) = ∃∆′.σκ

Γ � b :boolκ
Γ � pre :τκ → τκ → τκ

Γ � sync :τκ → τ ′
κ → unitκ

Γ � default :τκ → τκ′ → τκ∨κ′

Γ � reset :τκ → τκ′ → τκ∨κ′∨κ′′

∃!δ, Γ � when :boolδ+κ → τκ′ → τδ×κ′

Fig. 7. Inference system ∆,Γ 
 e :τ

Example 2. How do these considerations translate in the example of the timer?
Since count, tick are synchronous, they share the same clock κ′. This clock is
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down-sampled in order to produce timeout signals. Hence, it it composed of an
abstract clock δ and of a disjoint sub-clock κ, i.e., κ′ = δ + κ.

let count = (start when (last ≤ 1)) default (last − 1) intδ+κ

|| last = pre count start || sync(count, tick) intδ+κ

in when (last ≤ 1) true boolδ
What is the polymorphic type of the timer process? It has parameters start

and tick which we said are of clock δ + κ. The result is of clock δ. Since both δ
and κ are context-free, we can generalize them (i.e. by considering κ = δ′). In
each place the timer is used (e.g. for sampling seconds and minutes in the watch),
its existentially quantified clock receives a fresh instance, in order to distinguish
it from other clocks. In the case of the watch, we actually have κ1 = κ2 + δ2.

timer : ∃!δ,∀δ′.(intδ+δ′ → (boolδ+δ′ → boolδ)δ+δ′)κ′′

δ1 � timer(60) : (boolδ1+κ1→boolδ1)δ1+κ1

δ1, δ2 � timer(100) : (boolδ2+κ2→boolδ2)δ2+κ2

4 Causal Invariants

The clock calculus allows the compilation of parallelism within a process by
defining a hierarchy of tasks according to clock relations [1] (see section 5). To
generate executable code, additional information on the causal dependencies be-
tween signals is needed in order to serialize the emission of outputs in each task.
In Signal, this information is obtained by a flow analysis [2]. This analysis
detects cyclic causal dependencies, which may incur dead-locks at runtime. Sim-
ilarly, higher-order processes may define “instantaneously” recursive processes.
Just as cyclic causal dependencies between first-order signals may denote dead-
locks, cyclic higher-order processes may denote non-terminating processes. We
address the issue of determining causal relation between signals by generalizing
the flow analysis of Signal in terms of an effect system (e.g., [18]) which relates
each signal to the set of signals φ required for its computation (e.g. in x = y+z, x
requires y and z).

Causality Inference A causality flow φ is either a variable ϕ (which identifies a
signal) or an assembly ϕ, φ (which identifies signals φ that ϕ depends on). Flows
are right-idempotent (i.e. ϕ, φ, φ = ϕ, φ) and right-commutative (i.e. ϕ, φ, φ′ =
ϕ, φ′, φ). A substitution [φ/ϕ] is defined by (ϕ′, φ′)[φ/ϕ] = (ϕ′[φ/ϕ]), (φ′[φ/ϕ]).
We reuse the symbols τ , σ and Γ to name flow-annotated types and environ-
ments. We write Γ (τφ) for the generalization of a type τφ over its set of free
type and flow variables.

φ ::= ϕ | ϕ, φ flow τ ::= . . . | τφ type σ ::= . . . | ∀ϕ.σ scheme

Fig. 8. Types and causalities τφ

Γ (τφ) = ∀α1..m.∀ϕ1..n.τφ where α1..m = ftv(τ )\ftv(Γ ) and ϕ1..n = ffv(τ )\ffv(Γ )\ffv(φ)
Fig. 9. Generalization Γ (τφ)
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The sequent Γ � e : τ checks that the flow hypothesis Γ is consistent with
the assertion that e has flow and type τ . The rule (var) allows the instantiation
of the polymorphic flow type Γ (x) of a signal x by a monomorphic flow type τ .
In the rule (par), the expressions e and e′ may have different flows. The rules
(let), (abs) and (app) are structurally equivalent to those of the clock calculus.
We write (τφ)× φ′ = τφ,φ′

and (τ1..n)× φ = (τ1 × φ)× . . . (τn × φ). The type of
pre denotes no causality from the inputs (flows φ and φ′) to the output φ′′. The
type of when denotes a causal dependency from the second input (flow φ) to the
output (flow φ′′, φ). The type of default denotes a causality from the inputs (φ
and φ′) to the output (φ′′, φ, φ′).

Γ � (x, τφ) 
 e :τφ

Γ � (x, Γ (τφ)) 
 e′ :τ ′

Γ 
 let x = e in e′ :τ ′
(let)

Γ 
 e : (τ ′ → τ )φ

Γ 
 e′ :τ ′

Γ 
 e(e′) :τ × φ

(app)

Γ 
 e :τ
Γ 
 e′ :τ ′

Γ 
 e || e′ :τ × τ ′
(par)

τ � Γ (x)

Γ 
 x :τ
(var)

Γ 
 e :τ Γ 
 e′ :τ ′ Γ 
 p :τ → τ ′ → τ ′′

Γ 
 p e e′ :τ ′′ (pvs)

Γ � (x, τ ′) 
 e :τ

Γ 
 proc x e : (τ ′ → τ )φ,φ′ (abs) s.t. φ′ = ∪y∈fv(e)\{x}
(y,σφ′′

)∈Γ
φ′′

Γ 
boolφ

Γ 
pre :τφ→τφ′ →τφ′′
Γ 
sync :τφ→τ ′φ′ →unitφ

′′

Γ 
reset :τφ→τφ′ →τφ′′,φ,φ′
Γ 
default :τφ→τφ′ →τφ′′,φ,φ′

Γ 
when :boolφ
′ →τφ→τφ′′,φ

Fig. 10. Inference system Γ � e :τ

Example 3. The information inferred by the causality calculus is depicted below
for the process timer. Each signal is assigned a record that contains the flow
variable that identifies it (form ϕ1 to ϕ5) and the flow of signals required for its
computation. A linear checking of the equations in the process allows to infer
the needed information. For instance count (flow ϕ3) requires start (flow ϕ1) or
last (flow ϕ4). Hence, its flow is ϕ3, ϕ1, ϕ4. The signature of timer in the flow
calculus is intϕ1 → boolϕ2 → boolϕ5 .

�
start : intϕ1

tick :boolϕ2

�



let count=(start when (last ≤ 1)) default (last − 1)
|| last = pre count start || sync(count, tick)
in when (last ≤ 1) true

intϕ3,ϕ1,ϕ4

intϕ4

boolϕ5

5 Formal Properties

Typing rules are now required for reasoning on evaluated expressions r: axioms
to mean that the absence has any type, clock and flow and rules for sequences.

∆, Γ � abs :τκ Γ 
 abs :τφ ∆, Γ � r :τ ∆′, Γ � r′ :τ ′

∆ � ∆′, Γ � (r, r′) :τ × τ ′
Γ 
 r :τ Γ 
 r′ :τ ′

Γ 
 (r, r′) :τ × τ ′

Fig. 11. Typing rules ∆,Γ 
 r :τ and Γ � r :τ for results

Consistency We establish a consistency relation between environments E and
hypothesis ∆,Γ to express the fact that clock relations model synchronizations
and causality relations model data dependencies.
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Definition 1 (Consistency) We write ∆,Γ 
 E iff dom(E) = dom(Γ ) and
for all (x, r) ∈ E there exists ∃∆′.τκ � Γ (x) such that ∆ ⊇ ∆′, ∆ 
 v : τκ and,
for all (x′, r′) ∈ E and (x′ :σ′

κ′) ∈ Γ , κ ≥ κ′ implies (r = abs iff r′ = abs). We
write Γ � E iff dom(E) = dom(Γ ) and for all (x, r) ∈ E there exists τφ � Γ (x)
such that � v : τφ and, there exists (x′, r′) ∈ E and (x′ : σ′φ′

) ∈ Γ such that
φ ⊇ φ′ implies (r = abs iff r′ = abs).

Invariance The theorem 1 states the invariance of temporal and causal proper-
ties determined by the inference systems with respect to a step in the operational
semantics. It says that, if a system e is well-typed, given well-typed inputs E
and executed, then the outputs r̃ and final state e′ have same type.

Theorem 1 If ∆,Γ 
 e : τ , ∆,Γ 
 E and E 
 e r̃−→ e′ then ∆,Γ 
 r̃ : τ and
∆,Γ 
 e′ :τ . If Γ � e :τ , Γ � E and E 
 e r̃−→ e′ then Γ � r̃ :τ and Γ � e′ :τ .

The proof of theorem 1 requires a substitution lemma in which θ stands for a
substitution of type variables α by types τ , of clock variables δ by clocks κ and
of flow variables ϕ by flows φ.

Lemma 1 If ∆,Γ 
 e : τ then ∆, θΓ 
 e : θτ for all θ s.t. ∆ = θ∆. If Γ � e : τ
then θΓ � e :θτ for all θ.

Endochrony Endochrony refers to the Ancient Greek: “ενδo”, and literally
means “time defined from the inside”. An endochronous expression e defines a
reactive system where “time defined from the inside” translates into the property
that the production of its outputs only depends on the presence of its inputs. An
endochronous system reacts to inputs (by having clocks computable from that
of its inputs) and terminates within a predictable amount of time (by avoiding
deadlocks and recursions). Hierarchization is the implementation of endochrony.
It is the medium used in Signal for compiling parallelism [1]. It consists of
organizing the environment Γ as a tree Θ that defines a correct scheduling of
computations into tasks. Each node of the tree consists of synchronous signals. It
denotes the task of computing them when the clock is active. Each relation of a
node with a sub-tree represents a sub-task of smaller clock. A tree of tasks being
computed, expressions in each task can be serialized by following the causal
relations determined by the flow analysis.

Example 4. A good example of exochronous specification is the expression
count = (start when (last ≤ 1)) default (last − 1) of the timer. Out of its context,
it may be possible to give the signal count clock κc = (κs)∨(κ+δ) given κl = κ+δ
the clock of last. Endochrony is achieved by synchronizing count with start and
last (with the pre statement) and count with the input tick (the sync statement).
This hierarchizes the output of the timer w.r.t. the input tick and all local signals.

We express the property of hierarchization as a relation H∆(Γ, κ) between the
clock κ of an expression e and its environment ∆,Γ .

Definition 2 (Hierarchization) The clock κ is hierarchizable in ∆,Γ , written
H∆(Γ, κ) iff κ 	= 0, κ 	= 1 and there exists (x, σκ′ ) ∈ Γ such that κ ≤ κ′
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and κ′ 	≤Σδ∈∆δ. We write H∆(Γ, τ) iff all clocks κ occurring free in τ satisfy
H∆(Γ, κ).

The property of deadlock-freedom A resources to flow annotations. It means
that a signal (x, σϕ,φ) ∈ Γ s.t. ϕ ∈ φ may be defined by a fixed-point equation.
This means that its computation may dead-lock (e.g. let x = x+ 1) or may not
terminate (e.g. let f = procx f(x)).

Definition 3 (Cycle-Freedom) The flow ϕ, φ is acyclic, written A(ϕ, φ), iff
ϕ 	∈φ. We write A(τ) iff all flows φ occurring in τ satisfy A(φ).
Given H and A, we define endochrony as an inductive and decidable property.

Definition 4 (Endochrony) A judgments satisfy E [[Γ � e :τ ]] iff A(τ). A proof
tree P/Γ � e : τ (resp. P ′/∆, Γ 
 e : τ) is endochronous iff P (resp. P ′) is
endochronous and E [[Γ � e :τ ]] (resp. E [[∆,Γ 
 e :τ ]]). A system e is endochronous
iff it has endochronous proofs P/Γ � e :τ and P ′/∆, Γ 
 e :τ .

E [[∆, Γ � x :τ ]] iff H∆(Γ, τ )

E [[∆, Γ � e || e′ :τ ]] iff H∆(Γ, τ )

E [[∆, Γ � proc x e :τ ]] iff H∆(Γ
{x}∪fv(e), τ )

E [[∆ � ∆′, Γ � e(e′) :τ ]] iff H∆(Γ, τ )

E [[∆, Γ � let x = e in e′ :τ ′]] iff ∆, Γ � (x :τ ) � e :τ

and H∆(Γ, τ ), H∆(Γ, τ ′)

Fig. 12. Endochrony E [[∆,Γ � e :τ ]]

Example 5. An example of non-endochronous specification is x + (x when x > 0).
It requires x : ∃δ.intδ to reflect that x is present iff x > 0 (i.e. at the abstract
clock δ). If x ≤ 0, the expression deadlocks. As in Signal, our definition of
endochrony allows to detect and rejects such a constrained specification.

Safety The theorem 1 and the property of endochrony characterize the expres-
sions e which “cannot go wrong”.

Theorem 2 If E and e are endochronous (with ∆,Γ 
 E, Γ � E, Γ � e :τ and
∆,Γ 
 e :τ) then E 
 e r̃−→ e′ and r̃ and e′ are endochronous.

6 Implementation

We can easily derive an algorithm inf(∆′, Γ )[[e]] = (∆, τ, θ) from the inference
system. It constructs a set of constants ∆, a type τ and a substitution θ on types
and clock variables from an initial ∆′, a set of type hypothesis Γ and an expres-
sion e. Whereas the clock calculus introduces clocks κ and types τ , the inference
system introduces fresh variables δ and α. Whereas the clock calculus specifies
type matches, the inference system determines equations τ ′ =? τ ′′ to be unified.
The equational problem τ ′ =? τ ′′ is decomposed in the resolution of equations
on data-types and on clocks. Unification of boolean clock equations is decidable
and unitary (i.e. boolean equations have a unique most general unifier [12]). In
inf, we refer to mgu∆(κ =? κ′) as the boolean unification algorithm of [12] de-
termining the most general unifier of the equation κ =? κ′ with constants ∆.
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Similarly, causality information ϕ, φ is represented by a simple form of extensi-
ble record [16] of prefix ϕ and members φ, for which we know the resolution of
equations φ =? φ′ to be a decidable and unitary equational problem. A clever
implementation of our type system would account for the simplification of clock
and flow annotations by resourcing to eliminations rules for clocks: ∆,Γ 
 e : τ
iff ∆ � δ, Γ 
 e : τ and δ 	∈fcv(Γ, τ); and for flows: Γ � e : τφ iff Γ � e : τφ,ϕ

and ϕ 	∈left(Γ, τ, φ) (s.t.left(ϕ, φ) = {ϕ}). Showing that the inference of types,
clocks and flows reduces to solving a system of boolean and record equations
demonstrates its decidability.

7 Related Work

Contemporary work demonstrated the practicality of higher-order programming
languages for the design of circuits (e.g. Lava [4], Hawk [13]). Our type-
theoretical modeling of synchronous interaction would find an interesting ap-
plication in serving as a medium for specifying behavioral abstractions of circuit
components in such systems. The introduction of Lucid-synchrone [6] was a first
step towards the generalization of the principles of synchronous programming
to higher-order languages. The proposal of [6] is a model of synchronous recur-
sive functions over lazy streams. Our programming model is co-iterative and
implements exochronous operators (i.e. when and default, as in Signal). The
clock calculus of [6] uses symbolic types c annotated with expressions (c on e,
c x−→ c′). The use dependent types limits the expression of decidable clock relations
(i.e. c ≥ c on e), of polymorphism (e.g. for eliminating let-bound identifiers x),
imposes restrictions for typing functions λx.e (i.e. the x must be universally
quantifiable). As types contain expressions and expressions model state transi-
tions, specifying invariants under subject reduction becomes sophisticated ([6,
Theorem 1] states the preservation of typability under reduction). Our type sys-
tem proposes a both simpler and more expressive representation of both the
temporal and causal invariants of synchronous processes. Other approaches for
characterizing reactivity are proposed in [10], where an intuitive and expressive
numerical model of time is presented for determining length-preserving recursive
list functions in a purely functional language. Other interpretations of reactiv-
ity, mainly consisting of a programming model, are the object-oriented approach
of [5], the functional approach of [15], or the transposition of synchronous pro-
gramming paradigms under the concept of concurrent constraints in [17], or the
notion of continuous time employed in [7]. None of the frameworks considered
in [6,10,7,15,17] characterize the property of endochrony for reactive systems.

8 Conclusions

Our main contribution is to transpose the notion of endochrony, as modelled in
Signal, in the context of a higher-order and typed synchronous programming
model. We introduce an expressive type system for specifying the temporal and
causal relations between events. This system generalizes previous studies on
clock calculi [2] in terms of effect systems [18]. It implements an abstraction
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of the temporal invariants of signals using boolean expressions, called clocks. A
subject reduction property (section 5, theorem 1) states the correctness of clock
invariants. A property of hierarchization and of deadlock-freedom allows to decide
a safety property (theorem 2) and to characterize the compilation of parallelism
in a process as the organization of its expressions as a tree of serialized actions.
Our approach generalizes the semantics of equational synchronous programming
languages (such as Lustre or Signal) for the support higher-order processes.
It allows to express the dynamic configuration and the generic specification of
reactive system components while preserving the hypotheses on the synchrony
of communications and on the instantaneousness of computations.
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Abstract. We study testing preorders for an asynchronous version of
CCS called TACCS, where message emission is non blocking. We first
give a labelled transition system semantics for this language, which in-
cludes both external and internal choice operators. By applying the stan-
dard definitions of may and must testing to this semantics we obtain two
behavioural preorders based on asynchronous observations, ❁∼may

and
❁∼must

. We present alternative behavioural characterisations of these pre-
orders, which are subsequently used to obtain equational theories for the
finite fragment of the language.

1 Introduction

The asynchronous π-calculus [5,9] is a very simple but powerful formalism for de-
scribing distributed and mobile processes, based on the asynchronous exchange
of names. Its descriptive power as a programming calculus has been demon-
strated theoretically in papers such as [5,9,10,13] and practically in [14], where
a minor variant takes the role of the target implementation language for the
sophisticated distributed and higher-order programming language Pict.

However a calculus should not only be computationally expressive. The most
successful process calculi, such as CCS [12], on which the asynchronous π-
calculus is based, CSP [8] and ACP [2], also come equipped with a powerful
equational theory with which one may reason about the behaviour of processes.
For the asynchronous π-calculus, much work still remains to be done in devel-
oping suitable equational theories; to our knowledge the only proposed axioma-
tisations concern a variation of strong bisimulation equivalence called strong
asynchronous bisimulation[1] and an asynchronous version of may testing [4].

A major attraction of the asynchronous π-calculus is its simplicity. In spite
of its expressive power, it consists of very few process combinators: blocking
input and non blocking output on a named channel, parallelism, recursion, and
the powerful scoping mechanism for channels from the standard π-calculus. But
operators which may be of limited attraction from a computational point of view
can play a significant role in an equational theory. The choice operator + of CCS
is a typical example. In this paper we demonstrate that such operators can also
help in providing interesting behavioural theories for asynchronous languages.
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We examine a simplification of the asynchronous π-calculus, an asynchronous
variant of CCS equipped with internal and external choice operators, which we
call TACCS ; essentially an asynchronous version of the language studied in [7].
In Section 2 we define an operational semantics for TACCS . In the following
section we apply the standard definitions of testing to this operational seman-
tics to obtain two preorders on asynchronous processes [6,7], the may testing
preorder ❁∼may and the must testing preorder ❁∼must. The main result of this
section is an alternative characterisation of these contextual preorders, defined
in terms of properties of the operational semantics of processes. These charac-
terisations are similar in style to those for the corresponding preorders on the
synchronous version of the language, studied in [7], but at least for the must case,
are considerably more subtle. In Section 4 we present our main result, namely an
equational characterisation of the preorder ❁∼must for the finitary part of TACCS;
the extension to recursion can be handled using standard techniques. In the full
paper we also give an axiomatisation of ❁∼may, along the lines of that proposed
in [4] for a variant of our language. Here we outline the equational character-
isation of the must preorder: this requires the standard theory of internal and
external choice [7], the axioms for asynchrony used in [1], a law accounting for
the interplay between output and choice, and three new conditional equations.

The paper ends with a brief conclusion and comparison with related work.
In this extended abstract all proofs are omitted. They may be found in the full
version of the paper.

2 The Language and Operational Semantics

Given the set Names ranged over by a, b, c, we use Act = { a, ā | a ∈ Names } to
denote the set of visible actions, and Actτ = Act ∪ {τ} for the set of all actions,
ranged over by α, β, γ. The syntax of the language TACCS is given by

t ::= 0 | a. t | â. t | a | t ‖ t | t ⊕ t | t + t

x ∈ Var | rec x. t

We have the empty process 0, two choice operators, external choice + and inter-
nal choice ⊕, parallelism ‖ and recursive definitions rec x. t from [7]. We also have
input prefixing a. t and the new construct of asynchronous output prefixing â. t,
where the emission on channel a is non blocking for the process t. The atom a
is introduced to facilitate the semantics of asynchronous output.

We have not included the hiding and renaming constructs from CCS ; they
can be handled in a straighforward manner in our theory and would simply
add uninteresting detail to the various definitions. Note however that unlike
the version of asynchronous CCS considered in [15] or the presentation of the
asynchronous π-calculus in [1] we do not require a separate syntactic class of
guarded terms; the external choice operator may be applied to arbitrary terms.

As usual the recursion operator binds variables and we shall use p, q, r to
denote closed terms of TACCS, which we often refer to as processes. The usual
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abbreviations from CCS will also be employed, for example omitting trailing
occurrences of 0; so e.g. we abbreviate a. 0 to a.

The operational semantics of processes in TACCS is given in Figure 1 (where
some obvious symmetric rules are omitted) in terms of three transition relations:

– p
a−→ q, meaning that p can receive a signal on channel a to become q

– p
ā−→ q, meaning that p can asynchronously transmit a signal on channel a

to become q

– p
τ−→ q, meaning that p can reduce to q after an internal step, possibly a

communication

This semantics differs from the standard operational semantics for synchronous
CCS, given in [7], only for the asynchronous behaviour of outputs. More precisely:

– An asynchronous output prefix â. p can only perform an internal action,
whose effect is to spawn off an atom a which will then run in parallel with p

â. p
τ−→ a ‖ p

– Only a spawned off atom a can emit a signal on channel a

a
ā−→ 0

– Atoms a behave asynchronously with respect to external choice +: in partic-
ular they are not consumed when the choice is resolved. We have for instance

a + b
τ−→ a ‖ 0

ā−→ 0 ‖ 0

We feel that the first two properties correspond to a natural behavioural inter-
pretation of the intuitive idea of non blocking output. The third ensures the
asynchrony of output, even in the presence of external choice. Intuitively, asyn-
chronous actions should not affect the behaviour of the rest of the system, e.g.
by preventing other actions as would be the case with the usual rule for +.

3 Testing Asynchronous Processes

In this section we apply the standard testing scenario to TACCS to obtain asyn-
chronous versions of the may and must testing preorders. After discussing the
difference between synchronous and asynchronous testing we give alternative
behavioural characterisations of the preorders.

We first recall the standard definition of testing from [7]. Let ω be a new
action representing “success”. Then a test or observer e is simply a process
which may contain occurrences of ω. The definitions of the may and must testing
preorders are just the standard ones.
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Input
a. p

a−→ p

Output
â. p

τ−→ a ‖ p
Atom

a
ā−→ 0

Par
p

α−→ p′

p ‖ q
α−→ p′ ‖ q

Com
p

a−→ p′, q
ā−→ q′

p ‖ q
τ−→ p′ ‖ q′

Int
p ⊕ q

τ−→ p p ⊕ q
τ−→ q

Ext
p

a−→ p′

p + q
a−→ p′

p
τ−→ p′

p + q
τ−→ p′ + q

p
ā−→ p′

p + q
τ−→ a ‖ p′

Rec
rec x. t

τ−→ t[rec x. t/x]

Fig. 1. Operational Semantics

For any process p and test e let

– p may e if there exists a maximal computation

e ‖ p = e0 ‖ p0
τ−→ · · · ek ‖ pk

τ−→ · · ·

such that en
ω−→ for some n ≥ 0.

– p must e if for every such maximal computation, en
ω−→ for some n ≥ 0.

Then the testing preorders and the induced equivalences are defined as usual:

– p ❁∼may q if p may e implies q may e for every test e
– p ❁∼must q if p must e implies q must e for every test e
– p ❁∼ q if p ❁∼may q and p ❁∼must q

– p 
may q if p ❁∼may q and q ❁∼may p
– p 
must q if p ❁∼must q and q ❁∼must p
– p 
 q if p ❁∼ q and q ❁∼ p

Note that the definitions of the preorders are formally the same as in the syn-
chronous case [7], but because they are applied to an asynchronous semantics
we expect these relations to be weaker. It has been argued in previous work on
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asynchronous calculi [10,1], that an asynchronous observer should not be capable
of observing the inputs of a process, since this would amount to detecting when
its own outputs are consumed; indeed this restriction on what can be observed
seems to be the essence of asynchrony. In our testing scenario this restriction
is automatically enforced; the observer loses control over the inputs of the pro-
cess being tested because its own output actions are non blocking, and thus in
particular they cannot block a success action ω.

Let us look at some examples. In these examples p will always denote the
left-hand process and q the right-hand one.

Example 1. a ❁∼ 0

To see that p ❁∼must q, note that in any test that p must pass, an output on a
can never block a success action ω. Typically the test e = â. ω cannot serve as
a failing test for q as in the synchronous case. So if p must e this is because all
the internal sequences of e itself lead to success, hence also q must e. In a similar
way one argues that p ❁∼may q.

Example 2. 0 �❁∼must a 0 ❁∼may a

The distinguishing test in the must case is (a. ω ‖ a).

As this example shows, the tests (a. ω ‖ a) allow inputs to be observed to some
extent. In the synchronous case the test normally used to observe the input a is
e = (ω⊕ω) + a. However with our “asynchronous” rule for + the test e could
silently move to a, and thus fail for every process. Note that the asynchronous
test (a. ω ‖ a) is weaker than the corresponding test e in the synchronous case:
it cannot distinguish the inability to perform an action a from the possibility of
performing an a immediately followed by an a. This is illustrated by the next
example.

Example 3. 0 
 a.a

We leave the reader to verify the various inequalities. Let us just remark, as
regards 0 ❁∼must a.a , that the test (a. ω ‖a) cannot be used here as a dis-
criminating test as in Example 2, since a.a must (a. ω ‖a). Note that with the
standard rule for + we would have 0must (ω ⊕ω)+ a and therefore it would not
be true that 0 ❁∼must a.a . On the other hand this seems to be a basic law for
asynchrony.

The testing preorders ❁∼may and ❁∼must are contextual, in the sense that they
are defined using a quantification over the behaviour of processes in all contexts
of a certain form. We now give alternative characterisations for them, which
are independent of these contexts. To motivate these characterisations it will be
convenient to refer to similar results in the synchronous case. So we let ❁∼s

may

and ❁∼s
must denote the synchronous may and must testing preorders; that is the

preorders based on the standard operational semantics of CCS, as defined in [7].
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3.1 Characterising May Testing

Let us start with some terminology. We define weak transitions as usual:

p
ε=⇒ p′ ⇔ p

τ−→∗ p′

p
α=⇒ p′ ⇔ p

ε=⇒ · α−→ · ε=⇒ p′

Note the difference between p
ε=⇒ p′ and p

τ=⇒ p′ (the latter involving at least
one τ step). The weak transitions are extended to sequences of observable actions
in the standard way:

p
s=⇒ p′ ⇔ p

α1=⇒ · · · αn=⇒ p′ s = α1 · · ·αn, αi �= τ

Thus p
s=⇒ p′ means that p can carry out the observable sequence of actions s

to arrive at p′. In a synchronous world this is exactly the same as saying that p
can react to the sequence of messages s̄ (or to the obvious sequential process
constructed from s̄) to arrive at p′. Let ≡ denote the structural congruence over
terms generated by the monoidal laws for ‖. Formally we have, using the notation
p

α−→≡ p′ to mean ∃ p′′. p
α−→ p′′ ≡ p′

p
s=⇒ p′ if and only if p ‖ s̄

ε=⇒≡ p′

However in an asynchronous world these two statements no longer coincide. First
of all, the notion of “sequence of messages” is not as clear, since output messages
are non blocking for the rest of the sequence. The asynchronous operational se-
mantics allows for a larger number of computations from p‖s̄ (where s̄ represents
here the process obtained by replacing output actions with asynchronous prefix
in the corresponding sequence). For example if s̄ is the sequence b̄b then we can
have p ‖ s̄

ε=⇒ p, which means that in the asynchronous world we should allow p
to move to itself via the sequence s. To formalise this idea we introduce new
transition relations α=⇒a and s=⇒a.

Definition 1. Let the strong asynchronous transition relation α−→a be the least
relation over processes such that

– α−→⊆ α−→a

– for any b ∈ Names, p b−→a p ‖ b

The weak transition relations α=⇒a and
s=⇒a are then defined as above.

Note that the α−→a determine a kind of input-enabled transition system, similar
to that introduced in [10] by Honda and Tokoro for the asynchronous π-calculus.

Lemma 1. p s=⇒a p′ and q
s̄=⇒ q′ imply p ‖ q

ε=⇒≡ p′ ‖ q′

For any process p, let L(p) denote the language of observable sequences of p:

L(p) = { s | ∃p′. p
s=⇒ p′ }

We define similarly the language of observable asynchronous sequences of p:

La(p) = { s | ∃p′. p s=⇒a p′ }



96 Ilaria Castellani and Matthew Hennessy

We call La(p) the asynchronous language of p. It is well-known that in the
synchronous case may testing is characterised by language inclusion; that is, for
synchronous processes

p ❁∼s
may q if and only if L(p) ⊆ L(q)

As it turns out, this result can be naturally adapted to the asynchronous case:

Theorem 1. (Characterisation of may testing). In TACCS :

p ❁∼may q if and only if L(p) ⊆ La(q)

3.2 Characterising Must Testing

Unlike that of ❁∼may, the characterisation of ❁∼must is rather involved. In order
to motivate it, it will be helpful to recall the corresponding characterisation for
the synchronous case. To do so we need the following notation:

Input and Output sets I(p) = { a | p
a−→}, O(p) = { ā | p

ā−→}
Ready sets R(p) = I(p) ∪ O(p)
Acceptance sets A(p, s) = {R(p′) | p

s=⇒ p′ �τ−→}
Convergence predicate Let ⇓ be the least predicate over processes which satis-

fies
– p ⇓ ε if there is no infinite reduction of the form p

τ−→ · · ·
– p ⇓ αs if p ⇓ ε and p

α=⇒ q implies q ⇓ s.

Definition 2. Let p �s q if for every s ∈ Act∗, p ⇓ s implies

– q ⇓ s
– for every A ∈ A(q, s) there exists some A′ ∈ A(p, s) such that A′ ⊆ A.

The classical result for synchronous processes [7] is

p ❁∼s
must q if and only if p �s q

We wish to adapt this result to the asynchronous case. Consider first the con-
vergence predicate. An asynchronous version can be defined in the obvious way:

– p ⇓a ε if there is no infinite reduction of the form p
τ−→ · · ·

– p ⇓a αs if p ⇓a ε and p α=⇒a q implies q ⇓a s.

Acceptance sets will also require considerable modification. An immediate re-
mark is that they should not include input actions. This is illustrated by a
simple example, already encountered in Section 3.

Example 4. Let p = a and q = 0. We have seen that p ❁∼must q. On the other
hand A(q, ε) = {∅} and A(p, ε) = {{a}}, so the condition on acceptance sets of
Definition 2 is not satisfied.
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This example suggests that the A(p, s) should be restricted to output actions,
i.e. replaced by output acceptance sets O(p, s) = {O(p′) | p

s=⇒ p′ �τ−→}, in
keeping with the intuition that only outputs should be directly observable.

A consequence of the synchronous characterisation is that p ❁∼s
must q implies

L(q) ⊆ L(p), since s ∈ L(p) ⇔ A(p, s) �= ∅. This is not true in the asynchronous
case; p ❁∼must q does not imply L(q) ⊆ L(p), as shown by the next example.

Example 5. Let p = 0 and q = a.a. We have p ❁∼must q (as seen earlier in this
section) and a ∈ L(q), but a �∈ L(p).
This indicates that p should be allowed to match the execution sequences of q
in a more liberal way than in the synchronous case: if q executes a sequence s
then p should be allowed to execute s “asynchronously”. This is where the new
transition relation s=⇒a comes into play for must testing. Intuitively we expect
p ❁∼must q ⇒ L(q) ⊆ La(p).

These two remarks lead to our first attempt at a definition. We will use two
kinds of acceptance sets: O(p, s) = {O(p′) | p

s=⇒ p′ �τ−→} and Oa(p, s) =
{O(p′) | p s=⇒a p′ �τ−→}.
Definition 3. Let p �′ q if for every s ∈ Act∗, p ⇓a s implies

– q ⇓a s
– for every O ∈ O(q, s) there exists some O′ ∈ Oa(p, s) such that O′ ⊆ O.

It may be shown that p ❁∼must q implies p �′ q. On the other hand �′ is still
too generous and it is not true that p �′ q implies p ❁∼must q.

Example 6. Let p = a.b and q = 0. Then

– p �′ q, because O(q, ε) = {∅} and Oa(p, ε) = {∅}.
– p �❁∼must q, because p must e while q �must e, where e is the test a ‖ b. ω.

This example suggests that to compute the acceptance set of p after s we should
not only consider its s-derivatives but also look further at their input-derivatives
(derivatives via a sequence of inputs). Intuitively this is because an observer with
output capabilities interacting with a process may or may not discharge some
of these outputs by communication with the process. In the above example the
observer provokes the derivation p

ε=⇒ p′ a−→ p′′ where p′ = p and p′′ = b and
this should be reflected in some manner in the acceptance set of p after ε.

We thus want to generalise the sets Oa(p, s) by looking at the input-deriva-
tives of p after s. For a reason that will soon become clear we need to consider
multisets of inputs rather than sets. In the following � denotes multiset union.
We use the notation {| |} for multisets, writing for instance {| a, a |}.
Definition 4. For any finite multiset of input actions I let ❀❀ I be the binary
predicate defined by

– (p �τ−→ and I(p) ∩ I = ∅) implies p ❀❀ I p
– (p a=⇒ p′, and p′ ❀❀ I p′′ ) implies p ❀❀ I �{|a |} p′′
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Intuitively p ❀❀ I p′ means that by performing a subset of the input actions in I,
p can arrive at the stable state p′ which cannot perform any of the remaining
actions in I. Note that if p is stable then p ❀❀ ∅ p.

Based on this predicate, we can define the generalised acceptance sets:

Oa
I (p, s) = {O(p′′) | p s=⇒a p′, p′ ❀❀ I p′′ }

Let IM(p, s), the set of input multisets of p after s, be given by

IM(p, s) = { {| a1, . . . , an |} | ai ∈ Names, p s=⇒a
a1=⇒ · · · an=⇒ pn }

We can now finally define our alternative preorder:

Definition 5. Let p � q if for every s ∈ Act∗, p ⇓a s implies

– q ⇓a s
– for every A ∈ A(q, s) and every I ∈ IM(p, s) such that I∩A = ∅ there exists
some O ∈ Oa

I (p, s) such that O\I ⊆ A.

Two comments about this definition will be helpful.

– The requirement I ∩A = ∅ can be justified as follows. The multiset I repre-
sents the inputs that p could be doing (after s) in reaction to some test, that
is the complement of the outputs that the test is offering. Since the process q
has reached a stable state with ready set A, where it is confronted with the
same test, the test should be unable to make q react. Thus in particular the
complement I of its outputs I should be disjoint from the inputs in A. Note
that without this requirement we would have e.g. a.b ��a.b !

– The condition O\I ⊆ A can also be explained intuitively. In an asynchronous
setting, an observer providing some outputs I to the environment, will have
subsequently no way of telling, when observing these outputs, whether they
come from himself or from the observed process p. So all he can require is
that when p reaches a stable state p′′, with outputs, say, O, the remaining
outputs of p′′, O\I, be included in the actions A of the corresponding state
of q. In fact the condition O\I ⊆ A could be reformulated as O ⊆ A � I,
which is reminiscent of the definition of asynchronous bisimulation in [1].

Theorem 2. (Characterisation of must testing) In TACCS :

p ❁∼must q if and only if p � q

4 Equational Characterisation

In this section we restrict attention to finite terms, without recursion. Standard
techniques may be used to extend equational theories to recursive terms.

In what follows µ, ν ∈ Act will denote visible actions. We will use the no-
tation µ.t to represent a. t when µ is the input action a and â. t when µ is the
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Asynchrony:

X = X + a. (a ‖ X)

â. X = a ‖ X

Fig. 2. Extra laws for asynchronous testing

output action ā. With this convention the basic testing axioms for ❁∼ (concern-
ing the choice operators and their interplay with prefixing and parallelism) are
exactly the same as in [7] and are not reported here.

In addition we need two axioms for asynchrony, given in Figure 2. The first
is a law holding also for weak asynchronous bisimulation, taken from [1]. The
second is the natural law for asynchronous output prefixing. Indeed it shows
that in the presence of the atoms a this form of prefix is redundant in our lan-
guage. However its presence facilitates the comparison between the operational
semantics of synchronous and asynchronous outputs.

We shall not present the characterisation of ❁∼may here, since it is a simple
adaptation of that given in [4] for a variant of our language. Let us just recall
some interesting laws holding for asynchronous may testing. Let a ∈ Names, µ ∈
Act. Then ❁∼may satisfies:

a. µ. X ≤ µ. a. X

a. (a ‖ X) ≤ X

In fact, for ❁∼may the first law in Figure 2 can be derived from these two laws.
We give now the equational characterisation for must testing. To obtain the

theory for ❁∼must we add to the standard laws and those of Figure 2 the usual
axiom for must testing:

X ⊕ Y ≤ X

However this is not sufficient to yield a complete theory for ❁∼must. For instance
we have the inequality ā+b. ā ❁∼must ā , which the reader may want to check using
the alternative characterisation of Theorem 2. This inequality is not derivable
from the axioms considered so far. More generally we have the law

p + b. p ❁∼must p

In our theory this will be an instance of the conditional rule R1 in Figure 3.
Two more conditional rules are required, R2 and R3, which we briefly moti-

vate. As regards R2, note that the may testing law a. (a ‖X) ≤ X is not valid
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R1
X + Y ≤ X

X + a. Y ≤ X
X ⊕ Y ≤ X

R2
X + Y ≤ X

X + a. (a ‖ Y ) ≤ X
X + â. Y = (X + â. Y ) ⊕ â. Y

R3
X + Y ≤ X

(X + â. Z) ⊕ Y ≤ X

Fig. 3. Extra laws for must testing

for must testing. For instance p = a. (a ‖ b) �❁∼must b = q, since A(q, b̄) �= ∅
while Oa

I (p, b̄) = ∅ for any I. For must testing we have the more restricted law

X + a. (a ‖ X) ≤ X

which is one half of the asynchrony law in Figure 2. However, this is not enough
since it does not allow one to derive for instance: a + c. (c‖ b. ā) ≤ a. Whence
the need for the more general conditional rule R2.

Similarly, the use of R3 can be exemplified by the simple inequality

(a + b) ⊕ 0 ≤ a

which again appears not to be derivable from the other laws.
Finally, we have a law expressing the asynchronous behaviour of outputs with

respect to external choice

X + â. Y = (X + â. Y ) ⊕ â. Y

This shows that a process of the form X + â. Y can spontaneously resolve its
choice by releasing its output to the environment.

Let �must p ≤ q mean that p ≤ q is provable in the theory obtained by adding
the equations in Figure 3 to the standard laws and those of Figure 2.

Theorem 3. For finite asynchronous processes p ❁∼must q iff �must p ≤ q.

5 Conclusions

We have given an asynchonous operational semantics to a version of CCS with
internal and external choice operators, called TACCS. Based on this asynchonous
semantics we developed semantic theories of may and must testing. In particular
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we gave alternative behavioural characterisations of the resulting preorders, and
equational characterisations for the finite fragment of the language.

Some interesting questions remain. For example, is it possible to eliminate
the use of conditional equations in the characterisation of ❁∼must? Or would
there be a simpler algebraic characterisation for the sublanguage in which the
external choice operator is only applied to input prefixes, essentially the language
studied in [3,1]? But perhaps the most important question is the extent to which
our approach can be generalised to yield an equational characterisation of must
testing over the π-calculus.

The may testing preorder has been equationally characterised for an asyn-
chronous version of CCS and for the asynchronous π-calculus in [4]. But both
these languages have syntactic restrictions that we do not impose; specifically
external choice may only be applied to input prefixes. Strong bisimulation has
also been characterised for the asynchronous π-calculus in [1], again with the
same restriction on external choice. As regards weak asynchronous bisimulation,
the recent work [11] shows how restrictions on the behaviour of asynchronous
π-processes can bring up interesting new algebraic laws.
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Alternative Computational Models: A

Comparison of Biomolecular and Quantum
Computation
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Abstract. Molecular Computation (MC) is massively parallel compu-
tation where data is stored and processed within objects of molecular
size. Biomolecular Computation (BMC) is MC using biotechnology tech-
niques, e.g. recombinant DNA operations. In contrast, Quantum Com-
putation (QC) is a type of computation where unitary and measurement
operations are executed on linear superpositions of classical states. Both
BMC and QC may be executed at the micromolecular scale by a variety
of methodologies and technologies. This paper surveys various meth-
ods for doing BMC and QC and discusses the considerable theoretical
and practical advances in BMC and QC made in the last few years.
We compare bounds on key resource such as time, volume (number of
molecules times molecular density), energy and error rates achievable,
taking particular note of the scalability of these methods with the size
of the problem solved. In addition to NP search problems and database
search problems, we enumerate a wide variety of further potential prac-
tical applications of BMC and QC. We observe that certain problems
if solved with polynomial time bounds appear to require exponentially
large volume for BMC (e.g., NP search problems) and QC (e.g., the ob-
servation operation). We discuss techniques for decreasing errors in BMC
(e.g., annealing errors) and QC (e.g., decoherence errors), and volume
where possible, to insure the scalability of BMC and QC to problems of
large input size. In addition, we consider how BMC might be used to
assist QC (e.g., to do observation operations for Bulk QC) and also how
quantum techniques might be used to assist BMC (e.g., to do exquisite
detection of very small quantities of a molecule in solution within a large
volume).

1 Introduction

Conventional silicon based methods for computation have made great strides in
the later 20th century, both in miniaturization as well as the use of innovative
architectures, e.g., parallel architectures. However, there may well be limitations
to the size of components using silicon technology, due to manufacturing lim-
itations (e.g., the wavelength used in lithography) or device limitations in the
function of very small components.
V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 102–126,
1998.
c© Springer-Verlag Berlin Heidelberg 1998
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1.1 Molecular Computation (MC)

A molecule will be (somewhat arbitrary) termed a micromolecule if it has at
most 104 atoms, and otherwise a macromolecule. We may envision in the per-
haps near future doing computation at an ultra-scale: that is submicroscopic and
even micromolecular scale. In particular, we will define MC to be parallel com-
putation, where data is stored and processed within micromolecule size objects.
Some key resource bounds for MC are:
(i) time of computation (which if the computation is synchronous, this is the
time duration of each operations times the number of steps of the computation),
(ii) volume (if the computing media is homogeneous, this is the the number of
molecules (size) times molecular density), and
(iii) energy.

Furthermore, we need to bound the errors of MC, to insure the computations
are correct. A key issue is the scalability of MC methods: that is by how much
do these resource metrics increase with the size of the problem solved? There
is not just one way to do MC, and in fact there are a number of quite distinct
alternative technologies which will be discussed in this paper.

1.2 Biomolecular Computation (BMC)

A large number of biotechnology laboratory techniques, known collectively as
recombinant DNA operations, have be developed for manipulating DNA and
related techniques have been developed to manipulate RNA and certain other
bio-molecules in sophisticated ways. One basic approach to MC, which will be
termed Biomolecular Computation (BMC) is to apply such biotechnology oper-
ations to do computation. In this approach, data may be encoded within indi-
vidual molecules, for example via DNA or RNA base coding. This data may be
stored as vast numbers of DNA or RNA molecules in solution in a test tube or
in solid support on a surface.
• Distributed Molecular Parallelism. In the distributed molecular paral-
lelism (DP-BMC) paradigm for BMC, the operations of a computation are exe-
cuted in parallel on a large number of distinct molecules in a distributed manner,
using the massive parallelism inherent in BMC. Feynman [F61] first proposed
doing computation via distributed molecular parallelism, but his idea was not
tested for a number of decades.
• Initial Work in BMC. Adleman was the first to actually do an experiment
demonstrating BMC, solving a small NP search problem. NP search problems
are considered intractable via conventional methods for macroscopic sequential
and parallel computation. The Hamiltonian path problem is to find a path in a
graph that visits each node exactly once. Adleman [A94] (also ee [G94,KTL97]
and Fu et al [FBZ98] for improvements) employed molecular parallelism in the
solution of the Hamiltonian path problem, by forming a set of DNA strings
encoding sequences of nodes of the graph and restricting the set of sequences
to only Hamiltonian paths. The number of recombinant DNA operations grew
linearly with the size of the input graph. In a lab experiment, he tested his
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techniques on DNA for a 7 node Hamiltonian path problem. This was the first
major experimental milestone achieved in the field of BMC.

1.3 Quantum Computation (QC)

Another basic approach to MC is to apply quantum mechanics to do computa-
tion. A single molecule or collection of molecules may have a number n of degrees
of freedom known as qubits. A classical state is associated with each fixed setting
(to classical Boolean values) of the qubits. Quantum mechanics allows for a linear
superposition (also termed an entangled quantum state) of these classical states
to exist simultaneously. Each classical state of the superposition is assigned a
given complex amplitude and the sum of the squares of the magnitudes of the
amplitudes of all classical states is 1. QC is a method of computation where
various operations can be executed on these superpositions:
– unitary operations (which are reversible operations on the superpositions,
and can be represented by unitary matrices)
– observation operations, which allow for the (strong) measurement of each
qubit, providing a mapping from the current superposition to a superposition
where the measured qubit is assigned a classical Boolean value with probability
given by the square of the amplitude of the qubit in its original superposition.
• Initial Work in QC. Benioff [Ben82] and Feynman [Fey86] were the first
to suggest the use of quantum mechanical principles for doing computation.
Deutsch and Jozsa [DJ92] give the first example of a quantum algorithm that
gave a rapid solution of an example problem, and they proved that the problem
(for a given a black box function) is not quickly solvable by any conventional com-
puting machine. Costantini, Smeraldi [CS97] gave a generalization of Deutsch’s
example and Collins et al [CKH98] simplified the Deutsch-Jozsa algorithm (also
see Jozsa [Joz96,Joz97,Joz98] further elaborated on quantum computation and
complexity).
• Surveys of QC. The following are reviews and surveys have been made of QC:
Bennett et al [BD95a, BD95b], Barenco [Bar96], Benio [Ben96],
Brassard [Bra96], Haroche, Raimond [HR96], Brassard [Bra97], Preskill [Pre97a],
Scarani [Sca98], Steane [Ste98], Vedral, Plenio [VP98]. Also, Williams and Clear-
water [WC97] is the first text book in QC. (Also, Taubes [Tau96] and Gershen-
feld, Chuang [GC98] give popular press descriptions of QC.)

1.4 Organization of this Paper

In this Section 1 we have introduced BMC and QC. In Section 3 we discuss
resource bounds for BMC and QC, including time, volume, and energy. In Sec-
tion 2 we describe mathematical models and complexity bounds for BMC and
QC. In Section 4 we discuss enabling technologies and experimental paradigms
for doing BMC and QC. In Section 5 we discuss the type of errors encountered
in BMC and QCC, and methods for decreasing errors. In Section 6 we discuss
applications of BMC and QC. In Section 7 we discuss hybrids of BMC and QC,
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including as an example of an applications of QC to BMC as well as an ex-
ample of an application of BMC to QC. In Section 8 we give conclusion and
acknowledgements.

2 Models and Complexity Bounds for BMC

2.1 Models for BMC

• Splicing Models. Splicing is a paradigm for BMC which provides a theoretical
model of enzymatic systems operating on DNA. Splicing models a solution with
enzymatic actions (restrictions and the ligations) operating on DNA in parallel
in a common test tube. The DNA strands are modeled as strings over a finite al-
phabet. Splicing allows for the generation of new strings from an initially chosen
set of strings, using a specified set of splicing operations. The splicing opera-
tions on the DNA are string editing operations such as cutting, appending, etc.
These operations can be applied in any order, and thus the splicing system can
be considered to be autonomously controlled. Also, the operations may be non-
deterministic: a large number of possible results may be obtained from a small
number of operations. Splicing predates all other BMC paradigms and it has its
roots in formal language theory [H87] and Lindenmayer systems [H92]. Pioneer-
ing work on splicing was done by Head [H92]. There is now a rather extensive
literature (including thirty or so papers) in splicing and related string rewrite sys-
tems, written by a dozen researchers, including Paun [P96a,P96b,P97] and Paun
et al [CFKP96,HPP96,PRS96], Culik and Harju [CH89] Pixton[Pi95,Pi96,Pi97],
[StM97], Yokomori and Kobayashi [YK97a,YK97b], Kim and
Kyungpook [KK97]. All of these investigations were theoretical in nature, and
established the computational power of splicing systems of various sorts. Sur-
veys of DNA computing in the context of the splicing model are given by
Kari [Kar98,Kar97B,Kar96] and Kari, Sakakibara [KS97]. In summary, splic-
ing provided the first theoretical studies of BMC and and has contributed to
our understanding of the potential power of BMC. It has evolved to be a very
active subfield of formal language theory. At this time, splicing is primarily a
theoretical rather than an experimental area of BMC.
• Models for Distributed Molecular Parallelism.
– Test Tube and Memory Models. Lipton [L94] defined the first abstract
model of BMC that takes into account distributed molecular parallelism. The
elements of his test tubes are strings as in the case of DNA. His model allowed a
number of operations on test tubes to be executed in one lab step. The subse-
quent Memory model of Adleman [A95] refined the model of Lipton by restricting
the set of operations to the following: (i) Merge: Given tubes T1, T2, produce the
union (ii)Copy: Given a tube T1, produce a tube T2 with the same contents. (iii)
Detect: Given a tube T , say ’yes’ if T contains at least one element and say ’no’
if it contains none. (iv) Separation: Given a tube T1 and a word w, produce a
tube T2 with all elements of T1 that contain w.
– A Surface-Based Model for BMC. An abstract model of surface-based
BMC computation has been developed by [LGCCL+96] (comparable with Lip-
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ton and Adelman’s models), and it is shown that the surface-based model is also
capable of general circuit simulation.
– A Parallel Associative Memory Model for BMC. This is a very high
level model proposed by Reif [R95] which (i) allows any of the operations for the
Memory model of Adleman to be executed in one step, and also (ii) has a Parallel
Associative Matching (PA-Match) operation, which provides for the combination
of all pairs of DNA strings with subsequences that have a complementary match
at a specified location. This PA-Match operation is very similar to the data base
join operation.
– A Recombinant DNA Model for BMC. Is a low level model for BMC
proposed by Reif [R95] which allows operations that are abstractions of very
well understood recombinant DNA operations and provides a graph represen-
tation, known as a complex, for the relevant structural properties of DNA. To
insure realism, the RDNA model allows complementary pairing of only very
short sequences of DNA in constant time. Reif [R95] showed that the PA-Match
operation of the PAM model can be simulated in the RDNA model with a slow
down which is linear in the pattern match length.
– Other Models of BMC. Yokomori and Kobayashi [YK97b] developed a
model of BMC based on equality checking, which may be related to the PAM
model. Kurtz, Mahaney, Royer, and Simon [KMRS96] formulated a model of
BMC which takes into account solution concentrations.
– Speed-Ups using Molecular Parallelism. Beaver [BeA95] and Reif [R95]
(also Papadimitriou [P95]) independently proved that any linear space bounded
sequential computation can be exponentially speeded up by PMC; in partic-
ular, they showed that sequential Turing Machine computations with space s
and time 2O(s) can be simulated by BMC in polynomial time. All their proofs
made use of a pointer jumping technique (this pointer jumping technique dates
to the 1978 work of Fortune and Wyllie [FW78], who gave a parallel simula-
tion of a space bounded TM by a PRAM) which required a large volume to
implement in BMC. The paper of [R95] proved this speed-up result for the
(very high level) PAM model, and then [R95] described in detail its implemen-
tation by recombinant DNA operations in the RDNA model. The proof of [B95]
used a DNA string-editing operation known as site-directed local mutagenesis
(see [WGWZ92], page 192-193, [OP94], page 191-206, and Chapter 5 of [SFM89])
to implement pointer jumping. Khodor and Gifford [KG98] have recently imple-
mentated BMC methods using programmed mutagenesis.
– Molecular PRAMs. A Parallel Random Access Machine (PRAM) is a par-
allel machine with a large shared memory. It is CREW if its memory allows con-
current reads and exclusive writes. This same technique of pointer jumping is es-
sential also for Reif’s [R95] BMC simulation of a CREW PRAM. Given a CREW
PRAM with time bound D, with M memory cells, and processor bound P, [R95]
showed that the PRAM can be simulated in the PAM model using t PA-Match
operations as well as O(s log s) PAM operations where s = O(log(PM)) and
t = O(D + s). This result immediately implied that in t = O(D + s) PAM steps,
one can evaluate and find the satisfying inputs to a Boolean circuit constructable
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in s space with n inputs, unbounded fan-out, and depth D. Subsequently, Ogi-
hara and Ray [OR97b] obtained a similar result as [R95] for parallel circuit eval-
uation, implicitly assuming a model similar to the PAM model. (Also see [HA97]
for BMC methods for parallel evaluation of a Boolean µ-formulas.) To allow the
PRAM to use shared global memory, we need to do massively parallel message
(DNA strand) routing. As a consequence, the volume bounds for this simula-
tion of a PRAM required volume growing at least quadratically with size of the
storage of the PRAM. Gehani and Reif [GR98a] propose a MEMS micro-flow
device technology that requires a substantial decreased volume to do the mas-
sively parallel message routing required for the shared memory operations of the
PRAM.

2.2 Models and Complexity Bounds for QC

• Quantum TMs and other Automata. Deutsch [Deu85b] gave the first
formal description of a quantum computer, known as a quantum TM. The tape
contents of the TM are qubits. Quantum configurations of the QTM are superpo-
sitions of classical TM configurations. A transition of the QTM is a unitary map-
ping on quantum configurations of the QTM. Thus, a computation of the QTM
is a unitary mapping from the initial quantum configuration to the final quan-
tum configuration. Various papers generalize classical language and automata
to the quantum case. Moore, Crutchfield [MC97] propose quantum finite-state
and push-down automata, and regular and context-free grammars, and they
generalize several classical theorems, e.g. pumping lemmas, closure properties,
rational and algebraic generating functions, and Greibach normal form. Kondacs
and Watrous [KW97] partially characterize the power of quantum finite state
automata. Dunlavey [Dun98] gives a space-efficient simulation of a determinis-
tic finite state machine (FSM) on a quantum computer (using Grover’s search
algorithm discussed below). Watrous [Wat95] investigates quantum cellular au-
tomata and Drr et al [DTS96,DS96] give decision procedures for unitary linear
(one dimensional) quantum cellular automata.
• Quantum Complexity Classes and Structural Complexity. Berthi-
aume, Brassard [BB92a] survey open QC structural complexity problems (also
see Berthiaume [Ber95]). QC can clearly execute deterministic and randomized
computations with no slow down. P (NP, QP, respectively) are the class of prob-
lems solved by deterministic (nondeterministic, quantum, respectively) polyno-
mial time computations. Thus QP is the quantum analog of the time efficient
class P. It is not known if QP contains NP, that is if QC can solve NP search
problems in polynomial time. It is also not known whether QP is a superset
of P, nor if there are any problems QC can solve in polynomial time that are not
in P (but this is true given quantum oracles; see Berthiaume, Brassard [BB92b,
BB94], Machta [MAC98], van Dam [Dam98a, Dam98b] for complexity bounds
for computing with quantum oracles).
• Bounded Precision QC. Practical implementations of QC most likely will
need to be done within some bounded amplitude precision, and with this moti-
vation Bernstein, Vazirani [BV93, BV97] investigated the power of QTMs that
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have bounded amplitude precision. Let BQP be the class of polynomial time
QTM computations that are computed within amplitude precision bounded by
an inverse polynomial in the input size. Most of the algorithms we will mention
(such as Shor’s) are in the class BQP. [BV93, BV97] showed that BQP com-
putations can be done using unitary operations with a fixed irrational rotation.
Adleman et al [ADH97] improved this to show that BQP can be computed us-
ing only unitary operations with rational rotations, and that BQP is in the class
PSPACE of polynomial space computations of classical TMs.

• Quantum Gates. A set of Boolean gates are universal if any Boolean oper-
ation on arbitrarily many bits can be expressed as compositions of these gates.
Toffoli [Tof80] defined an extended XOR 3-bit gate (which is an XOR gate con-
dition on one of the inputs and is known as the Toffoli gate) and showed that
this gate, in combination with certain 1-bit gates, is universal. A set of quan-
tum qubit gates are universal for Boolean computations for QC if any unitary
operation on arbitrarily many qubits can be expressed as compositions of these
gates. Deutsch defined the extended quantum XOR 3-qubit gate (known as the
Deutsch-Toffoli gate) and proved this gate, in combination with certain one
qubit gates, is universal. Barenco [Bar95], Sleator et al [DMS+95], Barenco et
al [BBC+95], and DiVincenzo [DiV95] proved the 2-qubit XOR gates with cer-
tain 1-qubit gates can implement the Deutsch-Toffoli gate, so are universal for
QC (also see Smolin and DiVincenzo [SD95], DiVincenzo et al [DiV96, DS98],
Poyatos et al [PCZ96], Mozyrsky et al [MPH96a,MPH97, MPH98], Poyatos et
al [PCZ96]). Lloyd [Llo97c] then proved that almost any 2-qubit quantum logic
gate (with certain 1-qubit gates) is universal for QC. Monroe et al [MMK95],
DiVincenz et al [DVL98] gave experimental demonstrations of quantum gates.
[Deu89] defined a quantum computing model known as a quantum gate array
which allows execution of a (possibly cyclic) sequence of quantum gates, where
each input is a qubit, and each gate computes a unitary transformation.

• Quantum Circuits. Yao [Yao93] restricted the concept to (acyclic) quantum
circuits which are a generalization of Boolean logic circuits for quantum gates. It
suffices that a quantum circuit use only these universal gates. Yao [Yao93] proved
that QTM computations are equivalent to uniform quantum circuit families.
Aharonov et al [AKN97] discusses a generalization of quantum circuits to allow
mixed states, where measurements can be done in the middle of the computation,
and showed that such quantum circuits are equivalent in computational power
to standard quantum circuits. This generalized an earlier result of Bernstein and
Vazirani [BV93] that showed that all observation operations can be pushed to the
end of the computation, by repeated use of a quantum XOR gate construction.

• Quantum Parallel Complexity Classes. Let NC (QNC, respectively) be
the class of (quantum, respectively) circuits with polynomial size and polylog
depth. Thus QNC is the quantum analog of the processor efficient parallel class
NC. Moore, Nilsson [MN98a] define QNC and show various problems are in QNC,
for example they show that the quantum Fourier transform can be parallelized
to linear depth and polynomial size.
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• Lower Bounds on Quantum Communication. Cleve et al [CDN+98]
prove linear lower bounds for the quantum communication complexity of the
inner product function, and give a reduction from the quantum information
theory problem to the problem of quantum computation of the inner product.
Knill, Laflamme [KL98] characterize the communication complexity of one qubit.
• Quantum Programming Languages and Their Compilers.
Malhas [May96] defines a quantum version of the lambda calculus (the lambda
calculus is a formal programming system similar to lisp) and Malhas [May97]
shows that it can efficiently simulate quantum computations. Tucci [Tuc 98]
describes a procedure for compiling unitary quantum transformations into ele-
mentary 2-qubit gates.

3 Resource Bounds

The energy consumption, processing rate, and volume, are all important re-
sources to consider in miniaturized and mobile computing devices, and in par-
ticular molecular scale computations. Conventional electronic computers com-
puters of the size of a work station operate in the range of 10−9 Joules per
operation, at up to about 50 giga-ops per second, with memory of about 10 to
100 giga-bytes, and in a volume of about 10 cm2.

3.1 Resource Bounds for BMC

• Energy Bounds for BMC.
– Energy Consumption and Reversible Computation. Reversible compu-
tations are computations where each state transformation is a reversible func-
tion, so that any computation can be reversed without loss of information.
Landauer [Lan61] showed that irreversible computations must generate heat in
the computing process, and that reversible computations have the property that
if executed slowly enough, they (in the limit) can consume no energy in an adi-
abatic computation. Bennett [Ben73] (also see Bennett, Landauer [BL85], Lan-
dauer [Lan96]) showed that any computing machine (e.g., an abstract machine
such as a Turing Machine) can be transformed to do reversible computations.
Bennett’s reversibility construction required extra space to store information to
insure reversibility; Li, Vitanyi [LV96] give trade-offs between time and space in
the resulting reversible machine.

Many recombinant DNA operations such as denaturing and annealing, are
reversible, so they require arbitrarily small energy (they require heating or cool-
ing, but this can be done using heat baths). Other recombinant DNA operations
such as separation, do not seem to be reversible, and use approximately 10−19

Joules per operation.
• Volume Bounds for BMC. A small amount of water can contain a vast
number of DNA molecules. A reasonable solution concentration to do recombi-
nant DNA operations is 5 grams of DNA per one liter of water. Then a liter of
water contains in solution about 1021 DNA bases. For an associative memory
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(see Baum [B95]) of this scale, we can provide a few bytes of memory per DNA
strand, by use of at most 100 base pairs per DNA strand. Thus a liter of solution
provides an associative memory with 1019 to 1020 bytes, which is 107 to 108 tera-
bytes. It is important to note that the scale of the BMC approach is limited by
the volume. Known BMC techniques can solve any NP search problem in time
polynomial in the input size, but require volume which grows linearly with the
combinatorial search space, and thus exponentially with the input size (However,
some recent approaches (Hagiya and Arita [HA97] and Cukras et al [CFL+98])
to solving NP search problems via BMC have decreased the volume by iterative
refinement of the search space).
• Processing Rate Bounds for BMC. The time duration of the recombinant
DNA operations such as annealing, which depends on hybridization, is strongly
dependent on the length of sequences to be matched and may also depend on
temperature, pH, solution concentration, and possibly other parameters. These
recombinant DNA and other biotechnology operations can take from a few sec-
onds up to 100 minutes. A DNA strand may need 1, 000 base pairs to encode a
processor state and so a liter of solution encodes the state of approximately 1018

distinct processors. Since a liter of water contains in solution about 1021 DNA
bases, the overall potential for BMC using DNA is 1015 to 1016 operations per
second in the liter of solution, which is 1, 000 tera-ops. While this number is
very large, it is finite, so there is a finite constant upper limit to the enhanced
power of MC using BMC within moderate volume. Nevertheless, the size of this
constant is so large that it way well be advantageous in certain key applications,
as compared to conventional (macroscopic) computation methods.

3.2 Resource Bounds for QC

• Energy Bounds for QC. The conventional linear model of QC allows only
unitary state transformations and so by definition is reversible, with the possible
exception of the observation operation which does quantum state reduction.
Benioff [Ben82] noted that as a consequence of the reversibility of the unitary
state transformations, QC these transformations dissipate no energy. The energy
bounds for the observation operation are not well understood, and depend on
the technology used.
• Processing Rate of QC. The rate of execution unitary operations in QC
depend largely on the implementation technology; techniques can execute uni-
tary operations in microseconds (e.g., Bulk MNR) and some might execute at
microsecond or even picosecond rates (e.g., photonic techniques for MNR) The
time duration to do observation can also be very short, but may be highly de-
pendant on the size of the measuring apparatus and on the required precision
(see the below discussion on the observation operation and its volume).
• Volume Bounds for QC. In this paper we consider (perhaps more closely
than usual in the quantum literature due to our interest in MC) the volume
bounds of QC. Potentially, the modest volume bounds of QC may be the one
significant advantage over other methods for MC. (In contrast, BMC methods
for solving an NP search problems such as integer factoring requires volume
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growing linearly with the combinatorial search space, and thus exponentially
with the input size.) Due to the quantum parallelism (i.e., the superposition of
the classical states allow each classical state to exist in parallel), the volume
would at appear to be no more that the number of qubits. This may be true, but
there are a number of substantial issues that need to be carefully considered.
– QC Observation. Recall the observation operation both provides a mea-
surement of a qubit with a resulting state reduction. However, the QC literature
has not yet carefully considered the volume bounds for the observation oper-
ation and it is not at all clear what the volume is required. In conventional
descriptions of quantum mechanics, the observation is considered to be done
in by a macroscopic measuring device; the precise size or molecular volume of
such a measuring device (say as a function of the number of qubits) is unclear.
The experimental evidence of the volume bounds for observation is unclear as
well, since the QC experiments have not yet been scaled to large or even mod-
erate numbers (say dozens) of qubits. (see Shnirman, Schoen [SS98], D’Helon,
Milburn [HM97] Ozawa [Oza98]) Also, not much else about observation is clearly
understood, since the precise nature of quantum state reduction via a strong
quantum measurement remains somewhat of a mystery. We first consider a re-
lated question:
– Approximate Observation Operations. An approach to this difficulty
is to only do the observation operation approximately within accuracy ε; this
may suffice for many QC applications. However, even if the observation oper-
ation is done ε-approximately by unitary operations, it appears to require a
number of additional qubits n′ growing exponentially with the n, the original
number of qubits of the QC. In fact, we know of no upper bound on n′ better
than 2n log(1/ε).
– Volume Bounds for Observation. where ε is the inverse of a polynomial.
Since the size of the classical state space grows as 2n in the general case, it
is reasonable to assume (e.g., where the physics of the strong measurement is
defined by a diffusion process [Got66,DL94] that is rapidly mixing) that the
likelihood of reversibility of the observation, within polynomial time bounds,
drops exponentially with n. In the full paper [R98], we give an informal argument
that even an ε-approximate observation can not be done in polynomial time using
polynomial volume. In spite of informal nature of this argument, it does provide
evidence that (with the above assumption), QC with the observation operation
does not scale to a large number of qubits within small volumes, and in particular
that a polynomial time ε-approximate observation operation requires very large
volume and can not be done at the micromolecular scale for moderate large n.
– Avoiding Observation Operations. An alternative approach is to com-
pletely avoid observation operations on the basis that the observation operation
is not actually essential to many quantum computations. Let some particular
qubit (of a linear superposition of classical states) be ε-near classical if had
the qubit been observed, the measured value would be a fixed value (either be 0
or 1) with ε probability. In the full paper [R98], we note (using known techniques)
that quantum computations with observation operations and classic output can
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be modified to entirely eliminate any observation operations, and have output
qubits that are ε-near classical, for arbitrarily small ε. This alternative approach
can entirely eliminate the observation operation from many quantum compu-
tations, and so provides small volume, but has the drawback of providing a
non-classical output.

4 Enabling Technologies and Experiments

4.1 Enabling Technologies and Experimental Paradigms for BMC

An enabling technology is a technology that allows a task to be done. Here we
discuss various alternative enabling technologies for BMC and QC, and discuss
their experiment in BMC and QC using these technologies.
• Recombinant DNA Technology. In the last two decades, there have been
revolutionary advances in the field of biotechnology. Biotechnology has developed
a large set of procedures for modifying DNA, known collectively known as recom-
binant DNA. DNA is a molecule consisting of a linear sequence of nucleotides.
There are 4 types of nucleotides, which are complementary in pairs. A key prop-
erty of DNA is Watson-Crick complementation, which allows the binding of
complementary nucleotides. DNA may be single stranded (ssDNA) or double
stranded. An ssDNA has an orientation 3′−8′ or 5′−3′. If two ssDNA are Watson-
Crick complementary and 3′−8′ and 5′−3′ oriented in opposite directions, they
are said to be sticky. At the appropriate conditions (determined by temperature
and salinity, etc.), they may hybridize into double-stranded DNA. This resulting
double-stranded DNA has complementary strands in opposite orientation. This
allows the annealing of large strands of single DNA into double DNA, and the
formation of complex 3D structures (this is known as secondary structure). The
reverse process (usually induced by heating) is the denature of complex structures
into single stranded linear structures. See [MH87,PP97,W97,RDGS97,HG97] for
mathematical models of DNA hybridization and their simulation via thermody-
namics. Short strands of ssDNA of length n are sometimes called n-mers. Many
recombinant DNA operations use hybridization and are specific to a DNA seg-
ment with a prescribed n-mer subsequence. Such recombinant DNA operations
include cleavage of DNA strands, separation of DNA strands, detection of DNA
strands, and fluorescent tagging of specific DNA words. In addition, there are
operations that are not specific, including ligation of DNA segments to form cova-
lent bonds that join the DNA strands together, merging of test tube contents,
the denature operation discussed above, and separation by molecular weight.
Basic principles of recombinant DNA technology are described in [WGWZ92]
[WHR87,OP94]. Detailed theoretical discussions of dynamics, thermodynamics,
and structure of DNA, RNA and certain proteins are given by [BKP90,S94,EC].
Also see [ER82,MH87] for the dynamics and chemistry of nucleic acids and en-
zymes.

Due to the industrialization of the biotechnology field, laboratory techniques
for recombinant DNA and RNA manipulation are becoming highly standardized,
with well written lab manuals (e.g. [SFM89]) detailing the elementary lab steps
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required for recombinant DNA operations. Many of those recombinant DNA
operations which where once considered highly sophisticated are now routine,
and many have been automated by robotic systems. As a further byproduct of
the industrialization of the biotechnology field, many of the constraints (such
as timing, pH, and solution concentration, contamination etc.) critical to the
successful execution of recombinant DNA techniques for conventional biological
and medical applications (but not necessarily for all BMC applications), are now
quite well understood, both theoretically and in practice.

• Alternative Recombinant DNA Methodologies. The most pervasive
enabling biotechnology for BMC is solution-based recombinant DNA, that is
the recombinant DNA operations are done on test tubes with DNA in solution.
However, their are a number of alternative enabling biotechnologies, that allow
similar and sometimes enhanced capabilities.

– Solid Support BMC. An example of an alternative recombinant DNA
methodology is the solid support of individual DNA, for example by surface
attachments. In solid support, the DNA strands are affixed to supports of some
sort. In surface-based chemistry, surface attachments are used to affix DNA
strands to organic compounds on the surface of a container. This can allow for
more control of recombinant DNA operations, since this insures (i) that distinct
DNA strands so immobilized can not interact, and also (ii) allows reagents and
complementary DNA to have easy access to the DNA, and (iii) allows for easy
removal of reagents and secondary by-products. Also, handling of samples is
simpler and more readily automated. Surface-based chemistry has been used in
protein sequencing, DNA synthesis, and peptide synthesis [S88]. Surface attach-
ment methods can also be used for optical read-out (e.g., via fluorescent tagging
of specific DNA words) on 2D arrays. A possible drawback of surface attachment
technology, in comparison to solution-based recombinant DNA techniques, is a
reduction on the total number of DNA strands that can be used.

– Automation and Miniaturization of BMC. MEMS is the technology of
miniature actuators, valves, pumps, sensors and other such mechanisms, and
when controlling fluids it is known as MEMS micro-flow device technology.
[EE92,VSJMWR92,MEBH92]. Some of the current limits of BMC stem from
the labor intensive nature of the laboratory work, the error rates, and the large
volumes needed for certain bio-molecular reactions to occur (e.g., for searching
and associative matching in wet data bases). [GR98a] (also see Ikuta [Iku96],
Suyama [Suy98] for biological applications) propose the use of MEMS micro-
flow device technology for BMC for automation of the laboratory work, parallel
execution of the steps of a BMC algorithm (for improved speed and reliability),
and for transport of fluids and DNA among multiple micro-test tubes. [GR98a]
provide a model for micro-flow based bio-molecular computation (MF-BMC)
which uses abstractions of both the recombinant DNA (RDNA) technology as
well as of the micro-flow technology, and takes into account both of their limita-
tions (e.g., concentration limitations for reactants in RDNA, and the geometric
limitations of the MEMS device fabrication technology). [GR98a] also give a time
and volume efficient MF-BMC architecture for routing DNA strands among mul-
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tiple micro-test tubes (this gives a substantial decrease in the volume required
for the PRAM simulation of [R95]).
• Experimental Paradigms for BMC. Even within BMC, there are a number
of distinct methods to do computation: (A) Splicing, which provides a (theoret-
ical) model of enzymatic systems operating on DNA, (B) Distributed Molecular
Parallelism, where a operations are done on a large number of molecules in par-
allel, and the operations execute within a molecule in a sequential fashion (either
synchronously or asynchronous with other molecules), (C) Local Molecular Par-
allelism, where operations are done within each molecule in a parallel fashion,
and does computation by assembly of DNA tiles, and (D) Cellular Processing,
where BMC is done using a microorganism such as bacteria to do computation,
by re-engineering the regulatory feedback systems used in cellular metabolism.
We now consider the experimental demonstration of each of these paradigms for
BMC.
(A) Splicing. At this time, splicing is primarily a theoretical rather than an
experimental area of BMC. There are a number of practical issues (e.g., the
number of distinct enzymes with distinct recognition sequences for DNA splic-
ing operations are limited to at most a few hundred) that may limit the scale
of experimental implementations of splicing, but it is quite possible that evolu-
tionary techniques (using RNA enzymes) may be used to solve such difficulties.
Recently an experimental test of splicing was done by Laun and Reddy [LR97],
which provided a laboratory demonstration of splicing, testing a system with
enzymatic actions (restrictions and the ligations) operating on DNA in parallel
in a test tube.
(B) The Distributed Molecular Parallelism Paradigm. In this paradigm
for BMC, the operations are executed in parallel on a large number of distinct
molecules in a distributed manner, using the massive parallelism inherent in
BMC.
• NP Search using DP-BMC. As mentioned in the introduction, Adle-
man [A94] did the first experiment demonstrating BMC, solving the Hamil-
tonian path problem on 7 nodes. This and many other BMC experiments have
used distributed molecular parallelism to solve small NP search problems (see a
discussion of NP search experiments in Section 6).
• General-purpose Molecular Computers using DP-BMC. BMC ma-
chines using molecular parallelism and providing large memories, are
being constructed at Wisconsin [LGCCL+96,CCCFF+97,LTCSC97] and
USC [A95,RWBCG+96,ARRW96]. In both projects, a large number of DNA
strands are used, where each DNA strand stores multiple memory words. Both
these machines will be capable of performing, in parallel, certain classes of simple
operations on words within the DNA molecules used as memory. Both projects
developed error-resistant word designs. The Wisconsin project is employing a
surface to immobilize the DNA strands which correspond to the solution space
of a NP search problem. In contrast, the USC project uses a combination of
solution-based and solid support methods, which are used to improve the effi-
ciency of the separation operations.
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• Parallel Arithmetic. To compete with silicon, it is important to develop the
capability of BMC to quickly execute basic operations, such as arithmetic and
Boolean operations, that are executed in single steps by conventional machines.
Furthermore, these basic operations should be executable in massively parallel
fashion (that is, executed on multiple inputs in parallel).

Guarnieri and Bancroft [GB96] developed a DNA-based addition algorithm
employing successive primer extension reactions to implement the carries and
the Boolean logic required in binary addition (similar methods can be used for
subtraction). Guarnieri, Fliss, and Bancroft prototyped [GFB96] the first BMC
addition operations (on single bits) in recombinant DNA. Subsequent proposed
methods [RKL98], [OGB97,LKSR97,GPZ97], and [RKL98] for basic operations
such as arithmetic (addition and subtraction) permit chaining of the output of
these operations into the inputs to further operations, and to allow operations
to be executed to be executed in massive parallel fashion.
(C) The Local Assembly Paradigm. The local parallelism (LP-BMC)
paradigm for BMC allows operations to be executed in parallel on a given
molecule (in contrast to the parallelism where operations are executed in paral-
lel on a large number of distinct molecules but execute sequentially within any
given molecule).
• DNA Nano-Fabrication Techniques. Feynman [F61] proposed nano-
fabrication of structures of molecular size. Nanotechnology, without use of DNA,
is discussed in the texts [CL92,M93]. Nano-fabrication of structures in DNA
was pioneered by Seeman (e.g., see [SZC94]) in the 1990s. His work may well
be of central importance to the progress of the emerging field of BMC. See-
man and his students such as Chen and Wang nano-fabricated in DNAlb (see
[ZS92,ZS94,SWLQ+96,SQLYL+96,SZDC95] and [SZC94,SC91,SZDWM+94]
[SQLYL+96]): 2D polygons, including interlinked squares, and 3D polyhedra,
including a cube and a truncated octahedron. Seeman’s ingenious constructions
used for basic constructive components: DNA junctions: i.e., immobile and par-
tially mobile DNA n-armed branched junctions [SCK89], DNA knots: i.e., ssDNA
knots [MDS91,DS92] and Borromean rings[MS97], DNA crossover molecules: i.e.,
DX molecules of Fu and Seeman[FS93]. Many of Seeman’s constructions used DX
molecules for rigidity or dsDNA for partial rigidity. Most of the constructions uti-
lized hybridization in solution, usually followed by ligation. The octahedron used
solid-support [S88], to avoid interaction between constructed molecules [ZS92].
See [CRFCC+96,MLMS96] for other work in DNA nano-structures. Recently,
Seeman et al [SMY+98] constructed from DNA a nanomechanical device capa-
ble of controlled movement.
• Tiling. A class of (domino) tiling problems were defined by Wang [W61] as
follows: we are given a finite set of tiles of unit size square tiles each with top
and bottom sides labeled with symbols over a finite alphabet. These labels will
be called pads. We also specify the initial placement of a specified subset of
these tiles, and the borders of the region where tiles must be placed defining the
extent of tiling. The problem is to place the tiles, chosen with replacement, in
all these square regions within the specified borders, so that each pair of vertical
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abutting tiles have identical symbols on their contacting sides. Let the size of the
tiling assembly be the number of tiles placed. Berger [B66] (also see Buchi [B62])
proved that given a finite set of tile types, the tiling problem is undecidable if the
extent of tiling is infinite. Direct simulations TMs are given in [R71,LP81,GJP77]
and [LP81] proved that the domino tiling problem is NP-complete if the extent
of tiling is a rectangle of polynomial size. (see the servey of Grunbaum, Branko,
and Shepard [GBS87])

• Computation via Local Assembly. Winfree [W96] proposed a very in-
triguing idea: to do these tiling constructions by application of the DNA nano-
fabrication techniques of Seeman et al [SZC94], which may be used for the con-
struction of small DNA molecules that can function as square tiles with pads on
the sides. The pads are ssDNA. Recall that if two ssDNA are sticky (i.e., Watson-
Crick complementary and 3′−8′ and 5′−3′ oriented in opposite directions), they
may hybridize together at the appropriate conditions into doubly stranded DNA.
The assembly of the tiles is due to this hybridization of pairs of matching sticky
pads on the sides of the tiles. We will call this innovative paradigm for BMC
unmediated self-assembly since the computations advance with no intervention
by any controllers. The computations advance with no intervention by any con-
trollers, and require no thermal cycling. It is a considerable paradigm shift from
dDP-BMC, which requires the recombinant DNA steps (which implement the
molecular parallelism) to be done in sequence.

To simulate a 1D parallel automata or a one tape TM, Winfree
et al [W96,WYS96] proposed self-assembly of 2D arrays of DNA molecules, ap-
plying the recombinant DNA nano-fabrication techniques of Seeman
et al [SZC94], in combination with the tiling techniques of Berger [B66]. Winfree
et al [WYS96] used this idea to solve a variety of computational problems using
unmediated DNA self-assembly, e.g., directed Hamiltonian path problem, using
a tiling of polynomial size extent. Winfree et al [WYS96] also provided a valu-
able experimental test validating the preferential pairing of matching DNA tiles
over partially non-matching DNA tiles. Winfree [Win98a] made computer sim-
ulations of computing by self-assembly of DNA tiles, with a detailed simulation
model of the kenetics of annealing during the self assembly of DNA tiles.

• Assemblies of Small Size and Depth. To increase the likelihood of success
of assembly, Reif [R97] proposed a step-wise assembly which provides control
of the assembly in distinct steps. The total number of steps is bound by the
depth of the assembly. Also, [R97] proposed the use of frames, which are rigid
DNA nano-structures used to constrain the geometry of the assembly and to
allow for the placement of input DNA strands on the boundaries of the tiling
assembly. Using these assembly techniques, [R97] proposed LP-BMC methods
to solve a number of fundamental problems that form the basis for the design of
many parallel algorithms, for these decreased the size of the assembly to linear
in the input size and and significantly decreased the number of time steps. For
example, the prefix computation problem is the problem of applying an associa-
tive operation to all prefixes of a sequence of n inputs, and can be used to solve
arithmetic problems such as integer addition, subtraction, multiplication by a
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constant number, finite state automata simulation, and to fingerprint (hash) a
string. [R97] gave step-wise assembly algorithms, with linear assembly size and
logarithmic time, for the prefix computation problem. As another example, nor-
mal parallel algorithms [S71,U84,L92] are a large class of parallel algorithms that
can be executed in logarithmic time on shuffle-exchange networks (for example
DFT, bitonic merge, and an arbitrary fixed permutation of n data elements in
logarithmic time). [R97] gave LP-BMC methods for perfect shuffle and pair-wise
exchange using a linear size assembly and constant assembly depth, and thus
constant time. This allows one to execute normal parallel algorithms using LP-
BMC in logarithmic time. Also, this implies a method for parallel evaluation of
a bounded degree Boolean circuit in time bounded by the circuit depth times a
logarithmic factor. Previously, such operations had been implemented using DP-
BMC techniques [R95] in similar time bounds but required a large amount of
volume; in contrast the LP-BMC methods of [R97] require very modest volume.
All of these LP-BMC algorithms of [R97] can also use DP-BMC to simultane-
ously solve multiple problems with distinct inputs (e.g. do parallel arithmetic on
multiple inputs, or determine satisfying inputs of a circuit), so they are an en-
hancement of the power of DP-BMC. Jonoska et al [JKS98] describes techniques
for solving the Hamiltonian path problem by self assembly of single strand DNA
into three dimensional DNA structures representing a Hamiltonian path.
(D) The Cellular Processor Paradigm. BMC may make use of microorgan-
isms such as bacteria to do computation. A cellular processor is a microorganism
such as a bacteria, which does computation via a re-engineered regulatory feed-
back system for cellular metabolism. The re-engineering involves the insertion
of modified regulatory genes. whose DNA has been modified and engineered
so that the cell can compute using regulatory feedback systems used in cellu-
lar metabolism. This paradigm for BMC was first discussed in a science fiction
article of Bear [Bea83]. The recent papers Ji [Ji98] and Kazic [Kaz98] discuss
models for doing BMC using cellular processors. A group at the Lab for CS,
MIT is designing an experimental demonstration of a cellular processor.
Alternative Paradigms for BMC. There may well be further alternative
paradigms for BMC. For example, Landweber [La96] proposes the use of RNA
rather than DNA as the basis of the biotechnology.

4.2 Enabling Technologies and Experimental Paradigms for QC

As noted above, any QC can be realized by a universal set of gates consisting of
the 2-qubit XOR operation along with some 1-qubit operations. There are two
basic approaches known to do QC:
(A) Micromolecular QC. Here QC on n qubits is executed using n individual
atoms, ions or photons, and each qubit is generally encoded using the quantized
states of each individual atom, ion or photon. The readout (observation oper-
ation) is by measurement of the (eigen) state of each individual atom, ion or
photon. In the following we enumerate a number of proposed micromolecular
QC methods (see the full paper [R98] for a more detailed description):
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• Quantum Dots. (Burkard [BLD98], Loss et al [LD97], Meekhof
et al [MMK+96] describe the use of coupled quantum dots to do QC),
Ion Trap QC (Cirac, Zoller [CZ95], James [Jam97]) proposed using a linear
array of ions trapped by electromagnetic fields, whose energy states are used
to store the qubits; see Cirac, Zoller [CZ95], James [Jam97], Meekhof et al
[Mee96], Wineland et al [WMM+96, WMI+98], King et al [KWM98], Turchette
et al [TWK+98], Hughes[Hug97], Hughes et al [HJG+98], James [JGH+98]),
• Cavity QED. (A group at Cal Tech (Turchette [THL+95]) have experimen-
tally demonstrated the use of trapped photons in a cavity QED system to execute
2-qubit XOR gates and thus in principle can do universal QC),
• Photonics. (see Chuang et al [CY95, CVZ+98] , Torma, Stenholm [TS96],
who experimentally demonstrated QC using optical systems where qubits are en-
coded by photon phases and universal quantum gates are implemented by optical
components consisting of beamsplitters, phase shifters and nonlinear media.),
• Heteropolymer. (This is a polymer consisting of a linear array of atoms,
each of which can be either in a ground or excited energy state; see Teich
et al [TOM88], Lloyd [Llo93]),
• Nuclear Spin. (see DiVincenzo [DiV97b] Wei et al [WXM98a, WXM98b]),
• Propogation Delays. (see Castagnoli [Cas97]).

Of these, Ion Trap QC, Cavity QED QC, and Photonics have been exper-
imentally demonstrated up to a very small number of qubits (about 3 bits).
The apparent intention of such micromolecular methods for QC is to have an
apparatus for storing qubits and executing unitary operations (but not nec-
essarily executing observation operations) which requires only volume linear
in the number of qubits. One difficulty (addressed by Kak [Kak98], Murao
et al [MPP+97]) is purification of the initial state: if the state of a QC is initially
in an entangled state, and each of the quantum gate transformations introduces
phase uncertainty during the QC, then effect of these perturbations may accu-
mulate to make the output to the QC incorrect. A more basic difficulty for these
micromolecular methods is that they all use experimental technology that is not
well established as might be; in particular their approaches each involve con-
tainment of atomic size objects (such as individual atoms, ions or photons) and
manipulations of their states. A further difficulty of the micromolecular methods
for QC is that apperatus for the observation operation, for even if observation
is approximated, seems to require volume growing exponential with the number
of qubits, as described ealier in this paper.
(B) Bulk (or NMR) QC. Nuclear magnetic resonance (NMR) spectroscopy
is an imaging technology using the spin of the nuclei of a large collection of
atoms. Bulk QC is executed on a macroscopic volume containing, in solution a
large number of identical molecules, each of which encodes all the qubits. The
molecule can be chosen so that it has n distinct quantized spins modes (e.g.,
each of the n nuclei may have a distinct quantized spins). Each of the n qubits
is encoded by one of these spin modes of the molecule. The coupling of qubits is
via spin-spin coupling between pairs of distinct nuclei. Unitary operations such
as XOR can be executed by radio frequency (RF) pulses at resonance frequencies
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determined in part by this spin-spin coupling between pairs of nuclei (and also by
the chemical structure of the molecule). Bulk QC was independently proposed
by Cory, Fahmy, Havel [CFH96] and Gershenfeld, Chuang [GC97, GC98] (Also
see Berman et al [BDL+98] and the proposal of Wei et al [WXM98b] for doing
MNR QC on doped crystals rather than in solutions.)
• Bulk QC was experimentally tested for the following: the quantum baker’s
map on 3 qubits (Brun, Schack [BS98]), quantum search (Jones et al [JMH98]
and Jones [Jon98]), approximate quantum counting (Jones, Mosca [JM98a])
Deutsch’s problem (Jones, Mosca [JM98b]), Deutsch-Jozsa algorithm on a 3
qubits (Linden, Barjat, Freeman[LBR98]).
• Advantages of Bulk QC: (i) it can use well established NMR technology and
in particular macroscopic devices, The main advantages are (ii) the long time
duration until decoherence (due to a low coupling with the environment) and
(iii) it currently scales to more qubits than other proposed technologies for QC.
• Disadvantages of Bulk QC: A disadvantage of Bulk QC is that it ap-
pears to allow only a weak measurement of the ensemble average which does
not provide a quantum state reduction; that is the weak measurement does not
alter (at least by much) the superposition of states. (Later we suggest an inter-
esting BMC technique for doing observations (with quantum state reduction)
for Bulk QC.) Another disadvantage of Bulk QC is that it appears to require,
for a variety of reasons, macroscopic volumes, and in particular volumes which
grow exponential with the number of qubits. Macroscopic volumes appear to
be required for measurement via conventional means. Also, Bulk QC requires
the initialization to close to a pure state. If Bulk QC is done at room temper-
ature, the initialization methods of Cory, Fahmy, Havel [CFH96] (using logical
labeling) and Gershenfeld, Chuang [GC97, GC98] (using spatial averaging) yield
a pseudo-pure state, where the number of molecules actually in the pure state
drops exponentially as 1/cn with the number n of qubits, for some constant c (as
noted by Warren [War95]). In the full paper [R98], we observe that to overcome
this measurement error, we need the volume N to grow exponentially with n.
Recently, there have been various other proposed methods for initialization to a
pure state: (see Barnes[Bar98], Gershenfeld, Chuang [GC98], Knill et al [KCL97],
Schulman, Vezeroni [SV98]) the latter provides polynomial volume for initializa-
tion, with the assumption of an exponential decrease in spin-spin correlations
with the distance between the nuclei located within a molecule. Although their
methods may provide a solution in practice, most inter-atomic interactions such
as the spin-spin correlations seem to decrease by inverse polynomial power laws
rather than by an exponential decrease. It has not yet been experimentally es-
tablished which of these pure state initialization methods scale to a large number
of qubits without large volume.

(Note: Some physicists feel that it has not been clearly established whether:
(a) MNR is actually a quantum phenomenon with quantum superposition of
classical states, or (b) if MNR just mimics a quantum phenomenon and is ac-
tually just classical parallelism, where the quantum superposition of classical
states is encoded using multiple molecules where each molecule is in a distinct
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classical state. If the latter is true with each molecule is in a distinct classical
state, then (see Williams and Clearwater [WC96]) the volume may grow grow
exponentially with the number n of qubits, since each classical state may need
to be stored by at least one molecule, and the number of classical states can
be 2n. Also, even if each molecule is in some partially mixed quantum state (see
Zyczkowski et al [ZHS98]), the volume may still need to grow very large.)

In summary, some potential disadvantages of Bulk QC that may make it
difficulty to scale are (i) the inability to do observation (strong measurement
with quantum state reduction), (ii) the difficulty to do even a weak measurement
without the use of exponential volume, (iii) difficulty (possibly now resolved)
to obtain pure initial states without the use of exponential volume, (iv) the
possibility that Bulk QC is not a quantum phenomena at all (an unresolved
controversy within physics), and so may require use of exponential volume.

It is interesting to consider whether NNR can be scaled down from the macro-
scopic to molecular level. DiVincenzo [DiV97b] Wei et al [WXM98a, WXM98b]
propose doing QC using the nuclear spins of atoms or electrons in a single
trapped molecule. The main advantages are (i) small volume and (ii) the long
time duration until decoherence (an advantage shared with NMR). The key dif-
ficulty of this approach is the measurement of the state of each spin, which does
not appear to be feasible by the mechanical techniques for detection of magnetic
resonance usual used in MNR, which can only do detection of the spin for large
ensembles of atoms.

5 Correcting Errors

5.1 Correcting Errors in BMC

BMC has certain requirements not met by conventional recombinant DNA tech-
nology. Various methods have been developed which improve conventional re-
combinant DNA to obtain high yields and to allow for repeatability of opera-
tions. Also, analytic and simulation models of key recombinant DNA operations
are being developed. In the full paper [R98], we discuss methods for efficient
error-resistant separations, minimizing ligation errors, and DNA word design for
BMC.

5.2 Correcting Errors in QC

• Decoherence Errors in QC. Quantum decoherence is the gradual introduc-
tion of errors of amplitude in the quantum superposition of classical states. All
known experimental implementations of QC suffer from the gradual decoher-
ence of entangled states. The rate of decoherence per step of QC depends on
the specific technology implementing QC. Although the addition of decoherence
errors in the amplitudes may at first not have a major effect on the QC, the
affect of the errors may accumulate over time and completely destroy the com-
putation. Researchers have dealt with decoherence errors by extending classical
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error correction techniques to quantum analogs. Generally, there is assumed a
decoherence error model where the errors introduced are assumed to be uni-
form random with bounded magnitude, independently for each qubit. In the full
paper [R98], we discuss quantum codes, quantum coding theory, and quantum
compression.

6 Applications

6.1 Applications of BMC

There are a wide variety of problems (up to moderate sizes) that may benefit
from the massive parallelism and nano-scale miniaturization available to BMC.
In the full paper [R98], we discuss these applications in more detail.
• NP search problems. NP search problems may be solved by BMC by (a) as-
sembling a large number of potential solutions to the search problem, where each
potential solution is encoded on a distinct strand of DNA, and (b) then perform-
ing recombinant DNA operations which separate out the correct solutions of the
problem. DP-BMC has been proposed for the following NP search problems: (i)
Hamiltonian path (Adleman[A94], [G94,KTL97], Fu et al [FBZ98],[MoS97]), (ii)
Boolean Formula Satisfiability (SAT) (Lipton [L94], [BDLS95], Eng [Eng98], and
the Whiplash PCR of Hagiya and Arita [HA97],Winfree [Win98b]), (iii) graph
coloring (Jonoska and Karl [JK96]) (iv) shortest common superstring problem
(Gloor et al [GKG+98]), (v) integer factorization (Beaver [Be94]), (vi) breaking
the DES cryptosystem ([BDL95] and [ARRW96]), (vii) protein conformation
(Conrad and Zauner [CZ97]).
– Decreasing the Volume Used in NP search. In all these methods, the
number of steps grows as a polynomial function of the size of the input, but the
volume grows exponentially with the input. For exact solutions of NP complete
problems, we may benefit from a more general type of computation than simply
brute force search. The molecular computation needs to be general enough to im-
plement sophisticated heuristics, which may result in a smaller search space and
volume. For example, Ogihara and Ray [OR97a] proposed a DP-BMC method
for decreasing the volume (providing a smaller constant base of the exponen-
tial growth rate) required to solve the SAT problem. The difficulty with many of
these approaches for NP search is that they initially generate a very large volume
containing all possible solutions. An alternative heuristic approach of iteratively
refining the solution space. to solve NP search problems has been suggested by
Hagiya and Arita [HA97] and Cukras et al [CFL+98], and may in practice give
a significant decrease in the volume.
• Huge Associative Memories. BMC has the potential to provide huge mem-
ories. Each individual strand of DNA can encode binary information. A small
volume can contain a vast number of molecules. As we have discussed in Sec-
tion 3, DNA in weak solution in one liter of water can encode 107 to 108 tera-
bytes, and we can perform massively parallel associative searches on these mem-
ories. Baum [B95] (also see Lipton [L96]) proposed a parallel memory where
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DNA strands are used to store memory words, and provided a method for do-
ing associative memory searches using complementary matching. Lipton [Lip98]
describes the use of web data bases and associative search within them to do
cryptoanalysis.
• Massively Parallel Machines. BMC also has the potential to supply mas-
sive computational power. BMC can be used as a parallel machine where each
processor’s state is encoded by a DNA strand. BMC can perform massively par-
allel computations by executing recombinant DNA operations that act on all the
DNA molecules at the same time. These recombinant DNA operations may be
performed to execute massively parallel local memory read/write, logical opera-
tions and also further basic operations on words such as parallel arithmetic. As
we have discussed in Section 3, DNA in weak solution in one liter of water can
encode the state of about 1018 processors, and since certain recombinant DNA
operations can take many minutes, the overall potential for a massively parallel
BMC machines is about 1, 000 tera-ops.
• Combinatorial Chemistry as NP Searches. Combinatorial chemistry
techniques (also known as diversity techniques) have been used by biochemists
to do combinatorial searches for biological objects with special properties. The
disciplines of combinatorial chemistry and BMC may benefit by combining some
of their techniques. For example, the search space of combinatorial chemistry
might be decreased by sophisticated heuristics used in NP search methods.
• Other Algorithmic Applications of DP-BMC. DP-BMC may also be
used to speed up computations that would require polynomial time on conven-
tional machines: Beigel and Fu [BF97] discuss approximation algorithm for NP
search problems, Baum and Boneh discuss DP-BMC methods for executing dy-
namic programming algorithms, and Oliver [O96] discusses DP-BMC methods
for matrix multiplication.
• Neural Network Learning and Image Recognition. Mills, Yurke, and
Platzman [MYP98] propose a rather innovative BMC system for error-tolerant
learning in a neural network, which is intended to be used for associative match-
ing of images. They make innovative use of DNA chips for I/O.
• DNA Nano-fabrication and Self-assembly. BMC techniques combined
with Seeman’s DNA nano-fabrication techniques allow for the self-assembly of
DNA tiles into lattices in 2 and 3 dimensions and the construction of complex
nano-structures that encode computations.
• Biological Applications: Processing of Natural DNA. BMC may also
be used in problems that are not implicitly digital in nature, for example the
processing of natural (biologically derived) DNA. These techniques may be used
to provide improved methods for the sequencing and fingerprinting of natural
DNA, and the solution of other biomedical problems. The results of processing
natural DNA can be used to form wet data bases with re-coded DNA in solu-
tion, and BMC can be used to do fast searches and data base operations on
these wet databases. BMC techniques might be ideally suited to solve problems
in molecular biology which inherently involve natural DNA, that is DNA that is
biologically derived (as opposed to artificially synthesized DNA which is coded
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over a given word alphabet). Lipton, Boneh, and Landweber [LBL96] consid-
ered such a class of problems, including sequencing, fingerprinting and mutation
detection. These may well be the killer applications of BMC. An experimental
demonstration, at moderate scale, of a BMC method for solving a significant
problem in molecular biology with natural DNA inputs, will be a major mile-
stone in BMC.
• Approximate Counting of DNA. Faulhammer, Lipton, and
Landweber [FLL98] give a BMC method for estimating the number of DNA
strands within a test tube.

6.2 Applications of QC

The early literature in QC provided some examples of QC algorithms for prob-
lems constructed for the reasonable purpose of showing that QC can solve some
problems more efficiently than conventional sequential computing models. Later,
quantum algorithms were developed for variety of useful applications. Again fur-
ther details are given in In the full paper [R98].
• Quantum Fourier Transforms. Drutsch, Jazsa [DJ92] gave an O(n) time
quantum algorithm for creating a uniform superposition of all possible values
of n bits, which is a quantum Fourier transform over the finite field of size 2. Ex-
tensions of the quantum Fourier transform are given by Coppersmith [Cop94],
Griffiths, Niu [GN96], Hoyer [Hoy97], Beals [Bea98], Pueschel, Roetteler, Bet
[PRB98], and to applications to arithmetic and polynomial problems are de-
scribed in Vedral, Barenco, Ekert [VBE96] and Grigoriev [Gri97].
• Quantum Factoring. The most notable algorithmic result in QC to date is
the quantum algorithm of Shor [Sho94, Sho97] (also see the review by Ekert and
Jozsa [EJ96]) for discrete logarithm and integer factorization in polynomial time
(with modest amplitude precision). Shor’s algorithm uses efficient reduction from
integer factoring to the problem of approximately computing the period (length
of a orbit) within an integer ring. The period is approximated by repeated the
use of a quantum Fourier transform over the integer ring and greatest common
divisor computations. Further work is done by Zalka [Zal98], Beckman et al
[BCD+96], Obenland, Despain [OD96a], Plenio, Knight [PK96], Kitaev [Kit95].
• Quantum Search. Another significant efficient QC algorithmic result is the
algorithm of Grover [Gro96], which searches within a data base of size N in time√

N Grover refined his result in [Gro97,Gro98], Bounds on quantum search are
given by Zalka [Zal97], Pati [PAT98],[FGG+98] Biron et al [BBB+98], and ap-
plications to data bases are given by Cockshott [Coc97], and Benjamin, Johnson
[BJ98] Brassard et al [BNT96] combine the techniques of Grover and Shor to
give a fast quantum algorithm for approximately counting.

While Grover’s algorithm is clearly an improvement over linear sequential
search in a data base, it appears less impressive in the case of an explicitly
defined data base which needs to be stored in volume N . Methods for BMC
(and in fact ma number of methods for massively parallel computation) can do
search in a data base of size N in time at most polylogarithmic with N , by
relatively straightforward use of parallel search Moreover, Grover’s algorithm
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may not have a clear advantage even in the case of an implicitly defined data
base, which does not need to be stored, but instead can be constructed on the
fly (e.g., that arising from NP search methods). In this case, Grover’s search
algorithm can be used to speed up combinatorial search within a domain of
size N to a time bound of O(

√
N) (see Hogg [Hog96], Hogg, Yanik [HY98]), and

in this case Grover’s algorithm appears to require only volume logarithmic in
the (combinatorial) search space size N . In contrast, BMC takes volume linear
in the search space, but takes just time polylogorithmic in the search space.

• Quantum Simulations in Physics. The first application proposed for QC
(Feynman [Fey82]) was for simulating quantum physics. In principle, quantum
computers provide universal quantum simulation of any quantum mechanical
physical system (Lloyd [Llo96], Zalka[Zal96a], Boghosian [Bog98])).Proposed QC
simulations of quantum mechanical systems include: many-body systems (Wies-
ner[Wie96]), many-body Fermi systems (Abrams, Lloyd [AL97]), multiparticle
(ballistic) evolution (Benioff [Ben96]), quantum lattice-gas models (Boghosian,
Taylor [BT96]), Meyer [Mey96a, Mey96b]), Ising spin glasses (Lidar, Biham
[LB97]), the thermal rate constant (Lidar, Wang [LW98], quantum chaos (Schack
[Sch97]).

• Quantum Cryptography. Bennett et al [BBB+82] gave the first methods
for quantum cryptography using qubits as keys, which are secure against all
possible types of attacks. Surveys of quantum cryptography are given in Ben-
nett, Brassard, Ekert [BBE92], Brassard [Bra93], Bennett, Brassard [BB84b],
Brassard [Bra94].

• Distributed Quantum Networks. Future hardware will have to be fast,
scalable, and highly parallelizable. A quantum network is a network of QCs
executing over a spatially distributed network, where quantum entanglement is
distributed among distant nodes in the quantum network. Thus, using distributed
entanglement, a quantum network distributes the parts of an entangled state
to various processors, which can to act on the parts independently. Various
basic difficulties were overcome: How can one do state transfer distribution?
(see Bennett et al [BBC93, BBP+96], Brassard [Bra96]), and how can one cope
with communication errors and attenuation in a quantum network? (see the
quantum repeaters that do quantum error correction in Ekert et al [CZ97], Knill,
Laflamme, Zurek [KLZ96]).

• Quantum Learning. (see Bshouty, Jackson [BJ95], Ventura,
Martinez [VM98c], Yu, Vlasov [YV96], Tucci [Tuc98], Ventura,
Martinez [VM98b])

• Quantum Robotics. Benioff [Ben97] considers a distributed QC system with
mobile quantum robots that can carry out carrying out measurements and phys-
ical experiments on the environment.

• Winding Up quantum Clocks. The precision of atomic clocks are lim-
ited by the spontaneous decay lifetimes of excited atomic states, but Huelga
[HMP+97]) and Bollinger et al [Bol96] extend these lifetimes by using quantum
error correcting codes.
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7 Hybrids of BMC and QC

7.1 Applications of QC to BMC

It is interesting to envision a BMC that uses quantum affects to aid in its I/O.
We can apply the quantum Zeno affect (similar to that used by Kwiat et al
[KWHZK95,KWZ96]) to do exquisite detection (of say, of a single molecule)
within a large container of fluid, by taking quantum samples of the volume, and
doing repeated rounds of sensing. If the molecule to be detected is in fact in
the fluid, then the amount of sensing is very small quantity quickly decreasing
with the number of rounds. However, if a molecule is not in the fluid, then the
amount of sensing by this method can be quite large. (A result of Reif [Rei98]
shows that quantum techniques can not reduce the amount of sensing for both
cases.)

7.2 Applications of BMC to QC

One interesting application of BMC is to do the observation operation for Bulk
QC. Here we assume that the Bulk QC is being executed on a macroscopic
volume of solution, containing a large number of micromolecules which are the
quantum components for the Bulk QC unitary operations. Recall that Bulk QC
can only do a weak measurement of the state of the spins; the weak measurement
does not much affect the state superposition. We would like instead to do an
observation operation which reduces the current state superposition. A possible
technique is to place each of these micromolecule onto or within a host (e.g., a
natural or artificial cell, or a macromolecule such as a protein, DNA, or RNA).
The host should be much larger than the micromolecule, but still microscopic.
There are a number of techniques where by the host might be used to a do
an observation of the state of the qubit spins of the micromolecule (perhaps
via a nearly irreversible chemical reaction), which results in a reduction of the
micromolecule’s state superposition. A key reservation to this technique is the
apparent growth of the size of the measurement apparatus with the number of
qubits.

8 Conclusion and Acknowledgements

Comparison of Current BMC with early VLSI. BMC is a new field, with
largely unexplored methodologies. In the full paper, we compare BMC and QC
in the later 1990’s with the state of VLSI in 1970s, and note that they suffer
from similar difficulties. For example, currently the design and execution of a
BMC or QC experiment in the laboratory is supported with only a few software
tools for design and simulation prior to doing the experiment:
• Computer Simulations of BMC. A preliminary version of a Java software
tool for simulating BMC has been developed by Gehani, Reif [GR98b].



126 John H. Reif

• Computer Simulations of QC. Obenland, Despain [OD97, D98a, D98b]
have given efficient computer simulations of QC, including errors and decoher-
ence, and Cerf, S. E. Koonin [CK98] have given Monte Carlo simulations of QC.

In spite of advanced technologies for Recombinant DNA and for quantum
apparatus, experiments in BMC and QC are highly prone to errors. We have
discussed techniques that alleviate some of these errors, but this clearly motivates
the need to further develope software tools for design and simulation of BMC
and QC experiments.

Also, there is at this time no consensus on which methods for doing BMC
are the best; as we have seen there are multiple approaches that may have
success. While some of the current experiments in BMC are using conventional
solution-based recombinant DNA technology, others are employing alternative
biotechnology (such as surface attachments). It is also not yet clear which of
the paradigms for BMC will be preeminent. There is a similar lack of consensus
within QC of the best and most scalable technologies. To a degree, this diversity
of approaches may in itself be an advantage, since it will increase the likelihood
of prototyping and establishing successful methodologies.

Acknowledgements

We would like to thank G. Brassard for his clear explanation of numerous results
in the field of QC. Supported by Grants NSF CCR-9725021, NSF IRI-9619647,
NSF/DARPA CCR-92725021, and ARO contract DAAH-04-96-1-0448.

References

1. Reif, J.H., Alternative Computational Models: A Comparison of Biomolecular and
Quantum Computation, (Sept., 1998), Full version of the extended abstract ap-
pearing in these proceedings.

2. (a postscript preprint is online at
http://www.cs.duke.edu/∼ reif/paper/paper.html/altcomp.ps).

3. Note: Due to page length constraints, the references in have been removed from
the extended abstract appearing in these proceedings. The full paper [Rei98] has
646 references (including 265 references to BMC and 381 references to QC), and
many additional discussions of experimental techniques, applications and error
correction.



Optimal Regular Tree Pattern Matching Using

Pushdown Automata

Maya Madhavan and Priti Shankar

Department of Computer Science and Automation
Indian Institute of Science
Bangalore 560012, India

Abstract. We propose a construction that augments the precomputa-
tion step of a regular tree pattern matching algorithm to include cost
analysis. The matching device generated is a pushdown automaton in
contrast with the conventionally generated tree pattern matching au-
tomaton. Our technique can handle a larger class of cost augmented
regular tree grammars than can be preprocessed by conventional meth-
ods, and has been tested on some input problem instances representing
instruction sets for processors.

1 Introduction

The use of regular tree grammars and rewriting systems for the description of ma-
chine instructions for use in code generation tools is well known [4,2,7,14,8,15,13].
The problem addressed in this paper can be stated as follows: Given a regular tree
grammar whose productions are augmented with costs, and an input subject tree,
compute a minimum cost derivation tree for the input tree. In a typical applica-
tion, the subject tree is an intermediate code representation for a source program
undergoing compilation; the minimum cost derivation tree yields a cheapest as-
sembly level code sequence for the tree. Most algorithms for regular tree pattern
matching draw heavily from the seminal work of [9] and [3] for the problem
of tree pattern matching with a single wildcard. The algorithms employ a pre-
processing phase, which constructs tables encoding the finite state tree pattern
matching automaton, and a matching phase which traverses the input subject
tree and reports matches at the appropriate nodes. For optimal regular tree pat-
tern matching there is the additional requirement of choosing a minimal cost
pattern that matches at the root. Algorithms such as [4,15,2] and [14] perform
cost computations at preprocessing time, whereas [7,1,13] [5] perform them at
matching time. Graham and Glanville [6] used LR(0) parsing techniques for
retargettable code generation. However, their technique cannot be applied to
regular tree pattern matching in general, as it does not carry forward all choices
until an optimal decision can be made. Our technique may be viewed as an ex-
tension of the LR(0) technique in order to simultaneously track all derivations
and precompute costs. We have incorporated a variation of a technique pro-
posed in [2] into an algorithm introduced in [17] for this purpose. A sufficient
V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 122–134,
1998.
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condition for termination of the algorithm is given. We have also presented the
results from preprocessing regular tree grammars representing instruction sets of
two machines, and compared the table sizes so obtained with those output by a
preprocessor which generates a finite state tree pattern matching automaton [16].

2 Background

Let A be a finite alphabet consisting of a set of operators OP and a set of termi-
nals T . Each operator op in OP is associated with an arity, arity(op). Elements
of T have arity 0. The set TREES(A) consists of all trees with internal nodes
labeled with elements of OP , and leaves with labels from T . The number of
children of a node labeled op is arity(op). Special symbols called wildcards are
assumed to have arity 0. If N is a set of wildcards, the set TREES(A ∪ N) is
the set of all trees with wildcards also allowed as labels of leaves.
We begin with a few definitions drawn from [2].

Definition 2.1 A regular tree grammar G is a four tuple (N,A, P, S) where
1. N is a finite set of nonterminal symbols
2. A = T∪OP is a ranked alphabet, with the ranking function denoted by arity. T
is the set of terminal symbols and OP is the set of operators.
3. P is a finite set of production rules of the form X → t, where X ∈ N and t is
an encoding of a tree in TREES(A ∪N).
4. S is the start symbol of the grammar.
A tree pattern is thus represented by the righthand side of a production of P in
the grammar above. A production of P is called a chain rule, if it is of the form
A → B, where both A and B are nonterminals. For purposes of the discussion
here we will be dealing with grammars in normal form defined below:

Definition 2.2 A production is said to be in normal form if it is in one of
the three forms below.
1. A → opB1B2 . . . Bk where A,Bi, i = 1, 2, . . . k are all non terminals, and op
has arity k.
2. A → B, where A and B are non terminals.
3. B → b, where b is a terminal.
A grammar is in normal form if all its productions are in normal form. Any
regular tree grammar can be put into normal form by the introduction of extra
nonterminals.
Below is an example of a regular tree grammar in normal form. For the time
being, we ignore the costs associated with the productions.

Example 2.1
G = ({V,B,G}, A, P, V ) where, A = {a, b} and the arities are 2 and 0 respec-
tively. The productions P , augmented with cost are as follows:
V → aV B[0] V → aGV [1] V → G[1]
G → B[1] V → b[7] B → b[4]
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Derivation sequences are defined in the usual way. However, we note that
the objects being derived are trees. Two derivation trees for the subject tree
a(a(b, b), b) in the language generated by the regular tree grammar of exam-
ple 2.1 above, are displayed in Figure 2.1.

V
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V B

a

G

B b

b

V

b

V

a

V B

a

b

B

b

b

V

Fig. 1. Two derivation trees for the subject tree a(a(b, b), b)) in the grammar of
example 2.1.

A tree pattern is said to match at a node in the subject tree, if a production
with righthand side corresponding to the tree pattern is used at that node in
the derivation tree. Each derivation tree thus defines a set of matches, (a set be-
cause there may be chain rules that match) at each node in the subject tree. The
regular tree pattern matching problem may thus be phrased as :Given a regular
tree grammar G and a subject tree t, find a representation of all derivation trees
for t in G.
The regular tree pattern matching problem for a grammar G can be converted
into a string parsing problem for a context free grammar by constructing a new
grammar G′ from G, by converting righthand sides of all productions of G into
postorder listings of the corresponding tree patterns. Any listing will work; how-
ever, a postorder listing is appropriate for a bottom up algorithm. Since each
operator has a fixed arity, the postorder listing uniquely defines the tree. Let
post(t) denote the postorder listing of a tree t. We note that the grammar G′ is
in general ambiguous. It is shown in [17] that finding all derivation trees in G
corresponds to finding all derivations in G′.
We assume that the reader is familiar with the notions of right sentential forms,
handles, viable prefixes, and LR(0) items being valid for viable prefixes. Defini-
tions may be found in [10].
The three key ideas used in the algorithm in [17] are the following:
1. Refinement of the notion of a pattern matching at a particular node to that
of a pattern matching in a left context at that node.
2. Equivalence of the problems of detecting pattern matches in left contexts in
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regular tree grammars, and obtaining rightmost derivation sequences in reverse
in the corresponding context free grammars.
3. The observation that all viable prefixes induced by any input string are of the
same length.(By a viable prefix induced by an input string we mean the string
representing the stack contents after consuming the input string using a shift
reduce parsing strategy. The normal form of the grammar is essential for the last
property).
Definitions and theorems formalizing these ideas from [17] are presented below.
By an X-derivation tree we mean a subtree of a derivation tree with root la-
beled X .
Definition 2.3 Let G = (N,T, P, S) be a regular tree grammar in normal form,
and t be a subject tree. Then pattern β represented by production X → β
matches at node j in left context α, α ∈ N∗ if
1. β matches at node j or equivalently, X =⇒ β =⇒∗ t′ where t′ is the subtree
rooted at j.
2. If α is not ε, then the sequence of maximal complete subtrees of t to the
left of j, listed from left to right is t1, t2, . . . tk, with ti having an Xi−derivation
tree,1 ≤ i ≤ k, where α = X1X2 . . . Xk.
3. The string X1X2 . . .XkX is a prefix of the postorder listing of some tree in
TREES(A ∪N) with an S−derivation.
Example 2.2 In the derivation tree on the left in figure 2.1, pattern represented
by production B −→ b matches in left contexts ε and V . In the derivation tree
on the right both instances match in left context V .
Theorem 2.1 Let G = (N,T, P, S) be a regular tree grammar, and G′ the con-
text free grammar constructed as before. Let t be a subject tree with postorder
listing a1 . . . ajw, ai ∈ A,w ∈ A∗. Then pattern β represented by production
X → post(β) of G′ matches at node j in left context α if and only if there is a
rightmost derivation in the grammar G′ of the form

S =⇒∗ αXz =⇒ αpost(β)z =⇒∗ αah . . . ajz =⇒∗ a1 . . . ajz, z ∈ A∗

where ah . . . aj is the subtree rooted at node j.
Theorem 2.2 Let G′ be a context free grammar constructed from a regular
tree grammar in normal form. Then for any input string w which is a prefix of
a string in L(G′), all viable prefixes induced by w are of the same length.
The property stated in the last theorem suggests an augmentation of the LR
parsing technique for preprocessing the context free grammar. The construction
of the deterministic finite automaton(dfa) that recognizes viable prefixes of an
LR grammar can be modified to produce one that recognizes sets of viable pre-
fixes of a context free grammar derived from a regular tree grammar. The dfa has
two kinds of transitions, those on terminals, and those on sets of nonterminals.
Any path from the start state of the dfa to a reduce state will spell out a string
of the form S1S2 . . . Sna, where the Si are sets of nonterminals. The associated
viable prefixes are of the form X1X2 . . .Xna where Xi ∈ Si. (Note, however,
that not all concatenations of elements of the sets Si are viable prefixes).
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With regular tree pattern matching reduced to parsing, all we need to store
during matching, is the equivalent of the LR parsing table for the input gram-
mar.
In the next section we show that we can modify the preprocessing algorithm so
as to produce an extended LR(0) automaton which is augmented with costs.

3 Precomputation of Costs

3.1 Definitions

Our starting point here is a context free grammar derived from a regular tree
grammar augmented with costs. Thus each production is associated with a non
negative integer which is the cost of the instruction represented by the tree pat-
tern. We denote this by rulecost(p) for production p. Our aim is to create a LR
like parsing table as in the previous section, where each state of the dfa also has
relative cost information encoded into it. The technique used in this section is
adaptated from [2]. We begin by defining certain entities. Let G = (N,T, P, S)
be a cost augmented regular tree grammar in normal form.
Definition 3.1 The absolute cost of a nonterminal X matching an input sym-
bol a in left context ε, is represented by abscost(ε,X, a). For a derivation se-
quence d represented by X =⇒ X1 =⇒ X2 . . . =⇒ Xn =⇒ a, let Cd =
rulecost(Xn −→ a)+

∑n−1
i=1 rulecost(Xi −→ Xi+1)+ rulecost(X −→ X1), then,

abscost(ε,X, a) = mind(Cd)
Definition 3.2 The absolute cost of a nonterminal X matching a symbol a in
left context α is defined as follows:
abscost(α,X, a) = abscost(ε,X, a) if X matches in left context α
abscost(α,X, a) = ∞ otherwise
Definition 3.3 The relative cost of a nonterminal X matching a symbol a in
left context α is: cost(α,X, a) = abscost(α,X, a)−miny∈N{abscost(α, Y, a)}.
Having defined costs for trees of height one we next look at trees of height greater
than one. Let t be a tree of height greater than one.
Definition 3.4 abscost(α,X, t) = ∞ if X does not match t in left context α;
If X matches t in left context α, let t = a(t1, t2, . . . tq) and X −→ aY1Y2 . . . Yq

where Yi matches ti, 1 ≤ i ≤ q;
Define abscost(α,X −→ Y1Y2 . . . Yqa, t) = rulecost(X −→ Y1 . . . Yqa) +
cost(α, Y1, t1) + cost(αY1, Y2, t2) + . . .+ cost(αY1Y2 . . . Yq−1, Yq, tq)
Then abscost(α,X, t) = minX=⇒β=⇒∗t{abscost(α,X −→ β, t)}
Definition 3.5 The relative cost of a nonterminal X matching a tree t in left
context α is:
cost(α,X, t) = abscost(α,X, t)−minY =⇒∗t{abscost(α, Y, t)}
Having defined the cost of a nonterminal matching in a left context, we next
introduce the notion of an augmented rightmost derivation of a context free
grammar derived from the regular tree grammar as in the previous section. To
avoid complicating notation, we assume from now on, that G = (N,T, P, S) is
the context free grammar
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Definition 3.6
A single augmented derivation step is of the form α < A, c > w =⇒ α < X1, d1 >
. . . < Xk, dk >< a, 0 > w where
1. α is a sequence of < nonterminal, cost > pairs, such that if α′ is the concate-
nation of first members of pairs of α then S =⇒∗ α′Aw =⇒ α′X1X2 . . . Xkaw
2. ∃ts.t.A =⇒ X1X2 . . . Xka =⇒∗ t with Xi =⇒∗ ti, i ≤ i ≤ k and t = t1t2 . . . tka
3. cost(α′, X1, t1) = d1, cost(α′X1, X2, t2)=d2, . . . cost(α′X1X2 . . . Xk−1, Xk, tk)
= dk and c = rulecost(A −→ X1 . . . Xk) +

∑k
i=1 di −minB{abscost(α′, B, t)}.

Definition 3.7 An augmented viable prefix is any prefix of an augmented right
sentential form such that the concatenation of the first elements yields a viable
prefix.
Definition 3.8 An augmented item [A → α . β, c] is valid for an augmented
viable prefix γ =< X1, c1 >< X2, c2 > · · · < Xn, cn > if,
1. [A → α . β] is valid for viable prefix X1X2 · · ·Xn.
2. If α = Xi · · ·Xn then, if β 
= ε then c = ci+ci+1 . . .+cn else c = ci+ci+1 . . .+
cn + rulecost(A −→ α)
We are actually interested in a similar definition of validity for sets of augmented
viable prefixes (which we term set viable prefixes), where the costs associated
with the items are relative costs. Thus we are naturally led to the following def-
inition.
Definition 3.9 An augmented item [A → α.β, c] is valid for set viable pre-
fix S1S2 . . . Sn if
1. There exists a viable prefix γ =< X1, c1 >,< X2, c2 > . . . , < Xn, cn >
in S1S2 . . . Sn with [A → α.β, c′] valid for γ
2. If β 
= ε then c = c′ else c = c′ − minγ′∈S1S2...Sn{c′′ : [β → δ., c′′] is valid
for γ′.

3.2 The Preprocessing Algorithm

If the grammar is LR(0), each prefix of a string in the language, induces exactly
one viable prefix before any reduction, and there is at most one reduction pos-
sible at any step. In this case there may be several augmented viable prefixes
induced by the same string. However, as these are all of the same length [17],
shifts and reductions may be carried out using a single stack. This permits the
use of a simple extension of the LR(0) parsing technique. We first augment the
grammar with the production Z −→ S$, [0] where $ is a symbol not in the
alphabet, in order to make the language prefix free. We next precompute sets
of augmented items that are valid for augmented viable prefixes induced by the
same input string. All these are included in a single state. We can then construct
a finite state automaton M which we will call the Auxiliary Automaton(AA) as
follows:
M = (Q,Σ, δ, q0, F )
where Q = {I|I is a distinct set of augmented items}
Σ = A ∪ 2<N,c>, where < N, c > is a (non terminal,cost) pair
q0 is the state associated with the initial set of augmented items.
F is the state containing the augmented item [Z −→ S$., 0].



128 Maya Madhavan and Priti Shankar

δ is the transition function made up of δA, the set of transitions on elements
of A, and δLC , those on sets of (nonterminal , cost) pairs. The function δ can be
extended to strings of symbols in the usual way.
This is the controlling automaton for a parser for the language generated by the
grammar G′, the parser performing the additional role of minimum cost tree se-
lection. The auxiliary automaton plays a role analogous to the dfa for canonical
sets of LR(0) items in an LR(0) parser.
Although we can use a technique similar to the technique for construction of the
automaton for recognizing viable prefixes of an LR grammar, there is one strik-
ing difference. The transitions out of a state of the automaton that recognizes
viable prefixes of the LR grammar are determined by just the items associated
with the state. Here, the transitions on sets of (nonterminal, cost) pairs can
be deduced only after computing sets of such pairs that match in the same left
context. There are three functions required. The first, called the goto function,
which is similar to the corresponding function of an LR(0) automaton, restricted
to only terminal symbols, computes the new set of augmented items obtained
by making a transition from the old set on a terminal or operator symbol, and
computes relative costs. Because our grammar is in normal form, all such transi-
tions will always lead to complete items. Such a set of items in our terminology,
is called a matchset.
The function reduction has two parameters. The first is a set of complete items
all of which call for reductions. The second is a set of augmented items I as-
sociated with a state which will be uncovered on stack when the righthand
sides of all these productions are simultaneously popped off the stack. (For
the time being let us not concern ourselves with how exactly such a set of
items is identified). We call such a set of items an LCset, and we say that a
state associated with such a set is a valid left context state for the matchset.
reduction first collects the left hand side (nonterminal, cost) pairs associated
with a matchset into a set R. It then augments R with (nonterminal, cost)
pairs that can be added using chain rules that are applicable, updating costs
as it proceeds. Finally, it creates a new set of augmented items by making
transitions on elements of R from I. For a given matchset m we use Sm to
denote the set of lefthand side non terminals of complete items. The closure
function is is similar to the conventional function used in the construction of
itemsets in the dfa for viable prefixes. These functions are described in de-
tail in [12]. The function ClosureReduction(itemset1, itemset2) is defined as
closure(reduction(itemset1, itemset2)).
To identify states that can be valid left context states for a given matchset,
we follow a simple technique that tests a condition that is necessary but not
sufficient. As a consequence some spurious states may be generated (which are
unreachable at run time). The choice of this over the exact technique [17] was
dictated by considerations of efficiency, and the fact that for all the examples
tested out by us, the approximate test gave the same results as the exact test,
except in one case where it produced one extra state. Informally speaking, we
check if each item of the form [A −→ α., c] in a matchset has a corresponding
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item of the form [A −→ .α, 0] in the state under test for the valid left context
property, and that the state under test does not contain any other item of the
form [C −→ .α, 0] if an item of the form [C −→ α., d] is not in the matchset.
The condition is not sufficient because there may be another production of the
form B −→ β that always matches in this left context along with the other
productions, but whose corresponding complete item is not in the matchset. We
omit a formal definition of this test here, and refer to it as a boolean function
validlc(p,m) (where p is an LCset and m is a matchset) which returns true if p
satisfies the condition to be eligible as a valid LCset for m.

Algorithm Preprocess
Input A cost augmented context free grammar G′ = (N,T, P, S) representing a
regular tree grammar G in normal form.
Output The auxiliary automaton represented by tables δA, δLC , which represent
transitions on elements of A and 2N respectively
begin
lcsets := φ;
matchsets := φ;
list := closure({[S → .α] | S → α ∈ P});

while list is not empty do

delete next element q from list and add it to lcsets;
for each a ∈ A such that goto(q, a) is not empty do

m := goto(q, a);
δA(q, a) := (match(m), Sm);
if m is not in matchsets then

matchsets := matchsets ∪ {m};
for each state r in lcsets do

if validlc(r,m) then
p := ClosureReduction(r,m);
δLC(r, Sm) := (match(p), p);
if p is not in list or lcsets then append p to list endif
endif

endfor
endif

endfor
for each state t in matchsets do
if validlc(q, t) then

s := ClosureReduction(q, t);
δLC(q, St) := (match(s), s);
if s is not in list or lcsets then append s to list endif;

endif
endfor

endwhile
end
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We next prove that the automaton constructed by the algorithm satisfies the
property below:
Property
Augmented LR(0) Item [A → α.β, c] is valid for augmented viable prefix γ =
Y1Y2 . . . Yk in S1S2 . . . Sk if and only if δ(q0, S1S2 . . . Sk) contains [A → α.β, c].
Proof We give an informal proof that the property is satisfied, ignoring costs.
The argument is based on the fact that a similar property (differing from the
one above only in that the function δ is applied on a single viable prefix in-
stead of a set of viable prefixes) holds for a dfa for canonical set of LR(0)
items [10]. The construction using algorithm Preprocess may be viewed as a
subset construction beginning with the LR(0) dfa. We begin with the start
state. Suppose m is a matchstate reached during some point in the algorithm,
with Sm = {X1, X2, . . . Xl}. In the LR(0) dfa we would have individual transi-
tions from valid left context states on each of X1, X2, . . . Xl to different states.
Here, we collect the items in all those states into a single state, and then aug-
ment the items with those obtained with the application of chain rules and got
by the closure operation.(This is exactly what ClosureReduction does given a
matchstate and an LCstate). Thus the state we reach in the auxiliary automaton
on a label sequence S1S2 . . . Sk is got by merging individual states we would have
reached by following individual viable prefixes of the form Y1Y2 . . . Yk in the dfa
for LR(0) item sets induced by the same input string. The property follows from
the fact that it holds for each of the viable prefixes in the LR(0) automaton.
That the property holds when costs are included in the itemsets follows directly
from the definition of an augmented item being valid for a set viable prefix.

3.3 A Sufficient Condition for Termination

In some cases, the input augmented grammar may be such that the algorithm
Preprocess does not terminate. Thus, there is no finite automaton that can
store the precomputed cost information. In such cases, the only alternative is
to perform dynamic cost computations. Recall that the states of the auxiliary
automaton consist of sets of (LR(0)item, cost) pairs. Thus the number of states
is unbounded if and only if the cost component is unbounded. This will happen
whenever there is a pair of nonterminals, such that both elements of the pair
match in the same left context, and derive the same sequence of infinite trees
with increasing cost differences. This is illustrated in the example below.
Example 3.1
Consider the grammar, G = ({S,A,B,C}, {d, b, a, e}, P, S), where the arities of
the terminals (in the order that they appear in the set) are 2,0,0 and 0, and the
augmented productions are,
S → AS d[0] S → B S d[0] A → C Ad[0]
B → C B d[5] A → b[1] B → b[1]
C → a[1] S → c[1]
The nonterminals A and B match an infinite sequence of input trees in the same
left context, with increasing relative costs(which increase in multiples of 5). As
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a result, Algorithm Preprocess will not terminate on this input instance.
The use of left-contextual information, results in the generation of finite parsing
tables for problem instances on which conventional techniques that produce finite
state tree pattern matching automata do not terminate. One such example is
given below.
Example 3.2
S → X S d[0] S → Y S d[0] X → L1Ae[0]
Y → L2B e[0] A → C Ad[0] B → C B d[5]
A → b[1] B → b[1] C → a[1]
S → c[1] L1 → l1[0] L2 → l2[0]

Since the non-terminals A and B do not match in the same left context, it
does not matter that these non-terminals match the same infinite sequence of
trees with unbounded cost difference. The table construction for this example
using our algorithm terminates with 25 states (13 LCsets and 12 matchsets).
However, the computation using any bottom algorithm that constructs a bot-
tom up finite state tree pattern matching automaton will not terminate.
We now give a sufficient condition for termination of the algorithm. The con-
dition is sufficient but not necessary, as it disqualifies a grammar if there is a
pair of nonterminals that match in the same left context, and generate the same
sequence of infinite trees, without checking the condition on costs. We first mo-
tivate the development of the sufficiency condition.
Let m be a matchset. For each valid left context state p for m, one can associate
an enhancement of m by associating with each complete item [A −→ α.]in m a
set of nonterminals representing the completion of A using all chain rules appli-
cable in p. Thus, we can associate with each matchset, a collection of enhanced
matchsets. Each element of an enhanced matchset is a set of complete items,
each item associated with a set of nonterminals, obtained as described above.
Let us use the symbol Cm to describe the collection of nonterminal sets associ-
ated with enhanced matchset m. Let M be the collection of enhanced matchsets
associated with the auxiliary automaton without costs.
We also define an aligned nonterminal set below:
Definition 3.10 Letm be a matchset with complete items [A1→X11X12· · ·X1n.],
[A2 → X21X22 · · ·X2n.], . . ., [Ak → Xk1Xk2 · · ·Xkn.].
The sets {X11, X21, . . . , Xk1}, {X12, X22, . . . , Xk2}, . . .,{X1n, X2n, . . . , Xkn} are
all termed aligned non-terminal sets for matchset m. Aligned nonterminal sets
are sets of non terminals that match in the same left context.
We next construct a directed graph G = (M, E) from the automaton (without
costs) [17]. M, the vertex set consists of all enhanced matchsets. There is an edge
from node m1 to node m2 if and only if it is possible to form a set by selecting at
least one element from the nonterminal set associated with each complete item
in m1 so that the set thus formed is an aligned non-terminal set for node m2.
The graph constructed above, encapsulates certain properties of fused derivation
trees defined below. Consider a subject tree t, and a derivation tree for it. The
derivation tree induces a labeling of the nodes of the tree as follows. Each node
is labeled with the set of nonterminals that match at that node. (In general,
there will be a set because of the existence of chain rules). Suppose now, that
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we superimpose all derivation trees for this subject tree. Instead of a set of non-
terminals, there will be a collection of sets labeling each node. Let us call this
tree with a collection of sets labeling each node a fused tree for t.
The following relationship exists between the graph G and the set of fused deriva-
tion trees for the grammar:
1.Each node of a fused derivation tree corresponds to an enhanced matchset.
2.There is a node with label set C1 with parent with label set C2 in some fused
derivation tree for the grammar if and only if there is a edge from an enhanced
matchset with associated collection C1 to another with associated collection C2

in the graph G.
A moments reflection will convince the reader that both these statements are
true. Using the second property inductively, we can conclude that it holds with
the word parent replaced by proper ancestor and egde replaced by path. Finally
if the sets C1 and C2 are the same, then the path is a cycle. The last statement
implies that a cycle exists in G if and only if there is an ancestor-descendant path
in some fused derivation tree with both the nodes having the same collection as
label. This in turn implies that the tree can nest itself, which is the same thing as
saying that there is an infinite sequence of trees matching a set of nonterminals
in the same left context. We have given an informal argument in support of the
following theorem:
Theorem 3.3 Algorithm Preprocess will terminate if the graph G constructed
above has no cycles.
That the condition is only sufficient and not necessary can be verified by modi-
fying the grammar of example 3.1 so that the costs of the recursive productions
for the nonterminals A and B are the same. The corresponding graph G has a
cycle but algorithm Preprocess terminates.

4 Conclusion

We have given an algorithm that solves the problem of optimal linear regular
tree pattern matching by constructing a pushdown automaton that performs
matching in linear time, and precomputes costs. We have run the algorithm on
some input instances that represent instruction sets for two machines. The first
set of patterns(Intel Pentium) had 351 productions, 26 non-terminals and 212
terminals and operators; the second set(IBM R6000) had 60 productions, 13
non-terminals, and 30 terminals and operators. Total table sizes(including index
maps) and execution times (on a Sun UltraSPARC 60)with and without cost
precomputation (the latter within parentheses) are given below:
Intel Pentium: 4423(2367), 27.3(6.3)seconds
IBM R6000: 1264(1020), 1.0(0.7)seconds
Corresponding figures for the conventional algorithm using Chase compression
techniques[3][16] are:
Intel Pentium: 46566(32505), 2.29(1.5)seconds
IBM R6000 : 2747(2747), 0.22(0.22)seconds
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Thus though the new algorithm offers savings in auxiliary space for these ex-
amples, preprocessing requires more time. More experimentation is necessary
to study space/time tradeoffs using this algorithm. The fact that our optimal
matcher(or instruction selector), operates like an LR parser(quite different from
the Graham Glanville technique, as it carries forward all choices, finally selecting
an optimal one), allows the use of attributes, which may prove useful for carrying
out other tasks in code generation.
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Abstract. We deal with matching and locating of patterns in forests
of variable arity. A pattern consists of a structural and a contextual
condition for subtrees of a forest, both of which are given as tree or forest
regular languages. We use the notation of constraint systems to uniformly
specify both kinds of conditions. In order to implement pattern matching
we introduce the class of pushdown forest automata. We identify a special
class of contexts such that not only pattern matching but also locating
all of a forest’s subtrees matching in context can be performed in a single
traversal. We also give a method for computing the reachable states of
an automaton in order to minimize the size of transition tables.

1 Introduction

In Standard Generalized Markup Language (SGML) [Gol90] documents are rep-
resented as trees. A node in a document tree may have arbitrarily many children,
independent of the symbol at that node. A sequence of documents or subdocu-
ments is called a forest. A main task in document transformation and informa-
tion retrieval is locating one or all of a forest’s subtrees matching a pattern. A
pattern is made up of a structural condition on the subtrees themselves and a
contextual condition on their location in the forest, relative to its siblings and
ancestors. Due to the potentially enormous size of documents, it is highly de-
sirable to perform pattern localization “on the fly” during one pass through the
document. Here, we present a solution for an interesting subclass of contextual
conditions. To the best of our knowledge, no single-pass localization algorithm
has been suggested so far.
A structural condition is given by a regular language over trees or forests. Tree
regular languages have first been characterized (under the name of recognizable
sets of pseudoterms) as projections of the derivation trees of context free gram-
mars by [Tha67]. The author also defines a class of so-called pseudo-automata
which accept the class of tree regular languages. Restricting himself to ranked
trees, [Bra69] gives a slightly different definition of finite tree automata. Under
the name bilanguages, [PQ68] define tree regular languages to be homomorphic
images of tree-local sets. [Tak75] shows that a string representation of forest reg-
ular languages using pairs of parentheses indexed by a node’s symbol is a nest
language, i.e., a special case of context-free languages. [Mur96] uses pointed tree
representations, as introduced by [Pod92], for specifying contextual conditions
in patterns. The author then gives a method for locating matching subtrees in
V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 134–146,
1998.
c© Springer-Verlag Berlin Heidelberg 1998
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two passes, namely a bottom-up and a top-down traversal of the tree. The idea
is similar to [BKR96]: here the bottom-up traversal is preceded by a top-down
traversal, the so-called guide, labeling each node with information about its up-
per context. In contrast to our automaton, however, the guide may not take into
account information about left siblings.
In this paper we use constraint systems as a uniform method for specifying both
structural and contextual conditions in patterns. We introduce the class of push-
down forest automata, and show how they can be used for efficiently recognizing
forest regular languages: during a depth-first, left-to-right traversal of the forest,
each node is visited twice: once before and once immediately after processing its
children. This is closely related to SGML parsing, where each node a is repre-
sented by a pair of markers <a> and </a> enclosing the representation of its
children. We identify an interesting subclass of contextual conditions, namely
those referring only to nodes that are visited earlier in a left-to-right depth-first
traversal. This class allows, e.g., searching for list items that are nested deeper
than a certain level n, or locating all captions in figures. We show that the
decision whether a subtree satisfies both the structural and this special class
of contextual condition can already be taken when its root is visited for the
second time. We also give a method for computing the reachable states of the
constructed automaton.
[Tak75] already proposed so called P-tracers as a special class of pushdown au-
tomata for accepting the string representation of tree regular languages. Her
construction, however, is non-deterministic, and she does not provide a method
for making it deterministic. [SGYM98] use the string representation of ranked
trees for the purposes of code generation. They use LR-parsing, and exploit the
property that even in the non-deterministic case moves on the stack are directed
by the tree structure. Thus alternative runs can be tracked simultaneously. LR-
parsing is mainly a bottom-up strategy: the pushdown is used for determining
possible points for reductions, i.e. whether the right hand side of a production is
satisfied. In our case these points are determined by the tree structure without
having to look at the pushdown. Instead, our algorithm uses the pushdown for
gathering information about the part of forest visited so far. It uses this infor-
mation for selecting sensible expansions when descending to a node’s children,
and is therefore more closely related to recursive descent parsing. A different
class of pushdown tree automata was given in [Mor94]: a two-way automaton
can arbitrarily change its direction from bottom-up to top-down and vice versa
and thus visit each node several times. As opposed to our approach, a transition
proceeds from a node to all of its children simultaneously. It is not clear how
this can be efficiently implemented by a left-to-right traversal.
The remainder of this paper is organized as follows: the next section introduces
our notion of trees and forests and defines constraint systems and patterns. In
Section 3 we present the class of pushdown forest automata which are shown
to be well suited for implementing constraint systems in the following section.
Section 5 demonstrates how matches of a pattern can be located. Section 6
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explains how to compute the reachable states of an automaton, and the last
section discusses extensions to the pattern language.

2 Trees, Forests and Patterns

Various notations have been proposed for specifying tree regular languages,
e.g. by F-local sets or F-grammars. In this paper we use constraint systems
for convenient specification of forest regular languages. Let us first formalize the
notion of trees and forests.

Definition 1: Let Σ be an alphabet. The sets TΣ of trees t and FΣ of forests f
over Σ are given by the following grammar (in contrast to graph theory, a forest
is a sequence rather than an unordered set of trees):

t ::= a〈f〉, a ∈ Σ f ::= ε | tf

For brevity, we often omit the ε in a forest t1. . . tnε. For the remainder we refer
to a fixed alphabet Σ unless explicitly stated otherwise. Thus we can omit the
subscript Σ and simply write T and F .

A forest language over Σ is a subset of FΣ. Constraint systems provide a con-
venient way of denoting forest languages:

Definition 2: A constraint system over Σ is a quadruple C = (X,Y, y�, S),
where X and Y are sets of tree variables and forest variables such that X∩Y = ∅.
y� ∈ Y is the start variable of C, and S is a set of constraints1 of the form

y 	 ε with y ∈ Y,

y 	 xy1 with y, y1 ∈ Y and x ∈ X, or
x 	 a〈y〉 with x ∈ X, y ∈ Y and a ∈ Σ.

We use the following naming convention: x, x1, . . . are always tree variables in X ,
whereas y, y1, . . . denote forest variables in Y . Variables from either X or Y are
named z. When the context is clear, we abbreviate z 	 r ∈ S to z 	 r.

In order to define the meaning of constraint systems, we need the concept of
substitutions:

Definition 3: A substitution σ : X ∪ Y → 2T ∪ 2F assigns sets of trees to tree
variables and sets of forests to forest variables. We can now define the meaning
function [[.]] for right hand sides of constraints w.r.t. an input substitution σ:

[[ε]] σ = {ε} [[a〈y〉]] σ = {a〈f〉 | f ∈ σy}
[[xy]] σ = {tf | t ∈ σx, f ∈ σy}

The least solution [[C]] of a constraint system C is obtained by fixpoint iteration,
i.e., in terms of a sequence of substitutions σ0, σ1, . . . The value of σi+1 for
variable z is obtained by evaluating all right hand sides for z w.r.t. σi:
1 Note that what we consider as a constraint corresponds closely to a rule of a gram-
mar. The constraint notation, however, has the advantage of allowing more easily
for generalizations (c.f. Section 7).
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σ0 z = ∅ σi+1 z =
⋃

z�r

[[r]] σi [[C]] z =
⋃

i>0

σi z

The language of C is LC = [[C]] y�. It turns out that the languages described by
constraint systems coincide with the forest regular languages in [Tak75].
Example 1: Suppose that Σ = {a, b} and consider constraint system C =
({x1, x�}, {y�, y�}, y�, S) with constraints:

x� 	 a〈y�〉 y� 	 x�y� y� 	 x1y� x1 	 a〈y�〉
x� 	 b〈y�〉 y� 	 ε y� 	 x�y�

First note that [[C]]x� = T and [[C]]y� = F , and thus x1 represents all trees with
root a. Therefore LC is the language of all forests one of whose trees has a at
its root. For the remainder of this paper we assume that each constraint system
implicitly contains variables x� and y� with appropriate constraints to make
them represent T and F . ��
In document processing we are often not interested in whether a whole forest f
satisfies a constraint system C. We rather want to locate subtrees of f satisfying
a structural condition and being in a specified context. A context can be viewed
as a forest that contains a hole • indicating the position of the desired subtree:
e.g., the forest a〈ε〉•b〈ε〉 is a context at the second position of a forest with
three trees, the first and third one having symbols a and b and no children. A
contextual condition is a set of contexts. Here we are interested in contextual
conditions which can be tested just by inspecting ancestors and left siblings of •.
These are the nodes visited before • during a depth-first, left-to-right traversal
of a forest.
Definition 4: The sets T ◦

Σ of pointed trees t◦ and F◦
Σ of pointed forests f◦ over Σ

are defined as follows:
t◦ ::= • | a〈f◦〉, a ∈ Σ f◦ ::= t◦f | tf◦

Note that similar to the definition of [Pod92], a pointed tree or forest contains
exactly one hole. Again we often omit subscript Σ and simply use T ◦ and F◦.
The hole serves as a fill-in for a tree: for a pointed forest f◦ and a tree t, we
denote by f◦/t the tree obtained by replacing the • in f◦ with t.
Contextual conditions are described by an extended form of constraint systems:
Definition 5: A context system is a tuple C◦ = (X,X◦, Y, Y ◦, y◦� , S

◦), such that
X,X◦, Y, Y ◦ are mutually disjoint, y◦� ∈ Y ◦ and S is a set of constraints such
that:

1) For y◦ ∈ Y ◦ and y◦ 	 r, either r = x◦y� with x◦ ∈ X◦ ∪ {•}, or r = xy◦1
with x ∈ X and y◦1 ∈ Y ◦;

2) for x◦ ∈ X◦ and x◦ 	 r, r is of the form a〈y◦〉, with y◦ ∈ Y ◦;
3) for z ∈ X ∪ Y and z 	 r, r is as in Def. 2 (and thus contains no variables

from X◦ or Y ◦).
X◦ and Y ◦ are called context variables. Naming conventions are as for the non-
pointed case, except that context variables have a superscript ◦. The meaning
[[C◦]] of a context system is defined as for constraint systems with the addition:



138 Andreas Neumann and Helmut Seidl

[[•y�]] σ = {•f | f ∈ F}
The language of C◦ is LC◦ = [[C◦]] y◦� . Note that 1)-3) ensure that each f ∈ LC◦

contains exactly one hole. Furthermore, only y� can occur right to a context
variable. We can thus only specify upper left contexts .

Example 2: Let Σ={a, b, c} and C◦ = ({x�, x}, {x◦
1}, {y�}, {y◦� , y◦1 , y◦2}, y◦� , S◦)

where S◦ consists of the constraints:

y◦� 	 x�y◦� x◦
1 	 b〈y◦1〉 y◦1 	 x◦

1y� x 	 c〈y�〉
y◦� 	 x◦

1y� y◦1 	 x�y◦� y◦1 	 xy◦2 y◦2 	 •y�
C◦ requires • to be the immediate right sibling of a node labeled c which is the
first child of node labeled b all of whose ancestors are b. ��
We are now ready to define our notion of a pattern:

Definition 6: A pattern system is a pair Π = (C◦, x�) such that C◦ = (X,X◦,
Y, Y ◦, y◦� , S

◦) is a context system and x� ∈ X is a distinguished target variable.
The language LΠ is the set of all forests f = f◦/t with f◦ ∈ LC◦ and t ∈
[[C◦]] x�. Then we also say that t matches x� in f with context y◦� . Note that
substituting x�for • in each right hand side in S◦ yields a constraint system CΠ

with LΠ = LCΠ . The language of a pattern system is therefore a forest regular
language.

Example 3: Consider again context system C◦ from Example 2. Adding a
target variable x� and a constraint x� 	 a〈y�〉 yields a pattern Π . LΠ consists
of all forests containing a tree labeled a as the immediate right sibling of a tree
labeled c which has no left siblings and all of whose ancestors are labeled b. ��

3 Pushdown Forest Automata

How can we implement constraint systems with automata? A common approach
(e.g., [Tha67], [Bra69], [Mur96]) are finite state bottom-up forest automata with
a transition relation α : Σ×2Q∗×Q such that R is regular for all (a,R, q) ∈ α. In
other words, a node is assigned a state by checking the word of states assigned to
its children for membership in a string regular language R over Q. Representation
of R is usually by the set of all transitions (a,w, q) with w ∈ R. This has the
major disadvantage that the automaton may have infinitely many transitions.
Our approach is to represent R by a finite string automaton with a separate
state space QF integrated into the forest automaton. This has the effect that
each subtree of the forest becomes marked with a state in QF during a run of
the automaton. These marks can be used to determine whether a subtree is at
a position that might satisfy a contextual condition.
As a further enhancement we adopt the depth-first, left-to-right visiting order of
SGML parsers as the traversing strategy of the automaton: each node is visited
twice, once before and once after its children. Thus we can, in a single traversal,
first pass some finite information down to a node’s children, modify it during the
children’s traversal and then hand it back to the parent node. We even go one
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step further equipping the automaton with a pushdown: only an interesting part
of the information is handed to the children while the current state is stacked
onto the pushdown. This stacked information is later combined with the new
information returned from the children. Note that our traversing strategy is the
same as used for evaluation of L-attributed grammars (e.g. [MW95]).

Definition 7: A (non-deterministic) pushdown forest automaton (PFA) is a
tuple P = (QT , QF , I, F,Entry ,Exit ,Comb ), where QT and QF are sets of tree
states and forest states , I ⊆ QF and F ⊆ QF are sets of start states and final
states , Entry : Σ → QF × QF is the entry function, Exit : Σ → QF × QT is
the exit function, and Comb ⊆ QF × QT × QF is the transition relation. As a
shorthand for Entry a and Exit a we use Entrya and Exita.
Now we define two transition relations δP

T ⊆ QF×T ×QT and δP
F ⊆ QF×F×QF

(when the context is clear we omit superscript P ):

(q, ε, q) ∈ δF for all q;
(q1, tf, q2) ∈ δF iff there are p ∈ QT , q ∈ QF such that

(q1, t, p) ∈ δT , (q1, p, q) ∈ Comb and (q, f, q2) ∈ δF .

(q, a〈f〉, p) ∈ δT iff there are q0, q1 ∈ QF with (q, q0) ∈ Entrya,

(q0, f, q1) ∈ δF , and (q1, p) ∈ Exita.

The language of P is LP = {f | (q, f, q1) ∈ δF for some q ∈ I, q1 ∈ F}. P is
called deterministic (DPFA) if I is a singleton, Entrya : QF → QF and Exita :
QF → QT are functions for all a and Comb is also a function: QF ×QT → QF .
In this case δT : QF × T → QT and δF : QF ×F → QF are functions as well.

Note that Comb and QF form a finite string automaton over QT , with the
difference that initial and accepting states are determined by Entry and Exit .
When the automaton reaches a node of the input forest, the current forest state
is stacked and then passed to the children through Entrya. The forest state
obtained by traversing the children is then transformed into a tree state via the
Exit function, which is combined with the stacked forest state via Comb . The
result is passed to the right sibling or if there is no such sibling, to the parent
node via Exit .
It is worth mentioning that this is close to an idea of [Tak75]: there forests are
uniquely mapped to a string representation using pairs of parentheses marked
with symbols from Σ. The image of a forest regular language is then a nest
language, i.e. a special class of context free languages which can therefore be
parsed by non-deterministic pushdown string automata.
As opposed to string automata theory, we succeed in constructing for our non-
deterministic pushdown forest automata equivalent deterministic ones.

Theorem 1: For each PFA P there is a DPFA D such that LP = LD.

The proof is by subset construction. The conventional approach is to use as
states the subsets of QT and QF . But this does not suffice: after the Exita step,
a forest state q may only be combined with a tree state p if p was obtained
starting from an initial state in Entrya q (for the same q!). This relationship is
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not determinable with sets of tree or forest states. Instead we need sets of pairs
(q, p) as tree states and sets of pairs (q, q1) as forest states, indicating that state p
or q1 was obtained as a consequence of Entrya q. The details of the construction
are omitted for brevity. ��
A special case of PFAs are those where Entrya q = I for all a and q. These
automata correspond closely to the finite state bottom-up automata mentioned
at the beginning of this section and are therefore called bottom-up forest au-
tomata (BFAs). Although BFAs do not use the pushdown, they accept the same
languages as PFAs:

Lemma 1: For each PFA P there is a BFA B with LP = LB .

We only give the idea of the proof: B simulates P ’s Entrya q step by guessing a
and q non-deterministically. As forest states, B has triples (q, a, q1) indicating
that q1 was reached due to guessing q and a. Exit can then check whether a was
guessed correctly, yielding a tree state (q, p) meaning that p was obtained as a
consequence of guessing q. The Comb function can then check whether q was
the correct guess. ��
We conclude that the pushdown does add nothing to expressiveness as compared
to bottom-up automata. It may, however, add to succinctness of representation:
it can drastically reduce the size of the automaton in the deterministic case:

Lemma 2: There is a sequence of languages L1,L2, . . . such that for all n >
0, there is a DPFA P accepting Ln with O(n) states whereas each DBFA B
accepting Ln has at least O(2n) states.

Proof: let Ln be the language of all unary trees having symbol a at the node of
depth n. For n > 0, Ln is accepted by P = ({−1, 0}, {−1, 0, . . . , n,∞}, {1}, {0},
Entry ,Exit ,Comb ) with

Entryb i = i+1, 1 ≤ i < n, b ∈ Σ
Entrya n = ∞
Entryb n = −1, b �= a, b ∈ Σ

Entryb ∞ = ∞, b ∈ Σ
Entryb q = −1, q ∈ {0,−1}, b ∈ Σ

Exitb q = 0, b ∈ Σ, q ∈ {0,∞}
Exitb q = −1, b ∈ Σ, q /∈ {0,∞}

Comb (q, 0) = 0, q ∈ {1, . . . , n,∞}
Comb (p, q) = −1, p ∈ {0,−1}

or q = −1

Here, −1 is an error state, whereas 0 indicates that the first tree of a forest
has been successfully traversed. For 1 ≤ i ≤ n, state i means that level i has
just been entered, and ∞ represents a depth greater than n. Now it is easy to
see that P accepts Ln, and it has n+5 = O(n) states. Now suppose that there
is a DBFA B with initial state qI accepting Ln. Then, for deciding whether a
tree t is in Ln, δT (qI , t) must denote whether t has symbol a at depth n. But
for deciding whether b〈t〉 ∈ Ln, it must contain that information also for depth
n−1, and analogously for n−2, . . . , 1. The smallest domain capable of expressing
this information consists of all subsets of {1, . . . , n}, and there are 2n such sets.
Thus, B must have at least 2n tree states. ��
We conclude that for some languages, our pushdown automata are exponentially
more succinct than, e.g., the bottom-up automata of [Tha67] or the LR-automata
of [SGYM98]. Observe that the decisive point in the last example is the PFA’s
awareness of the left upper context. Another approach to enhancing BFAs is
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to provide knowledge only about the parent node’s symbol. This leads to a
subclass of PFAs where Entrya q is equal for all q and thus depends only on a.
They are related to the approach of [BMW91] for trees of fixed arity. Here an n-
ary transition function: Qn × Σ → Q is simulated by a finite automaton with
states Qa for each element a of Σ, requiring a unary transition function: Qa ×
Q → Qa only. The initial state for a is a weak version of our Entrya. Though
this class of automata is more succinct than BFAs, it still requires Ω(2n) states
for the above example in the deterministic case.

4 The Construction

In [NS98] a one-to-one correspondence between constraint systems and BFAs is
established. Especially it is shown that for each constraint system an equivalent
DBFA can be constructed, that has 2Y ×Y as forest states. A BFA, however,
is not aware of the upper context and therefore unsuited for checking contex-
tual conditions. Therefore we will now give an algorithm for constructing, for a
given constraint system C, an equivalent DPFA DC with the same set of forest
states 2Y ×Y . We then give a modification of the base method that computes just
the reachable states of the automaton. Later on we shall see that our method is
also suited for verifying contextual conditions.

Definition 8: Let C = (X,Y, y�, S) be a constraint system. The DPFA DC is
defined as (2X , 2Y ×Y , {q�}, F,Entry ,Exit ,Comb ), where

q� = {(y�, y�)}
F = {q | (y�, y0) ∈ q for some y0 with y0 	 ε}

Entrya q = {(y, y) | (y1, y2) ∈ q, y2 	 xy3, and x 	 a〈y〉}
Exita q = {x | x 	 a〈y〉 and there is a (y, y0) ∈ q with y0 	 ε}

Comb (q, p) = {(y, y2) | (y, y1) ∈ q, y1 	 xy2 and x ∈ p}
Assume the automaton wants to verify that a〈f〉 belongs to the language of
variable x (i.e., [[C]] x). Then it needs to verify that f is in the language of
some y with x 	 a〈y〉. In order to show this, it maintains, during traversal
of f , pairs (y, y1). The first component simply records y, whereas the second
component is a variable to be verified for the remaining part of f . Thus, the
entry function produces pairs of the form (y, y). Accordingly, if after complete
traversal of f a pair (y, y0) with y0 	 ε is obtained, then a〈f〉 belongs to the
languages of all x with x 	 a〈y〉. This is reflected by the Exit -function.

Theorem 2: For each constraint system C, LDC = LC .

We omit the proof and instead illustrate the construction by an example:

Example 4: Consider constraint system C from Ex. 1. Then DC has tree states
QT = 2{x1,x�} and forest states QF = 2{y�,y�}2

. The start state is {{(y�, y�)}},
and the final states are all that contain (y�, y�).
A run of DC for f = b〈ε〉a〈b〈ε〉〉b〈ε〉 is illustrated in Fig. 1. Let us explain some
steps of this run: node a is entered with forest state 1 = {(y�, y�)}. In order to
proceed to its child, the Entry function is applied:
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where:

1 = {(y�, y�)}
2 = {(y�, y�)}
3 = {(y�, y�), (y�, y�)}
4 = {x�}
5 = {x1, x�}

Fig. 1. A run of DC from Ex. 4 for f = b〈ε〉a〈b〈ε〉〉b〈ε〉.

Entrya 1 = {(y, y) | (y1, y2) ∈ 1, y2 	 xy3, x 	 a〈y〉} = {(y�, y�)} = 2

Node b is thus entered with state 2. This state is reproduced through inspecting
its (zero) children, then fed into the Exit -function when returning to node a:

Exita 2 = {x | x 	 a〈y〉, (y, y0)∈2, y0 	 ε} = {x | x 	 a〈y�〉} = {x1, x�} = 5

The so obtained tree state 5 is now combined with the previously stacked forest
state 1 = {(y�, y�)}:

Comb (1, 5) = {(y, y2) | (y, y1) ∈ 1, y1 	 xy2, x ∈ 5}
= {(y�, y2) | y� 	 xy2, x ∈ 5} = {(y�, y�), (y�, y�)} = 3

This forest state 3 is preserved by traversing the last subtree b〈ε〉. Since 3 is a
final state, DC accepts f . ��

5 Locating Matches

The previous section showed how we can use DPFAs for accepting the language
of a constraint system and thus also of a pattern. But how can we, for a pattern
system (C◦, x�), locate subtrees t that match target variable x� in a forest f?
We will show that we recognize t by looking at the input and output state of the
δT -call for t. We can further observe that if these states indicate a match, then
the whole run of the automaton is always successful.
Let us first define the notion of a labeling produced by a run of a DPFA:

Definition 9: Let D = (QT , QF , {q�}, F,Entry ,Exit ,Comb ) be a DPFA and f0

be a forest. Then the labeling λ of f0 by D is a mapping from subtrees and
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subforests of f0 to forest states of D, assigning each subtree or subforest2 the
input state of the corresponding call of δT or δF during the run of D on f0.
Formally speaking,

• λf0 = q�;

• if λt = q and t = a〈f〉, then λf = Entrya q;

• if λf = q and f = tf1, then λt = q and λf1 = Comb (q, δT (q, t)).

We can now formulate the main result of this paper:

Theorem 3: Let Π = (C◦, x�) be a pattern system. We obtain a constraint
system C by substituting x� for all occurrences of • in C◦. Now let DC be
defined as in the previous section and, for a fixed forest f0, let λ be the labeling
of f0 produced by DC . Then for all subtrees t of f0 the following two statements
are equivalent:

(1) t matches x� in f0;

(2) there are y, y1 ∈ Y such that (y, y1) ∈ λt, y1 	 x�y�, and x� ∈ δT (λt, t).

The proof is omitted. ��
We conclude that during a run of DC , we can identify candidates t fulfilling
the context of a pattern by looking at λt. Then it only remains to verify that t
satisfies target variable x�, i.e. x� ∈ δT (λt, t). In that case we have detected a
match of the pattern. Therefore, in a single run, we not only determine whether
a forest contains a match, but we can also locate all matching subtrees. Thus
we can find all matches of a pattern in an SGML document during the parse
process, without the need for constructing a copy of the document in memory.

6 Computing Reachable States

We have presented a method for constructing an equivalent DPFA for a given
constraint system. The set of forest states of DC is 2Y ×Y which is still large. In
most cases, however, a considerable subset of states is not reachable from the
automaton’s start state. An implementation of DC will therefore compress the
transition tables by storing transitions for the reachable states only. In order to
describe reachable states we make up a system of inclusion constraints for each
q ∈ QF :

rT [q] ⊇ {Exita q1 | q1 ∈ rF [Entrya q], a ∈ Σ}
rF [q] ⊇ {q}
rF [q] ⊇ {Comb (q1, p) | q1 ∈ rF [q] and p ∈ rT [q1]}

Variable rF [q] describes the set of all forest states reachable from q at the same
level, i.e., q1 ∈ rF [q] iff there is an f such that q1 = δF(q, f). Similarly, rT [q] de-
scribes the set of all tree states reachable from q by consuming exactly one tree,
i.e., p ∈ rT [q] iff p = δT (q, t) for some t.
2 More precisely, we should rather speak of occurrences of subtrees and subforests.
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In order to compute rF [q] for some state q, rF [q1] and rT [q1] must be computed
for all q1 reachable from Entrya q. In order to compute these, all states reachable
from Entrya q1 have to be considered, and so on. Therefore, computing a partial
least solution for all rF [q] and rT [q] necessary to compute rF [q�] for the start
state q� involves exactly the reachable states of DC . [LH92] propose local solvers
for computing such a solution. Because the only operation required for solving
the system is set union, differential local solvers as in [FS98] can also be applied.
The interested reader may consult that paper for efficient algorithms.

Example 5: Consider automaton DC from Ex. 4. Running a local solver yields:

rF [1] = {1, 3}, rF [3] = {3}, rF [2] = {2}, and rT [1] = rT [2] = rT [3] = {5, 4}.

I.e., states 1, . . . , 5 from Fig. 1 are the only reachable ones among the twenty
states of DC . ��

7 Extensions

We have suggested a mechanism for specifying forest regular languages, namely
constraint systems. This formalism has the advantage of allowing for convenient
extensions. For instance, we can add conjunctions:

x 	 a〈�M〉 with M ⊆ Y and [[ a〈�M〉]] σ =
⋂

y∈M [[a〈y〉]] σ

On the automaton side this introduces the concept of alternation: Exita is ex-
tended to be a subset of 2QF ×QT (instead of QF ×QT ), and δT is redefined:

(q, a〈f〉, p) ∈ δT iff there is an M ⊆ QF with (M,p) ∈ Exita and for
all q1 ∈ M there is a q0 ∈ Entrya q with (q0, f, q1) ∈ δF .

Since alternation can be removed by a subset construction similar to the one
removing non-determinism, the construction of DC can also handle conjunctions,
provided we change the definition of Entry and Exit :

Entrya q = {(y, y) | (y1, y2) ∈ q, y2 	 xy3, x 	 a〈�M〉 and y ∈ M}
Exita q = {x | x 	 a〈�M〉 and for y ∈ M, (y, y0) ∈ q with y0 	 ε}

But we have to be careful: conjunctions may only occur in constraints for non-
context variables. Otherwise locating matches becomes complicated.
Interestingly enough, it is also complicated to allow conjunctions in constraints
for forest variables, like y 	 �n

i=1 xiyi. Carried over to automata, this would
imply alternation in traversing a forest from left to right. Removing this kind
of alternation results in a state space that is doubly exponential – provided we
preserve the direction of traversal [CKS81]. In order to do with single exponential
blowup (needed anyway for removing non-determinism) we would have to change
direction of traversal. Clearly, this is contrary to our intention of running the
automaton during one left-to-right parse of a document tree.
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8 Conclusion

We presented constraint systems for denoting regular languages of trees and
forests of variable arity and used them for uniformly specifying both structural
and contextual conditions in patterns. Then we introduced the class of forest
pushdown automata which we showed to be well-suited for recognizing forest
regular languages. We identified an interesting subset of contextual conditions
and showed how PFAs can be used for locating all subtrees of a forest that match
a pattern. For this purpose a single traversal through the forest is sufficient, and
the decision whether a subtree matches can be made in-place, i.e. at the time of
visiting that subtree. We gave an algorithm for computing the reachable states
of pushdown forest automata and observed that this can considerably reduce the
size of the transition tables.
It remains to be investigated whether we can extend our method to deal with
arbitrary contexts. Future work includes integrating these methods into a docu-
ment processing system.

Acknowledgements: We thank Priti Shankar for kindly providing us with a
preliminary version of his paper [SGYM98].
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Abstract. We present a technique to prevent the construction of inter-
mediate data structures in functional programs, which is based on results
from the theory of tree transducers. We first decompose function defini-
tions, which correspond to macro tree transducers, into smaller pieces.
Under certain restrictions these pieces can be composed to an attributed
tree transducer using a composition result for attribute grammars. The
same construction can be used to compose the attributed tree transduc-
ers, which represent the initial function definitions.

1 Introduction

In functional programs compositions of functions are frequently used in order to
support a modular style of programming. Thus, one function can produce an in-
termediate result, which is consumed by another function. If these intermediate
results are structured objects, like lists or trees, then this programming style can
cause inefficiencies. For instance, Wadler has tackled this problem by inventing
the deforestation technique for transforming programs using intermediate data
structures into programs that do not (cf. [18]). The original transformation ter-
minates for treeless first-order programs, where essentially every occurrence of a
function in the right-hand side of an equation is only applied to variables.
Attribute grammars have been introduced by Knuth in [12] to assign mean-

ing to programs which are produced by context-free grammars. Johnsson even
considers them as functional programming paradigms (cf. [11]). At least they
suffer from the same problems, if they are used in a compositional programming
style. Ganzinger has shown in [8] that restricted attribute grammars, which
are called language morphisms, are closed under composition. Ganzinger and
Giegerich have presented this composition in the framework of attribute coupled
grammars (cf. [9,10]). The imposed restriction is called syntactic single use re-
quirement, which essentially means that every attribute value in a tree may be
used at most once to calculate other attribute values.
V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 146–158,
1998.
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Attributed tree transducers (for short atts) have been defined by Fülöp in [7]
as formal models to study properties of attribute grammars. They abstract from
attribute grammars in the sense that they translate trees into trees, which are
constructed over ranked alphabets. Fülöp has shown that the class of atts is not
closed under composition, but closed under right-composition with the class of
top-down tree transducers (for short tdtts; cf. [15,17]). Tdtts can be seen as atts
without inherited attributes and thus as models for S-attribute grammars.
In this paper we present a technique to prevent intermediate data structures

of primitive-recursive tree functions, which is based on the composition result
for attribute grammars. For this purpose we consider macro tree transducers (for
short mtts), which have been introduced by Engelfriet in [4] (also cf. [2,6]). Mtts
extend the scheme of primitive recursion, additionally allowing simultaneous
definitions of functions and nesting of trees in parameter positions. In order
to generalize our results, we actually present them for macro attributed tree
transducers (for short matts), which we have invented in [14] as integration of
atts and mtts. Since the classes of mtts and of matts generally are not closed
under composition (cf. [6,14]), we have to impose restrictions.
We project the syntactic single use requirement on matts. Since matts can

copy context parameters, this projection still allows that an attribute value is
used more than once to calculate other attribute values. Thus, we call our re-
striction weakly single-use. In this paper we additionally take advantage of the
noncopying restriction for matts. This restriction means that context variables
of functions may be used at most once in the right-hand sides of function defini-
tions. Since atts have no context variables, the weakly single-use restriction for
atts is called single-use restriction.
In [14] we have decomposed matts into atts and yield functions, which per-

form substitutions of parameter values. According to Engelfriet (cf. [5]), also
yield functions can also be realized by atts. In [13] we have shown that the de-
composition carries over the weakly single-use restriction from an matt to the
first att. If the matt is noncopying, then the second att is single-use. Thus, under
both restrictions, the single-use atts can be composed to one single-use att.
In consequence, also restricted matts, and in particular restricted primitive-

recursive functions, can be composed to one single-use att. Thus, intermediate
data structures are no more constructed!
With this method also compositions of functions can be handled, which defor-

estation does not optimize. An example which demonstrates this is the twofold
reversal of monadic trees, where the accumulating parameter (cf. e.g. [16]) causes
the trouble in deforestation. In [13] we have presented another example, in which
three restricted mtts for the translation of binary numbers (cf. also [12]) into pro-
grams for an abstract machine were composed to one att.
Correnson et al. apply in [1] the same strategy as we did in [13]. They per-

form the transformation of functions into attribute grammars directly without
decomposition and composition steps. But in contrast to our work, they do not
specify the class of functions, which their strategy can treat. Further they state,
that the strategy of composition via attribute grammars is more powerful than



148 Armin Kühnemann

deforestation. We cannot agree with this statement, because there are also exam-
ples, which deforestation can handle, but not attribute grammar composition.
An example is the composition of a tdtt, which produces for a monadic tree a
full binary tree of the same height, with an mtt, which produces again a monadic
tree with a height that is equal to the number of leaves of the binary tree.

2 Preliminaries

We denote the set of natural numbers including 0 by IN . For every m ∈ IN ,
the set {1, . . . ,m} is denoted by [m]. We will use the set Y = {y1, y2, y3, . . .}
of variables and for every k ∈ IN the abbreviation Yk = {y1, . . . , yk}. If Σ is
an alphabet, then Σ∗ denotes the set of strings over Σ. The empty string is
denoted by ε. For a string v and two lists u1, . . . , un and v1, . . . , vn of strings
such that no pair uj and ul overlaps in v, we abbreviate by v[u1/v1, . . . , un/vn]
(or by v[uj/vj ; j ∈ [n]]) the string which is obtained from v by replacing every
occurrence of uj in v by vj . Let ⇒ be a binary relation on a set K. Then, ⇒∗

denotes the transitive, reflexive closure of ⇒. If k ⇒∗ k′ for k, k′ ∈ K and if
there is no k′′ ∈ K such that k′ ⇒ k′′, then k′ is called a normal form of k with
respect to ⇒, which is denoted by nf(⇒, k), if it exists and if it is unique.
A ranked alphabet is a pair (Σ, rankΣ) where Σ is a finite set and rankΣ :

Σ −→ IN is a mapping. For every σ ∈ Σ, rankΣ(σ) is called the rank of σ.
If Σ is known and rankΣ(σ) = n, then we write σ(n). Σ(n) denotes the set of
elements with rank n. The set of trees over Σ, denoted by T 〈Σ〉, is the smallest
set T such that for every n ≥ 0, σ ∈ Σ(n), and t1, . . . , tn ∈ T : σ(t1, . . . , tn) ∈ T .
Let t ∈ T 〈Σ〉. Then, paths(t) ⊆ IN∗ is the set of paths of t. If t ∈ Σ(0), then
paths(t) = {ε}. If t = σ(t1, . . . , tn) with σ ∈ Σ(n), n ≥ 1, and t1, . . . , tn ∈ T 〈Σ〉,
then paths(t) = {ε} ∪ {jp | j ∈ [n], p ∈ paths(tj)}. Every path p ∈ paths(t)
determines exactly one node of t. The label σ ∈ Σ of the node of t which is
reached by a path p ∈ paths(t) is denoted by label(t, p).
Let Σ, ∆, and Ω be ranked alphabets. A total function τ : T 〈Σ〉 −→ T 〈∆〉

is called tree transformation. If τ1 : T 〈Σ〉 −→ T 〈∆〉 and τ2 : T 〈∆〉 −→ T 〈Ω〉 are
tree transformations, then we denote the composition of τ1 and τ2 by τ1◦τ2. Thus,
for every t ∈ T 〈Σ〉, τ1 ◦ τ2 : T 〈Σ〉 −→ T 〈Ω〉 is defined by (τ1 ◦ τ2)(t) = τ2(τ1(t)).
If T1 and T2 are two classes of tree transformations, then {τ1◦τ2 | τ1 ∈ T1, τ2 ∈ T2}
is denoted by T1 ◦ T2.
A function h : Ω(0) −→ T 〈∆〉(Y ) such that h(ω) contains for every ω ∈ Ω(0)

and yj ∈ Y at most one occurrence of yj is called yield base function. The
following yield function yieldh : T 〈Ω〉 −→ T 〈∆〉(Y ) interprets every occur-
rence of a symbol ω ∈ Ω(n+1) as substitution, which replaces every occur-
rence of a variable yj with j ∈ [n] in the interpretation of the first subtree
of ω by the interpretation of the (j + 1)-st subtree of ω: For every ω ∈ Ω(0),
yieldh(ω) = h(ω) and for every n ≥ 0, ω ∈ Ω(n+1), and t0, t1, . . . , tn ∈ T 〈Ω〉,
yieldh(ω(t0, t1, . . . , tn)) = yieldh(t0)[yj/yieldh(tj) ; j ∈ [n]]. The class of yield
functions is denoted by YIELD .
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3 Macro Attributed Tree Transducers

We recall the definition of a macro attributed tree transducer from [14]. Note that
the first argument of every function is a path of a tree t. If the path variable z
in the rules is instantiated by a path p to a node of t, then the path zj is
instantiated by the path pj to the j-th successor of this node.

Definition 1. A macro attributed tree transducer (for short matt) is a tuple
M = (S, I,Σ,∆, sin, root , R) where

– S is a ranked alphabet of synthesized functions; for every s ∈ S, rankS(s)≥1.
– I is a ranked alphabet of inherited functions; for every i ∈ I, rankI(i) ≥ 1.
– Σ is a ranked alphabet of input symbols.
– ∆ is a ranked alphabet of output symbols.
– sin is a unary symbol, called the initial synthesized function.
– root is a unary symbol, called the root symbol.

We assume that S, I, Σ, ∆, {sin}, and {root} are disjoint in pairs.
For every k ≥ 0, I ′ ∈ {I, ∅}, and n ≥ 0 the set of right-hand sides over S, [k], I ′,
∆, and Yn, denoted by RHS(S, [k], I ′, ∆, Yn), is the smallest set RHS with:

1. For every m ≥ 0, s ∈ S(m+1), j ∈ [k], and $1, . . . , $m ∈ RHS :
s(zj, $1, . . . , $m) ∈ RHS .

2. For everym ≥ 0, i ∈ I ′(m+1), and $1, . . . , $m ∈ RHS : i(z, $1, . . . , $m) ∈ RHS .
3. For every r ≥ 0, δ ∈ ∆(r), and $1, . . . , $r ∈ RHS : δ($1, . . . , $r) ∈ RHS .
4. Yn ⊆ RHS .

– R =
⋃

σ∈Σ∪{root}Rσ is the set of rules with:
• Rroot contains

∗ exactly one rule
sin(z)→ ρ with ρ ∈ RHS(S, [1], ∅, ∆, Y0) and

∗ for every n ≥ 0 and i ∈ I(n+1) exactly one rule
i(z1, y1, . . . , yn)→ $ with $ ∈ RHS(S, [1], ∅, ∆, Yn).

• For every k ≥ 0 and σ ∈ Σ(k), Rσ contains
∗ for every n ≥ 0 and s ∈ S(n+1) exactly one rule
s(z, y1, . . . , yn)→ $ with $ ∈ RHS(S, [k], I,∆, Yn) and

∗ for every n ≥ 0, i ∈ I(n+1), and j ∈ [k] exactly one rule
i(zj, y1, . . . , yn)→ $ with $ ∈ RHS(S, [k], I,∆, Yn). ✷

Example 1. Let Σrv = {A(1), B(1), E(0)}. We define the matts Mrv and M∗
rv:

Mrv = (Srv, ∅, Σrv, Σrv, sin, root , Rrv) with Srv = {rv(2)} and

(Rrv)root = {sin(z) → rv(z1, E)} (Rrv)A = {rv(z, y1)→ rv(z1, A(y1))}
(Rrv)E = {rv(z, y1)→ y1} (Rrv)B = {rv(z, y1)→ rv(z1, B(y1))}

Mrv reverses the occurrences of As and Bs in a tree t ∈ T 〈Σrv〉 by accu-
mulating them in the second parameter of rv. Mrv represents the four equa-
tions sin (root x) = rv x E, rv E y1 = y1, rv (A x) y1 = rv x (A y1),
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and rv (B x) y1 = rv x (B y1) of a functional program in Haskell-like notation,
where root, A, B, and E are data constructors, and x and y1 are variables.
M∗

rv = (S
∗
rv, I

∗
rv, Σrv, Σrv, sin, root , R∗

rv) with S
∗
rv = {s(1)}, I∗rv = {i(1)}, and

(R∗
rv)root = {sin(z)→ s(z1), i(z1)→ E}

(R∗
rv)A = {s(z) → s(z1), i(z1)→ A(i(z))}

(R∗
rv)B = {s(z) → s(z1), i(z1)→ B(i(z))}

(R∗
rv)E = {s(z) → i(z)}

M∗
rv reverses a tree t ∈ T 〈Σrv〉, collecting the labels of the nodes of t in reverse

order by i and passing the resulting tree by s unchanged to the root of t. ✷

An matt translates input trees (of T 〈Σ〉) into output trees (of T 〈∆〉). For every
e ∈ T 〈Σ〉, the tree root(e), abbreviated by ẽ, is called control tree and we choose
the value of sin at the root of ẽ as output tree (cf. Definition 5). We use the
abbreviations F = S ∪ I, F+ = F ∪ {sin}, S+ = S ∪ {sin} and Σ+ = Σ ∪
{root}. A function f ∈ F (1)

+ is called attribute. For every k ≥ 0 and σ ∈ Σ(k)

we define the set of inside and outside function occurrences of σ as inM (σ) =
{s(z) | s ∈ S} ∪ {i(zj) | i ∈ I, j ∈ [k]} and outM (σ) = {i(z) | i ∈ I} ∪ {s(zj) | s ∈
S, j∈ [k]}, respectively. inM (root) = {sin(z)} ∪ {i(z1) | i ∈ I} and outM (root) =
{s(z1) | s ∈ S} are the sets of inside and outside function occurrences of root . An
attribute occurrence is a function occurrence with function component of rank 1.

Definition 2. Let M = (S, I,Σ,∆, sin, root , R) be an matt.

– M is a macro tree transducer (for short mtt), if I = ∅.
– M is an attributed tree transducer (for short att), if S = S(1) and I = I(1).
– M is a top-down tree transducer (for short tdtt), if S = S(1) and I = ∅. ✷

Example 2. Mrv is an mtt and M∗
rv is an att. ✷

The set of sentential forms of an matt M is the set of trees over ∆ and functions
which are applied to paths of a control tree ẽ in their first arguments. ẽ itself
will parameterize the derivation relation. With regard to the derivation relation
we define the set of sentential forms for an arbitrary superset ∆′ ⊇ ∆.

Definition 3. Let M = (S, I,Σ,∆, sin, root , R) be an matt. Let e ∈ T 〈Σ〉 and
let ∆′ be a ranked alphabet with ∆ ⊆ ∆′. The set SF (F, sin, paths(ẽ), ∆′) of
sentential forms over F , sin, paths(ẽ) and ∆′ is the smallest set SF such that:

1. sin(ε) ∈ SF .
2. For every n ≥ 0, f ∈ F (n+1), p ∈ (paths(ẽ) − {ε}), and t1, . . . , tn ∈ SF :
f(p, t1, . . . , tn) ∈ SF .

3. For every r ≥ 0, δ ∈ ∆′(r), and t1, . . . , tr ∈ SF : δ(t1, . . . , tr) ∈ SF . ✷

For an matt M and for a control tree ẽ, the set of function instances of ẽ is the
set {sin(ε)} ∪ {f(p) | f ∈ F, p ∈ (paths(ẽ)− {ε})}.

Definition 4. Let M = (S, I,Σ,∆, sin, root , R) be an matt. Let e ∈ T 〈Σ〉. The
derivation relation of M with respect to ẽ, denoted by ⇒M,ẽ, is a binary relation
on SF (F, sin, paths(ẽ), ∆) defined as follows:
For every t1, t2 ∈ SF (F, sin, paths(ẽ), ∆), t1 ⇒M,ẽ t2, iff
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– there is t′ ∈ SF (F, sin, paths(ẽ), ∆ ∪ {u}) with exactly one occurrence of the
0-ary symbol u /∈ (F+ ∪∆ ∪ IN∗),

– there is n ∈ IN , a function f ∈ F (n+1)
+ , and a path p ∈ paths(ẽ),

– there are t′1, . . . , t
′
n ∈ SF (F, sin, paths(ẽ), ∆) with

– t1 = t′[u/f(p, t′1, . . . , t
′
n)], and

1. – either f ∈ S+,
– there is k ≥ 0 and σ ∈ Σ(k)

+ with label (ẽ, p) = σ, and
– there is a rule (f(z, y1, . . . , yn)→ $) ∈ Rσ, such that
– t2 = t′[u/$[z/p][yl/t′l ; l ∈ [n]]],

2. – or f ∈ I,
– there is p′ ∈ paths(ẽ), k ≥ 1, σ ∈ Σ(k)

+ , and j ∈ [k] with label (ẽ, p′) = σ
and p = p′j, and

– there is a rule (f(zj, y1, . . . , yn)→ $) ∈ Rσ, such that
– t2 = t′[u/$[z/p′][yl/t′l ; l ∈ [n]]]. ✷

If M or ẽ are known, then we drop the corresponding indices from ⇒.

Example 3. Let ẽ = root(A(A(B(E)))). Then we can derive as follows:

– sin(ε)⇒Mrv rv(1, E)⇒Mrv rv(11, A(E))⇒Mrv rv(111, A(A(E)))⇒Mrv

rv(1111, B(A(A(E))))⇒Mrv B(A(A(E)))
– sin(ε)⇒M∗

rv
s(1)⇒M∗

rv
s(11)⇒M∗

rv
s(111)⇒M∗

rv
s(1111)⇒M∗

rv
i(1111)⇒M∗

rv

B(i(111))⇒M∗
rv
B(A(i(11)))⇒M∗

rv
B(A(A(i(1)))) ⇒M∗

rv
B(A(A(E))) ✷

Matts can be circular as attribute grammars, i.e. a function instance may depend
on itself. Only noncircular matts induce noetherian and confluent derivation
relations and thus every sentential form has a unique normal form (cf. [14]).

Definition 5. Let M = (S, I,Σ,∆, sin, root , R) be a noncircular matt. The tree
transformation τ(M) : T 〈Σ〉 −→ T 〈∆〉 computed by M , is defined as follows.
For every e ∈ T 〈Σ〉, τ(M)(e) = nf(⇒M,ẽ, sin(ε)). ✷

In the following we always mean noncircular matts when we talk about matts.

Definition 6. An matt M = (S, I,Σ,∆, sin, root , R) is called

– noncopying, if for every (f(η, y1, . . . , yn) → $) ∈ R and for every j ∈ [n],
the variable yj occurs at most once in $,

– weakly single-use, if for every k ≥ 0, σ ∈ Σ(k)
+ , and f(η) ∈ outM (σ), f(η)

occurs in a right-hand side of at most one rule in Rσ and there exactly once,
– and single-use, if M is a weakly single-use att. ✷

Example 4. The mtt Mrv is noncopying and weakly single-use. The att M∗
rv is

(trivially) noncopying and weakly single-use. Thus M∗
rv is also single-use. ✷

The classes of tree transformations, which are computed by tdtts, atts, mtts,
and matts are denoted by T , AT , MT , and MAT , respectively. We add an
index wsu and an index nc to these classes, if we deal with weakly single-use tts
and noncopying tts, respectively, where tt is an abbreviation for tree transducer.
Instead of ATwsu and Twsu we use ATsu and Tsu , respectively.
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4 Decomposition

Engelfriet and Vogler have shown that an mtt can be simulated by the compo-
sition of a tdtt with a yield function (cf. [4,6]). We have generalized this result
in [14] to matts, proving that an matt can be simulated by the composition of
an att with a yield function. Here we informally recall the construction for the
decomposition of an matt M into an att M ′ and a function yieldh.
The key idea is to simulate the task of an (n + 1)-ary function f of M by a

unary function f ′ ofM ′. Since f ′ is unary, it does not know the current values for
the Y -parameters to which f is applied. Instead of it, f ′ introduces a new 0-ary
symbol Πj , wherever f uses its j-th parameter in a calculation. For this purpose,
every variable yj in the right-hand sides of the rules ofM are substituted by Πj .
The function yieldh has to substitute every occurrence of Πj in a sen-

tential form by the j-th current Y -parameter, thus we define h(Πj) = yj .
The current Y -parameters themselves are integrated into the calculation of M ′

by the substitution of a right-hand side of the form f(η, t1, . . . , tn) in M by
SUBn(f ′(η), t′1, . . . , t

′
n), where SUBn is a new (n + 1)-ary output symbol and

t′1, . . . , t′n result from t1, . . . , tn by recursive substitutions. Roughly speaking,
yieldh interprets an occurrence of SUBn as substitution, which replaces every
occurrence of Πj in the subtree, which is generated by f ′(η), by t′j .
To avoid the distinction of SUB-symbols from output symbols with a rank

greater than 0 in the yield function, also for every r-ary output symbol δ
of M a 0-ary output symbol δ′ in M ′ is used. Thus, right-hand sides of the
form δ(t1, . . . , tr) in M are substituted by SUBr(δ′, t′1, . . . , t

′
r) and h(δ

′) =
δ(y1, . . . , yr) is defined to undo this substitution later. This should be improved
in implementations.
This decomposition result and the corresponding composition result

(cf. [6,14]), which is not relevant for our aim, have the following consequences.

Theorem 1. MAT = AT ◦YIELD ([14]) and MT = T ◦YIELD ([4,6]) ✷

Example 5. ForMrv we construct a tdtt M ′
rv and a yield base function hrv such

that τ(M ′
rv) ◦ yieldhrv = τ(Mrv). M ′

rv = (S′rv, ∅, Σrv, Ωrv, s
′
in, root , R

′
rv) with

S′rv = {rv′(1)}, Ωrv = {A′(0), B′(0), E′(0), Π(0)
1 ,SUB(1)

0 ,SUB (2)
1 }, and

(R′
rv)root = {s′in(z)→ SUB1(rv′(z1),SUB0(E′))}

(R′
rv)A = {rv′(z)→ SUB1(rv′(z1),SUB1(A′, Π1))}

(R′
rv)B = {rv′(z)→ SUB1(rv′(z1),SUB1(B′, Π1))}

(R′
rv)E = {rv′(z)→ Π1}

Note that M ′
rv is single-use. The function hrv : Ω

(0)
rv −→ T 〈Σrv〉(Y1) is defined

by hrv(A′) = A(y1), hrv(B′) = B(y1), hrv(E′) = E, and hrv(Π1) = y1. ✷

The decomposition and the composition, respectively, carries over the weakly
single-use restriction from the matt to the att and vice versa, respectively:
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Theorem 2. MATwsu = ATsu ◦YIELD and MTwsu = Tsu ◦YIELD ([13])

Proof. Let M be a weakly single-use matt (a weakly single-use mtt, respec-
tively). The construction for the decomposition result delivers an att (a tdtt,
respectively) which is single-use, because every outside function occurrence in a
right-hand side of a rule of M is translated into exactly one outside attribute
occurrence in a right-hand side of a rule of M ′. The proof for the composition
result is not relevant for the aim of this paper (cf. [13]). ✷

5 Realization of Yield Functions

Engelfriet has demonstrated, how a yield function can be calculated by an at-
tribute grammar with only one synthesized attribute (cf. [5]). In our framework
we can construct an att as follows.
Let yieldh : T 〈Ω〉 −→ T 〈∆〉(Ymx) be a yield function with mx ∈ IN and

h : Ω(0) −→ T 〈∆〉(Ymx). The instances of the unique synthesized attribute s
represent the results of applying yieldh to the subtrees of a tree in T 〈Ω〉. The
parameters y1, . . . , ymx are represented by inherited attributes i1, . . . , imx.
Since for every ω ∈ Ω(0) (thus for Πj- and δ′-symbols from Section 4),

yieldh(ω) = h(ω), the value of s at an occurrence of ω is obtained from h(ω) ∈
T 〈∆〉(Ymx), where for every occurrence of yj in h(ω) the value of ij at ω is used.
For every occurrence of ω ∈ Ω(n+1) (thus for SUBn-symbols from Section 4)

the substitution principle is imitated as follows. The value of s at the first suc-
cessor of ω is passed to s at ω itself. For every j ∈ [mx], the value of ij at ω
is passed to ij at every successor of ω, but the first. If n ≤ mx, then ij at the
first successor of ω gets for every j ∈ [n] the value from s at the (j + 1)-st
successor, and for every j ∈ [mx]− [n] the value from ij at ω. If n > mx (which
cannot appear in yield functions constructed in our decompositions), then for
every j ∈ [mx], ij at the first successor gets the value from s at the (j + 1)-st
successor. In Figure 1 the situation for mx = 3 and for a symbol SUB2 is shown.
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Fig. 1. Substitution principle for mx = 3 and SUB2.
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Lemma 1. YIELD ⊆ AT ([5]) ✷

Example 6. We give for hrv the att M ′′
rv such that τ(M

′′
rv) = yieldhrv . M ′′

rv =
(S′′rv, I

′′
rv, Ωrv, Σrv ∪ {y1}, sin, root , R′′

rv) with S
′′
rv = {s(1)}, I ′′rv = {i(1)1 } and

(R′′
rv)root = {sin(z)→ s(z1),

i1(z1)→ y1}
(R′′

rv)Π1 = {s(z) → i1(z)}
(R′′

rv)E′ = {s(z) → E}
(R′′

rv)A′ = {s(z) → A(i1(z))}
(R′′

rv)B′ = {s(z) → B(i1(z))}

(R′′
rv)SUB0 = {s(z) → s(z1),

i1(z1)→ i1(z)}
(R′′

rv)SUB1 = {s(z) → s(z1),
i1(z1)→ s(z2),
i1(z2)→ i1(z)}

Note that M ′′
rv is single-use. Further note that y1 in the second rule of (R′′

rv)root
is an output symbol of M ′′

rv, which does not occur in any output tree. ✷

In [13] we have shown YIELD �⊆ATsu . Thus, the observation from our example
cannot be generalized. The reason is, that the value of an attribute ij at ω ∈
Ω(n+1) may be used for the value of ij at more than one successor (cf. Figure 1).
In the following we show, under which conditions a yield function resulting from
a decomposition of an matt can be realized by a single-use att.
If the yield base function is constructed according to Section 4, then in the

case n ≤ mx we can cancel1 unconditionally for every ω ∈ Ω(n+1) and j ∈
[mx]− [n] the rule for ij at the first successor of ω (in Figure 1 for i3 at z1). This
holds, because in the decomposition an occurrence of SUBn in the right-hand
side of a rule of the attM ′ is used, iff an (n+1)-ary function or an n-ary output
symbol occurs in a right-hand side of a rule of the mattM . Thus the calculation
inside the first subtree t0 of a subtree SUBn(t0, t1, . . . , tn) generated byM ′ only
depends on t1, . . . , tn, which are passed into t0 via i1, . . . , in.
A rule for ij with j ∈ [mx] at another successor of ω may only be cancelled,

if the j-th parameter is not used there. Unfortunately this property cannot be
deduced from a yield function alone. One has to consider the structure of possible
input trees for the yield function. The structure of these trees is known, if they
are output trees of an att M ′ resulting from a decomposition of an matt M .
In particular, ifM is noncopying, then every subtree of every right-hand side

of M ′ has at most one occurrence of a symbol Πj with j ∈ [mx]. This holds in
particular for subtrees, which are labeled by a symbol SUBn at their roots. Thus,
the j-th parameter has to be passed into at most one subtree of an occurrence of
SUBn in the intermediate result calculated byM ′. Hence rules can be cancelled,
leaving for every j ∈ [mx] at most one rule, in which ij at SUBn is used.
Since generally at different occurrences of SUBn the value of ij has to

be passed into subtrees with different number, instead of SUBn we need a
set {SUB(m1,...,mn) | mj ⊆ {Π1, . . . , Πmx} for every j ∈ [n] and mj ∩mj′ = ∅
for j �= j′} of (n + 1)-ary SUB-symbols. In the decomposition of M we use a
symbol SUB(m1,...,mn) in the right-hand side of a rule of M ′, iff for every l ∈ [n]
and Πj ∈ ml, the symbol Πj occurs in the (l + 1)-st subtree of SUB(m1,...,mn).
1 Actually, to cancel a rule means to define its right-hand side as arbitrary 0-ary
symbol, in order to fulfill the completeness condition for rules of an matt.
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This information can be computed from the parameter structure ofM . We show
in Figure 2 the substitution principle for mx = 3 and for SUB({Π2},{Π1,Π3}).
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Fig. 2. Substitution principle for mx = 3 and SUB({Π2},{Π1,Π3}).

Lemma 2. MATnc ⊆ AT ◦ATsu and MATwsu,nc ⊆ ATsu ◦ATsu ✷

There is a possibility to simulate general yield functions by weakly single-use tts.
In [6] it was shown, how an ”(input-) linear mtt” can calculate a yield function.
In our framework this means, that for every input symbol σ(k) with k ≥ 0, for
every j ∈ [k] and for every synthesized function s, the path zj occurs at most
once in the right-hand side $ of the rule s(z, . . .)→ $ in Rσ. Since this mtt has
only one function, this restriction induces the weakly single-use property.

Lemma 3. YIELD ⊆ MTwsu ([6,13]) ✷

6 Composition

Fülöp has shown that generally two atts cannot be composed to one att (cf. [7]).
Two restrictions are known, under which two atts M1 and M2 can be composed
to an att M : The construction in [7] requires that M2 is a tdtt. It takes the
cartesian product of the attribute sets of M1 and M2 as attribute set of M and
computes the right-hand sides of rules of M by ”translating” the right-hand
sides of rules of M1 with the help of M2. The other construction is based on
composition results for language morphisms (cf. [8]) and for attribute coupled
grammars (cf. [9,10]) and restricts M1 to be single-use. In the framework of tts
it was presented in [13] by generalizing the translation technique of [7]:
LetM1 = (S1, I1, Σ,Ω, sin,1, root , R1) andM2 = (S2, I2, Ω,∆, sin,2, root , R2)

be atts. For the att M = (S, I,Σ,∆, sin, root , R) we define S = (S1 × S2)∪
(I1 × I2) and I = (S1 × I2) ∪ (I1 × S2). For every σ ∈ Σ(k)

+ the rules in Rσ are
constructed as follows. For every s1(z) → $ (and i1(zj) → $, respectively) in
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(R1)σ with s1 ∈ S1 (i1 ∈ I1 and j ∈ [k], respectively), $ serves as input tree
for M2:

– If a derivation of M2 is started with s2 ∈ S2 at the root of $, then its result
is the right-hand side of the rule in Rσ with left-hand side (s1, s2)(z) (and
(i1, s2)(zj), respectively).

– If a derivation of M2 is started with i2 ∈ I2 at a leaf of $, which is labeled
by an a1(zj′) ∈ outM1(σ) with a1 ∈ S1 ∪ I1 and j′ ∈ [k]∪{ε}, then its result
is the right-hand side of the rule in Rσ with left-hand side (a1, i2)(zj′).

If during a derivation ofM2 an i′2 ∈ I2 hits the root of $, then it is replaced by
(s1, i′2)(z) (by (i1, i

′
2)(zj), respectively). If an s

′
2 ∈ S2 hits an â1(zĵ) ∈ outM1(σ)

with â1 ∈ S1 ∪ I1 and ĵ ∈ [k] ∪ {ε}, then it is replaced by (â1, s′2)(zĵ).
In general, for every i2 ∈ I2 and a1(zj′) ∈ outM1(σ), the rule with left-hand

side (a1, i2)(zj′) is not unique, because more than one leaf of the right-hand sides
of rules in (R1)σ may be labeled by a1(zj′). This can be avoided, if one of our
two restrictions holds, i.e. if M1 is single-use or M2 has no inherited attributes.
Since the construction carries over the single-use restriction from M2 to M

(cf. [13]) and since also the corresponding decomposition results hold, we get:

Theorem 3. AT◦T = AT ([7]), T◦T = T ([15]), ATsu◦AT = AT ([8,10,13]),
ATsu ◦ATsu = ATsu ([8,10,13]), and Tsu ◦ Tsu = Tsu ([13]) ✷

Example 7. The composition construction produces for the single-use atts M ′
rv

and M ′′
rv a single-use att, which is isomorphic to the att M∗

rv.
We show the construction of the right-hand side of the rule with left-hand

side (rv′, i1)(z1) in the rules for A: Since (rv′(z) → $) ∈ (R′
rv)A with $ =

SUB1(rv′(z1),SUB1(A′, Π1)) and since rv′(z1) ∈ outM1(A), the control tree $̃ =
root(SUB1(rv′(z1),SUB1(A′, Π1))) allows to derive i1(11)⇒ s(12)⇒ s(121)⇒
A(i1(121))⇒ A(s(122))⇒ A(i1(122))⇒ A(i1(12))⇒ A(i1(1)) with M ′′

rv.
Since 1 is the path to the root of $ in $̃, i1(1) is replaced by (rv′, i1)(z),

yielding the rule (rv′, i1)(z1) → A((rv′, i1)(z)), which is isomorphic to the rule
i(z1)→ A(i(z)) in (R∗

rv)A. ✷

It is interesting that Mrv, which corresponds to the most natural way to de-
scribe the reversal by a functional program, is transformed into M∗

rv, which
corresponds to the most natural way to describe the reversal by an attribute
grammar. Since M∗

rv is single-use, it can also be composed with itself (cf. [10]).
Note that the construction for the result AT ⊆ MT (cf. [2]) can transform
the composition result again into a functional program, which does not use an
intermediate result!

7 Theoretical Consequences

The first result shows the limited power of weakly single-use matts. Note that
we have proved MAT = AT ◦AT in [14] for the unrestricted class of matts.
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Theorem 4. MATwsu ⊆ AT

Proof. MATwsu = ATsu ◦YIELD ⊆ ATsu ◦AT = AT by Theorem 2, Lemma 1,
and Theorem 3. ✷

We do not know yet, whetherMATwsu is strictly included in AT or whether these
classes are equal. Adding the noncopying restriction, we get a characterization,
which reflects the theoretical background of our running example:

Theorem 5. MATwsu,nc = ATsu

Proof. MATwsu,nc ⊆ ATsu ◦ ATsu = ATsu by Lemma 2 and Theorem 3 and
ATsu ⊆ MATwsu,nc , since atts have no parameters from Y . ✷

If we use Lemma 3 to calculate yield functions, then we get a nice charac-
terization for the class MATwsu and the result, that MTwsu is closed under
left-composition with Tsu , in analogy to the result MT = T ◦MT from [6].

Theorem 6. MATwsu = ATsu ◦MTwsu and MTwsu = Tsu ◦MTwsu

Proof. MATwsu MTwsu

= ATsu ◦YIELD = Tsu ◦YIELD (Theorem 2)
⊆ ATsu ◦MTwsu ⊆ Tsu ◦MTwsu (Lemma 3)
= ATsu ◦ Tsu ◦YIELD = Tsu ◦ Tsu ◦YIELD (Theorem 2)
⊆ ATsu ◦YIELD = Tsu ◦YIELD (Theorem 3)
= MATwsu = MTwsu (Theorem 2)

✷

8 Further Research Topics

The strategies deforestation and composition are incomparable, since both can
solve problems, which the other cannot solve. Is it possible, to integrate both
strategies? At least a formal characterization of problems would be useful, for
which deforestation has advantages compared with composition, and vice versa.
We think that matts are not only suitable to present composition and decom-

position results for tts in a uniform way. Since overlapping research in functional
programming and attribute grammars is often hampered by their different for-
malisms as stated e.g. in [3], we also consider matts to be an interesting possi-
bility to compare or even to integrate the composition results for both concepts.
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Abstract. The failure detectors discussed in the literature are either
impossible to implement in an asynchronous system, or their exact guar-
antees have not been discussed. We introduce an infinitely often accurate
failure detector which can be implemented in an asynchronous system.
We provide one such implementation and show its application to the
fault-tolerant server maintenance problem. We also show that some nat-
ural timeout based failure detectors implemented on Unix are not suffi-
cient to guarantee infinitely often accuracy.

1 Introduction

Failure detection is one of the most fundamental modules of any fault-tolerant
distributed system. Typically, a fault-tolerant distributed system uses one of the
two techniques - maintain replicas of a process, or use primary-backup approach.
Both of these approaches rely on detection of failures. While most commercial
fault-tolerant systems use some sort of failure detection facility typically based
on timeouts, we show that many of them are inadequate in providing accuracy
guarantees in failure detection.

The first systematic study of failure detection in asynchronous systems was
done by [CHT92,CT96]. The weakest failure detector they studied, called ✸W ,
can be used to solve the consensus problem in asynchronous systems. It follows
from [FLP85] that failure detectors in [CT96] are not implementable in asyn-
chronous systems. The failure detector introduced in this paper, called Infinitely
Often Accurate detector (IO detector for short), can be implemented efficiently
in asynchronous systems.

An IO detector is required to satisfy even weaker accuracy than eventually
weak accuracy proposed by Chandra and Toueg [CT96]. Intuitively, eventually
weak accuracy requires that for all runs the detector eventually never suspects at
least one correct process. It is precisely this requirement which makes it possible
to solve the consensus problem by using, for example, the rotating coordinator
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technique[CT96]. On the other hand, this is also the requirement which is im-
possible to implement in an asynchronous system. An IO detector only requires
that a correct process is not permanently suspected. By assuming that a channel
delivers the messages infinitely often, this requirement can be easily met. In fact,
the algorithm is based on an earlier work by Dwork et al. [DLS88]. Our contri-
bution lies in formalizing the exact properties guaranteed by that algorithm and
showing its usefulness in asynchronous systems. We also show that some other
natural “timeout” implementation of failure detectors for Unix [HK95] and other
systems do not satisfy the properties of an IO detector.

Although no algorithm can solve the consensus problem in an asynchronous
system for all runs, it is desirable that the processes reach agreement in finite
time for runs which satisfy partial synchrony condition. Following [DLS88], a run
is defined as partially synchronous if there exists a non-failed process such that
eventually all messages it sends reach their destinations in bounded delay. We
show that for these runs our failure detector will provide eventual weak accuracy
and hence processes using the approach in [CT96] will reach agreement in finite
time. Thus, our failure detector provides conditional eventual weak accuracy
guarantee. In other words, whereas ✸W insists on eventual weak accuracy for
all runs, we require eventual weak accuracy only in partially synchronous runs
and infinitely often accuracy for all runs.

While the IO detector cannot be used to solve the consensus problem, we
show that it is useful for other applications. In particular, we give its application
to a fault-tolerant server maintenance problem. This problem requires presence
of at least one server during the computation. Our solution works in spite of up
to N − 1 failures in a system of N processes.

2 IO Failure Detectors

We assume the usual model of an asynchronous system [FLP85]. The message
delays are unbounded but finite. A run of any algorithm in an asynchronous
system results in a set of local states denoted by S. We use s, t and u to denote
the local states of processes, i, j and k to denote process indices, and the notation
s.v to denote the value of the variable v in the local state s. The relation s < t
means that s and t are states at the same process and s occurred before t.
The relation s ≤ t means that s < t or s is equal to t. The relation, →, is
used to order states in the same manner as Lamport’s happened before relation
on events [Lam78]. Therefore, s → t is the smallest transitive relation on S
satisfying 1) s < t implies s → t, and 2) if s is the state immediately preceding
the send of a message and t is the state immediately following the receive of that
message then s → t.

A global state G is a set of local states, one from each process, such that
no two of them are related by the happened-before relation. We use symbols G
and H to denote global states and G[i] to denote the state of the process i in
the global state G. We say that G � H (or H � G) iff ∀i : G[i] ≤ H [i].
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A processor crashes by ceasing all its activities. We assume that once a pro-
cess has failed (or crashed) it stays failed throughout the run. The predicate
failed(i) holds if the process i has failed in the given run. A process that has
not failed is called a correct process. We denote the set of all processes and the
set of correct processes by Π and Πc respectively. The set C ⊆ S denotes the
set of states on the correct processes and the set Cj denotes the states for any
correct process j.

The predicate s.suspects[i] holds if the process i is suspected in the state s (by
the process which contains s). A failure detector is responsible for maintaining
the value of the predicate suspects[i] at all processes. The value of suspects[i] is
true at Pk, if Pk suspects that Pi has failed. We would like our failure detectors
to satisfy certain completeness and accuracy properties of these suspicions.

Definition 1. An IO failure detector is a failure detector that satisfies strong
completeness, infinitely often accuracy, and conditional eventual weak accuracy.

These properties are described next.

2.1 Strong Completeness Property

Let the predicate permsusp(s, i) be defined as

permsusp(s, i) ≡ ∀t ≥ s : t.suspects[i]

The strong completeness property requires the failed process to be eventually
suspected by all correct processes. Formally, for all runs,

∀i, j : 〈failed(i) ∧ ¬failed(j)⇒ ∃s ∈ Cj : permsusp(s, i)〉
The weak completeness property requires that every failed process is eventu-

ally permanently suspected by some correct process. Formally, for all runs,

∀i : 〈failed(i)⇒ ∃s ∈ C : permsusp(s, i)〉
Since strong completeness is quite useful in the design of distributed algo-

rithms, and is easily achieved by simple timeout mechanisms, we require that
IO detectors satisfy strong completeness.

2.2 Infinite Often Accuracy

In [CT96], four accuracy properties have been presented. The weakest of these
properties is eventual weak accuracy. A detector satisfies eventual weak accuracy
if for all runs eventually some correct process is never suspected by any correct
process. Formally, for all runs

∃i ∈ Πc, ∀j ∈ Πc, ∃s ∈ Cj , ∀t ≥ s : ¬t.suspects[i]
However, as shown by [CT96] a failure detector which satisfies weak com-

pleteness and eventual weak accuracy, called eventually weak detector (✸W)



Implementable Failure Detectors in Asynchronous Systems 161

can be used to solve the consensus problem in an asynchronous system. This im-
plies that ✸W is impossible to implement in an asynchronous system. We now
introduce a weaker accuracy property which we call infinitely often accuracy. A
detector is infinitely often accurate if no correct process permanently suspects
an unfailed process. Formally,

Definition 2. A detector is infinitely often accurate if for all runs

∀i : 〈¬failed(i)⇒ ∀s ∈ C : ¬permsusp(s, i)〉

Note that infinitely often accuracy is simply the converse of the weak com-
pleteness requirement. By combining the two properties, we get the following
pleasant property of an IO detector.

∀i : failed(i) ≡ ∃s ∈ C : permsusp(s, i)

Intuitively, this says that a failure of a process is equivalent to permanent
suspicion by some correct process.

2.3 Conditional Eventual Weak Accuracy

We now introduce another useful property of failure detectors, conditional even-
tual weak accuracy, which is also implementable in an asynchronous environment.
The property says that if we happen to be lucky in some asynchronous run in the
sense that eventually all messages sent by at least one process reach their des-
tination under some bound then the failure detector will eventually be accurate
with respect to that process in that run.

We first introduce the notion of a partially synchronous run similar to that
used in [DLP+86].

Definition 3. A run is partially synchronous if there exists a state s in a correct
process Pi and a bound δ such that all messages sent by Pi after s take at most δ
units of time.

In the above definition we do not require the knowledge of Pi, s, or δ. This
lets us define:

Definition 4. A failure detector satisfies conditional eventual weak accuracy if
for all partially synchronous runs it satisfies eventual weak accuracy.

Observe that the conditional eventual weak accuracy is weaker than the
eventual weak accuracy. The former requires that the failure detector satisfy
eventual weak accuracy only when the run is partially synchronous, while the
latter requires it for all runs.

Remark:We also require that a correct process never suspect itself. This prop-
erty is trivial to satisfy by ensuring that a process never sets its own suspicion
to true. We will always assume this property.
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3 Comparison of IO Detector with ✸W
How does an IO detector compare to ✸W? First note that if a failure detec-
tor satisfies weak accuracy, then it does not necessarily satisfy infinitely often
accuracy. The detector may be accurate with respect to one process but per-
manently suspect some other correct process. However, another way to compare
failure detectors is by using the notion of reduction between detectors as intro-
duced by [CT96]. We show that an IO detector can be implemented using a ✸W
detector.

Our implementation of an IO detector uses a ✸S detector. A ✸S detec-
tor [CT96] is a failure detector that satisfies strong completeness and eventual
weak accuracy. It can be built using ✸W detector as shown in [CT96]. Let
IO.suspects and ES.suspects be the set of processes suspected by the IO de-
tector and ✸S detector respectively. The algorithm (given in Figure 1) is based
on two activities. Each process sends a message “alive” to all other processes in-
finitely often. On receiving such a message from Pi, Pj queries the ✸S suspector
and removes the suspicion of Pi and Pj .

var
IO.suspects: set of processes initially ES.suspects − {j};

(I1) send “alive” to all processes infinitely often;

(I2) On receiving “alive” from Pi;
IO.suspects := ES.suspects − {i, j};

Fig. 1. Implementation of an IO detector at Pj using a ✸S detector

We now have the following Lemma.

Lemma 1. The algorithm in Fig. 1 implements an IO detector.

Proof. We first show the strong completeness property. Consider any process Pi

that has failed. This implies that eventually Pi will be in ES.suspects for Pj , by
the property of ✸S detector. Further, eventually Pj will stop receiving “alive”
message from Pi. This implies that Pi will be permanently in IO.suspects of Pj .

To see infinitely often accuracy property, consider any process Pi that has
not failed. Any correct process will receive “alive” message from Pi infinitely
often. Therefore, Pi will be not be in IO.suspects infinitely often.

We show that the algorithm satisfies eventual weak accuracy and therefore
conditional eventual weak accuracy. The detector only removes suspicion from
the set ES.suspects. Since ✸S satisfies eventual weak accuracy it follows that
the IO detector built from ✸S also satisfies this property.
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We now consider the converse question. Is there an asynchronous algorithm
that implements ✸W using IO-detector? We answer this question in negative
by giving an implementation of an IO-detector in Fig. 2. This implementation is
similar to that proposed by [DLS88]. The algorithm maintains a timeout period
for each process. The variable watch[i] is the timer for the process Pi. When
the timer expires, the process is suspected. On the other hand when a message
is received while a process is suspected, the timeout period for that process is
increased.

var
IO.suspects : set of processes initially ∅;
timeout: array[1..N] of integer initially t;
watch: array[1..N] of timer initially set to timeout;

(A1) send “alive” to all processes after every t units;

(A2) On receiving “alive” from Pi;
if i ∈ IO.suspects then

IO.suspects := IO.suspects − {i};
timeout[i]++;

Set watch[i] timer for timeout[i];

(A3) on expiry of watch[i]
IO.suspects := IO.suspects ∪ {i};

Fig. 2. Implementation of an IO detector at Pj

Theorem 1. The algorithm in Fig.2 implements an IO detector.

Proof. First we show the strong completeness property. If a process Pi has failed
then it will stop sending messages and due to rule (A3) it will permanently be
in the set IO.suspects of all processes.

The property of infinitely often accuracy follows from the proof of Lemma 1.
The algorithm also satisfies conditional eventual weak accuracy. Consider any

partially synchronous run. Let Pi be the correct process in that run for which
messages obey the partial synchrony condition after some state s. Since messages
sent after that state are received in less than δ units of time, there can only be
a bounded number of false suspicions of Pi by any process (because the timeout
period is increased by 1 after every false suspicion). Thus, eventually there is a
time after which Pi is not suspected by any process.

Observe that one needs to be careful with designing algorithms for failure
detectors. Some natural approaches do not satisfy the IO-property. Consider the
algorithm in Fig. 3 which is similar to the watchd process implemented on Unix



164 Vijay K. Garg and J. Roger Mitchell

and reported in [HK95]. It is tempting to implement failure detectors using the
algorithm in Fig. 3 since it only requires the failure detector to listen for incoming
messages during the timeout interval. This algorithm, however, does not satisfy
IO accuracy. It may suspect some process Pi at all times even when Pi is alive
and just slow.

var
watchd.suspects: set of processes initially ∅;

(B1) infinitely often broadcast a query message to all processes

(B2) After broadcast wait for timeout[i] time units (timeout period)
watchd.suspects := { Pi|Pi did not respond to the query in the timeout

period }

(B3) On receiving a query from Pi

send “I am alive” to Pi

Fig. 3. A Detector at Pj that does not satisfy IO accuracy

4 Detectors with Stronger Properties

4.1 Failure Detectors with Small Suspicion List

So far we had assumed that up to N − 1 out of N processes may fail. If we
assume that at most f processes may fail, then we can build a failure detector
which will never suspect more than f processes and yet provide strong com-
pleteness, infinitely often accuracy, and conditional eventual weak accuracy. An
implementation of this detector, called f -IO detector, is shown in Fig. 4. Note
that when f equals N − 1, it is equivalent to IO detector (because a process
never suspects itself).

The algorithm maintains a queue of slow processes in addition to the list of
suspected processes. When a process is suspected it is added to the list only if
the size of the list is less than f ; otherwise, it is inserted in the queue of slow
processes. When a process is unsuspected if the slow queue was non-empty, the
process at the head is removed from the queue and inserted in the suspicion list.

Theorem 2. The algorithm provides all properties of IO detector assuming
there are at most f failures. Further, it suspects at most f processes at any
time.

Proof. Strong completeness: If a process has failed it will eventually be perma-
nently suspected by IO.suspects. If it is put in the suspicion list, it will never



Implementable Failure Detectors in Asynchronous Systems 165

var
fIO.suspects : set of processes initially ∅;
slow : FIFO queue of processes initially empty;

(A1) On change of IO.suspects[k] from false to true and not inqueue(slow, k)
if |fIO.suspects| < f then fIO.suspects[k]:= true;
else insert(slow, k);

(A2) On change of IO.suspects[k] from true to false
if fIO.suspects[k] then

fIO.suspects[k] := false;
if not empty(slow)

i := deletehead(slow);
fIO.suspects[i] := true;

else delete(slow, k); // delete it from the queue

Fig. 4. An IO Detector at Pj with small suspicion list

be removed. If it is kept in the slow queue, then we show that the number of
processes ahead in the slow queue will decrease by 1. By our assumption that at
most f processes fail, and there are f suspected processes, there is at least one
process which is suspected incorrectly. This is because one of the failed process
is in the slow queue. By IO accuracy the process that is incorrectly suspected
will eventually be unsuspected. At that point the head of the slow queue will be
removed.
The IO-accuracy and Conditional eventual weak accuracy follow from the accu-
racy properties of IO detector.

4.2 Infinitely Often Global Accuracy

So far our detectors only guaranteed that an unfailed process is not permanently
suspected. This implies that every process will be accurate about any other
process infinitely often. However, it may not have accurate suspicions of all
processes at the same time. Thus, it is quite possible that when P1 is accurate
about P2 it is not so for P3 and when it is accurate for P3, it is not accurate
for P2. Surprisingly, it is possible in an asynchronous system to build a detector
which guarantees that each process is correct about all other processes infinitely
often. We call it an IOG detector.

The main idea behind an IOG detector is as follows. Each process keeps an
ordered list of suspected processes. This order is based on the timestamp of the
last message received from a process. Thus, in this list Pi appears before Pj if
the last message received from Pi was earlier than that of Pj . A process Pk is
unsuspected whenever a message is received from a suspected process, say Pi,
with the property that timestamp(Pi) is less than or equal to timestamp(Pk).
The formal description is given in Fig. 5.
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var
IOG.suspects : set of processes initially ∅;
timeout: array[1..N] of integer initially t;
watch: array[1..N] of timer initially set to timeout;
timestamp: array[1..N] of integer initially 0;

(A1) send “alive” to all processes after every t units;

(A2) On receiving “alive” from Pi;
timestamp[i] := time; // any increasing counter will do
if i ∈ IOG.suspects then

timeout[i]++;
for k ∈ {1, .., n} do

if k ∈ IOG.suspects ∧ timestamp[i] ≤ timestamp[k]
then

IOG.suspects := IOG.suspects − {k};
Set watch[k] timer for timeout[k];

(A3) on expiry of watch[i]
IOG.suspects := IOG.suspects ∪ {i};

Fig. 5. Implementation of an IOG detector (at Pj)

Theorem 3. The algorithm in Fig.5 implements an IOG detector.

Proof. First we show the strong completeness property. If a process Pi has failed
then it will stop sending messages. Eventually its timestamp will be older than
that of any correct process. It will then be permanently suspected.

Now consider the property of infinitely often global accuracy. Since failed
processes do not send messages and other do, eventually the timestamp of all
failed processes are older than that of correct processes. Consider the correct
process with the oldest timestamp. Eventually a message will be received from
this process. At that point all correct processes will be unsuspected. After any
incorrect suspicion, this cycle will repeat and therefore, the detector is accurate
globally infinitely often.

The proof for conditional eventual accuracy is identical to that for an IO
detector.

5 Applications of IO Failure Detectors

Since IO detectors are implementable, it is clear that they cannot be used for
solving the consensus problem in an asynchronous system. What good are they
then? We now discuss a practical problem that can be solved using IO detectors.
Another example can be found in [GM98]. Consider a service that is required in a
distributed system consisting ofN processes. We require that at least one process
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always act as the provider of that service. As a simple example, assume that the
servers are stateless and any request from the client is broadcast to all servers.
The problem requires that at least one (preferably exactly one) server respond
to the request. We abstract this requirement using the concept of a token. Any
process that has a token considers itself as the provider of the service. Since the
process holding a token may fail, we clearly need a mechanism to regenerate a
token to avoid interruption of the service. To avoid triviality, we only consider
those runs in which at mostN−1 out ofN processes fail. The following predicates
are used for specifying the requirements.

– G[i].token is true iff process Pi has a token in the global state G.
– hastoken(G) is true iff the global state G has a token. It may have multiple
tokens.

hastoken(G) ≡ ∃i : G[i].token
– noduplicate(G) is true iff the global state G has at most one token. It may
have none.

noduplicate(G) ≡ ∀i, j : i �= j : ¬G[i].token ∨ ¬G[j].token

– boundedafter(G, i) is true iff there exists a bound δ such that all messages
sent by Pi after G take at most δ units of time.

Ideally, we would like all global states to have exactly one token. However,
even the weaker requirement that eventually there exists exactly one token is
impossible to implement in an asynchronous system. Therefore, we consider a
weaker set of requirements given below.

1. Availability: There exists a global state such that all later global states have
at least one token. Formally,

∃G, ∀H � G : hastoken(H)

2. Efficiency: For every global state G in which two different processes have
tokens, there exists a later global state in which the token from at least one
of the processes is removed. Formally, for all G, i, j such that i �= j,

G[i].token ∧G[j].token ⇒ ∃H � G : ¬H [i].token ∨ ¬H [j].token
3. Eventually exactly one token under partial synchrony: If after any global
state G all messages sent by some correct process Pi arrive in less than a
pre-determined bounded delay, then there exists a later global state H such
that all global states after H have exactly one token. Formally,

∀G : boundedafter(G, i)⇒ ∃H, ∀H ′ � H : hastoken(H ′) ∧ noduplicate(H ′)

In practice, for most cases the partial synchrony condition would be true and
therefore eventually we will have exactly one token. However, when the partial
synchrony is not met we would still have properties of availability and efficiency.
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This illustrates the methodology that we propose for asynchronous algorithms.
They provide useful guarantees even when the run is not well behaved and
provide more desirable guarantees when the run is well behaved (i.e. partially
synchronous).

We now present a solution which meets all requirements. In addition to the
suspicion list maintained by the failure detector, each process maintains a times-
tamp for each process called ticket time. The ticket time of a process Pk is the
logical time[Lam78] when it was suspected by some process Pi such that accord-
ing to Pi, Pk had a token before the suspicion and Pi gets it after the suspicion.
Pi will then send out a message to all processes informing them of the suspicion
along with this ticket time.

Process Pi has a token if all processes that are currently not suspected by Pi

have ticket times that are greater than that of Pi. If a process with a token
is suspected its ticket time will become greater than all other ticket times. In
this way the token is moved from a slow process to the next process which is
alive. The formal description of the algorithm is given in Fig. 6. The algorithm
assumes that all channels are FIFO.

var
ticket:array[1..N] of (integer,integer) initially ∀i : ticket[i] = (0, i)
suspected: array[1..N] of boolean; /* set by the failure detector */

token(k) ≡ (∀i �= k : suspected[i] ∨ (ticket[i] > ticket[k])) ∧ ¬suspected[k]

(R1) Upon change from unsuspicion to suspicion of Pk with token(k)
if token(j) then

ticket[k] := Lamport′s logical clock;
send “slow”, k, ticket[k] to all processes

(R2) Upon receiving “slow”,k, t
ticket[k] := max(ticket[k], t);

Fig. 6. Algorithm for Alive Token Problem at Pj

Theorem 4. The algorithm in Fig. 6 satisfies all three required properties.

Proof. Availability: First consider the global state G after which no failures oc-
cur. We show that if there is a process with a token in G, then some process will
always have a token. A process with a token can lose it only if its own ticket
time increases. This can happen only when a process with a token (after the
suspicion) sends it a “slow” message. Thus, in this case some other process has
a token.

Now, consider the scenario when failures occur. If a process that does not
have a token fails then no harm is done. We show that if a process with a token
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fails and there are no more tokens in the system then a token is regenerated. Of
all the processes that are correct consider the process with the smallest ticket. By
strong completeness, this process will eventually suspect all the failed processes.
At that point, it will have a token.

Efficiency: Consider the global state G in which two processes Pi and Pj

have tokens. Since there is a total order on all tickets, this can only happen
when the process with the smaller ticket number, say Pi, is suspected by the
other process, Pj . For any continuation of run after G, in which Pi or Pj fails we
have a global state state H in which ¬H [i].token ∨ ¬H [j].token. Otherwise, by
the IO accuracy property of IO detector, Pj will eventually remove the suspicion
of Pi. In that global state H , ¬H [j].token holds.

Eventually exactly one token under partial synchrony: Consider any global
state G such that boundedafter(G, i) holds. This implies that IO detector for
any process Pj will eventually never suspect Pi. If there are multiple values of i
such that boundedafter(G, i) holds, then we choose the process with the smallest
ticket number in G. This process is never suspected by anybody else after G and
therefore no other process will ever have a token. Further, this process will never
lose the token since no process which is unsuspected can have a smaller ticket
number.

Remark: If suspicions are perfect, that is, a process is suspected only when
it is failed, the algorithm ensures that there is at most one token. Thus, the
algorithm can also be seen as a fault-tolerant mutual exclusion algorithm with
perfect failure detectors.
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Abstract. BRICS is a research centre and international PhD school in
theoretical computer science, based at the University of Aarhus, Den-
mark. The centre has recently become engaged in quantum information
processing in cooperation with the Department of Physics, also Univer-
sity of Aarhus.

This extended abstract surveys activities at BRICS with special emphasis
on the activities in quantum information processing.

1 Introduction

BRICS (Basic Research In Computer Science) started in 1994 as one out of a
total of 23 centres funded by the newly established Danish National Research
Foundation [1]. The centre is based at the Universities of Aalborg and Aarhus
and it’s goal is to conduct basic research in the central areas of theoretical
computer science, logic, semantics, and algorithmics (the latter covering both
algorithms and complexity theory). A specific goal for the first five year period
has been to strengthen activities in logic and algorithmics, taking advantage of
the already existing strong expertise in semantics. The first grant, covering the
period 1994-1998, has recently been extended until the end of 2003.

BRICS experienced a significant expansion in 1997, when the International
PhD School was established in Aarhus. The goal of the school is to establish a
strong, internationally competitive, doctoral program in (theoretical) computer
science in Denmark. The school offers a significant number of PhD-fellowships
to foreign PhD students, and is expected to have a total of 40-50 PhD students
when fully operational (approximately half of which will be foreign).

The most recent development around BRICS is the establishment of the
Thomas B. Thrige Center for Quantum Informatics in the beginning of 1998.
Here BRICS researchers cooperate with colleagues from the Department of
Physics, University of Aarhus, on quantum computing in general and on building
a (protoype of) a quantum encryption device in particular.

It is perhaps interesting to notice that the centre has inherited its name from
its principal sponsor, the Thomas B. Thrige Foundation, a private industrial
foundation devoted to promoting the interests of Danish industry.
V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 170–173,
1998.
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2 Scientific Activities

BRICS has managed to establish an active scientific environment with a strong
research profile in core areas of theoretical computer science.

The rest of this section outlines some of the work, the reader is refered to the
BRICS homepage (http://www.brics.dk) for references and further information.

2.1 Highlights

The following represents a brief description of some of the scientific highlights.

– Semantics. Foundations (domain theory, operational semantics), Concur-
rency (theoretical work unifying different approaches, tools), Programming
Language Theory (semantics and implementation of programming-language
features such as type systems, constraint systems etc.).

– Algorithmics. Lower Bounds (lower bounds in various models of compu-
tation, with emphasis on lower bounds for dynamic algorithms and data
structures), Algorithms (dynamic algorithms and (analysis) of randomised
algorithms, internal and external memory data structures),
Data Security and Cryptography
(design and analysis of interactive protocols, construction of digital signa-
tures and practical methods for construction of encryption systems).

– Logic. Constructive and categorical logic (application of categorical meth-
ods, contributions to recent advances in verification techniques, semantics
and domain theory),
Logic and Automata
(the interplay between automata theory and logic has been exploited to yield
advances in logics for verification and their automation),
Logic and Complexity
(logics of bounded strength and their relation to complexity theory).

– Tools for Verification. General proof systems like HOL, and variants,
development and use of MONA (based on monadic second-order logic), more
specialised systems like UPPAAL concentrating on real-time verification.

We aim to further consolidate our expertise in these areas, but also to engage
in carefully chosen (more experimentally oriented) areas on the fringe of the
kernel activities.

2.2 Other Activities

A total of approximately 90 persons are associated with BRICS, and the centre
is visited by more than 100 foreign scientists per year. A number of visitors offer
mini courses, where a topic within their area of expertise is presented in the
form of a compact course aimed at PhD-students and colleagues.

Another central aspect of the BRICS activities are the themes that have been
taking place each year since the start in 1994. The topics of the first five themes



172 Erik Meineche Schmidt

have been Complexity Theory, Logic, Verification, Algorithms in Quantum In-
formation Processing (AQIP’98), and Logic and Complexity.

AQIP’98 is possibly of special interest since it was the fist meeting that was
(almost) entirely devoted to the algorithmic aspects of quantum information
processing.

3 Quantum Information Processing

The activities in quantum information processing represent an interesting ex-
ample of interdisciplinary activities, involving expertise from both physics and
computer science, and being of both experimental and theoretical nature.

3.1 Experimental Activities

On the experimental side, the main activity is building a prototype of a quantum
cryptography device doing quantum key distribution, i.e. allowing two parties to
establish a secret shared keyword, which can then be used for securing conven-
tional communication.

The apparatus will use phase encoding and interferometry to transport in-
formation, like many known experiments. A crucial property, necessary for the
security of any quantum key distribution protocol is that each classical bit of
information is sent encoded in the state of only one photon. Sources of photons
that can be built in practice are never perfect in this respect, i.e. the states ac-
tually produced are not pure states containing only one photon. Recent research
has shown that this problem can be quite serious when using so called faint
pulses, the source of photons commonly used in such experiments [2].

Several possible photon sources are expected to be included in the exper-
iment, including a promising technique based on so called parametric down-
conversion which produces pairs of photons in an entangled state [2]. This in
turn allows for better approximations to pure single photon states.

Future plans include experimental research in quantum information storage.
In particular, the storage of a quantum state of light seems more and more

feasible due to the development of the atomic systems extremely well isolated
from the environment.

Those systems include cold atoms and ions in traps as well as atoms frozen
in a solid host at He temperatures.

3.2 Theoretical Activities

When two communicating parties have exchanged information using a quantum
channel, the information sent will contain errors, and parts of it may have become
known to an attacker.

The analysis of the security of the system being built is therefore a main
theoretical activity. This is a joint computer science and physics endavour, since
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secure quantum cryptography can only be obtained by supplementing the quan-
tum transmission with postprocessing using error correction and privacy ampli-
fication techniques.

Other theoretical activities include the study of implementing more advanced
cryptographic tools than key distribution, e.g. bit commitment. Although this is
known to be impossible without assumptions, some recent work has shown that
under reasonable physical assumptions (but no computational assumptions) bit
commitment is indeed possible [3].

Other work goes towards establishing transmission of quantum states while
correcting errors in the transmission [4]. Note that this is not possible using
traditional error correcting codes since this would require measuring the states
sent, thereby necessarily loosing some of the quantum information.

In the future it is planned to increase the effort on theoretical research in
quantum computing in general.
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Abstract. We use Martingale inequalities to give a simple and uniform
analysis of two families of distributed randomised algorithms for edge
colouring graphs.

1 Introduction

The aim of this paper is to advocate the use of certain Martingale inequali-
ties known as “The Method of Bounded Differences” (henceforth abbreviated
to MOBD) [9] as a tool for the analysis of distributed randomized algorithms
that work in the locality paradigm. The form of the inequality we employ and
its application here is significantly different from previous successful uses of the
method in Computer Science applications in that it exerts much finer control
on the effects of the underlying variables to get significantly strobger bounds ,
and it succeeds in spite of the lack of complete independence. This last feature
particularly, makes it a valuable tool in Computer Science contexts where lack
of independence is omnipresent. This aspect of the MOBD has, to the best of
our knowledge, never been adequately brought out before. Our contribution is to
highlight its special relevance for Computer Science applications by demonstrat-
ing its use in the context of a class of distributed computations in the locality
paradigm.

We give a high probability analysis of a two classes of distributed edge colour-
ing algorithms, [2,4,11]. Apart from its intrinsic interest as a classical combina-
torial problem, and as a paradigm example for locality in distributed computing,
edge colouring is also useful from a practical standpoint because of its connec-
tion to scheduling. In distributed networks or architectures an edge colouring
corresponds to a set of data transfers that can be executed in parallel. So, a
partition of the edges into a small number of colour classes – i.e. a “good” edge
colouring– gives an efficient schedule to perform data transfers (for more details,
see [11,2]). The analysis of edge colouring algorithms published in the literature
� Work partly done while at BRICS, Department of Computer Science, University of
Aarhus, Denmark. Partially supported by the ESPRIT Long Term Research program
of the EU under contract No. 20244 (ALCOM–IT)
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is extremely long and difficult and that in [11] is moreover, based an a certain
ad hoc extension of the Chernoff-Hoeffding bounds. In contrast, our analysis is
a very simple, short and streamlined application of the MOBD, only two pages
long, and besides, also yields slightly stronger bounds. These two examples are
intended moreover, as a dramatic illustration of the versatility and power of
the method for the analysis of locality in distributed computing in general, a
framework for which is sketched at the end..

In a message-passing distributed network, one is faced with the twin prob-
lems of locality and symmetry breaking. Each processor can gather data only
locally so as to minimise communication which is at a premium rather than
computation. Moreover all processors are identical form the point of view of the
network which makes it hard, if not impossible, to schedule the operations of the
various processors at different times in order to avoid congestion and converge
toward the common computing goal. An often successful way to circumvent these
difficulties– the locality bottleneck and symmetry-breaking– is to resort to ran-
domization. When randomization is used, one is required to prove performance
guarantees on the results delivered by a randomised algorithm. Notice that in
truly distributed environments the usual solution available in sequential or other
centralized settings such as a PRAM, namely to restart the randomized algo-
rithm in case of bad outcome, is simply not available. This is because of the cost
of collecting and distributing such information to every node in the network.
In this context then, it becomes especially important to be able to certify that
the randomized algorithm will almost surely work correctly i.e. provide a high
probability guarantee.

Even for simple algorithms, this is a challenging task, and the analysis of edge
colouring algorithms in the literature are very long and complicated, often re-
quiring ad hoc stratagems, as noted above. We show how these analyses can
be dramatically simplified and streamlined. The main technical tool used in this
paper is a version of the “Method of Bounded Differences” that is more powerful
and versatile than the generally known and used version. This version typically
yields much stronger bounds. Perhaps even more significantly, the restriction
on independence on the underlying random variables which is necessary for the
usual version is removed and this greatly extends the scope of applicability of the
method. Although these facts are implicit in some of the existing literature, they
have never been explicitly noted and highlighted, to the best of our knowledge.
For instance, in the (otherwise excellent) survey of McDiarmid [9], the simpler
version is stated right at the outset (Lemma 1.2) and illustrated with a number
of examples from combinatorics. But the more powerful version is buried away
in an obscure corollary towards the end (Corollary 6.10) rather than highlighted
as we feel it it deserves to be, and finds no applications. It is our intention here
to highlight the more powerful version, especially those aspects that are crucial
to make it particularly suitable for analysis of the edge colouring algorithms and
more generally, for locality in distributed computing.
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2 Distributed Edge Colouring

Vizing’s Theorem shows that every graph G can be edge coloured sequentially
in polynomial time with ∆ or ∆+1 colours, where ∆ is the maximum degree of
the input graph (see, for instance, [1]).

It is a challenging open problem whether colourings as good as these can
be computed fast in a distributed model. In the absence of such a result one
might aim at the more modest goal of computing reasonably good colourings,
instead of optimal ones. By a trivial modification of a well-known vertex colouring
algorithm of Luby it is possible to edge colour a graph using 2∆ − 2 colours in
O(log n) rounds (where n is the number of processors) [6].

We shall present and analyze two classes of simple localised distributed al-
gorithms that compute near optimal edge colourings. Both algorithms proceed
in a sequence of rounds. In each round, a simple randomised heuristic is invoked
to colour a significant fraction of the edges successfully. The remaining edges
are passed over to succeeding rounds. This continues until the number of edges
is small enough to employ a brute–force method at the final step. For example,
the algorithm of Luby mentioned above can be invoked when the degree of the
graph becomes small i.e. when the condition ∆� logn is no longer satisfied.

One of the classes of algorithms involves a standard reduction to bipartite
graphs described in [11]: the graph is split into two parts T (“top”) and B
(bottom). The bipartite graph G[T,B] induced by the edges connecting top and
bottom vertices is coloured by invoking the Algorithm P described below. The
algorithm is then invoked recursively in parallel on G[T ] and G[B], the graphs
respectively induced by the top and bottom vertices. Both graphs are coloured
using the same set of colours. Thus it suffices to describe the algorithm used for
colouring bipartite graphs.

We describe the action carried out by both algorithms in a single round. For
the second class of algorithms, we describe the action only for bipartite graphs;
additionally, each vertex knows whether it is top or bottom. At the beginning
of each round, there is a palette of fresh new available colours, [∆], where ∆ is
the maximum degree of the graph at the current stage. For simplicity we will
assume that the graph is ∆–regular.

Algorithm I(Independent): Each edge independently picks a colour. This
tentative colour becomes permanent if there are no conflicting edges picking the
same tentative colour at either endpoint.

Algorithm P(Permutation): There is a two step protocol:

– Each bottom vertex, in parallel, makes a proposal independently of other
bottom vertices by assigning a random permutation of the colours to their
incident edges.

– Each top vertex, in parallel, then picks a winner out of every set of incident
edges that have the same colour. Tentative colours of winner edges become
final.

– The losers– edges who are not winners– are decoloured and passed to the
next round.
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For the purposes of the high probability analysis below, the exact rule used
for selecting the winner edge is unimportant – it can be chosen arbitrarily from
any of the edges of the relevant colour; we merely require that it should not
depend on edges of different colours. This is another illustration of the power of
the martingale method.

It is apparent that both algorithms are truly distributed. That is to say, each
vertex need only exchange information with the neighbours to execute the algo-
rithm. This and its simplicity make the algorithms amenable for implementations
in a distributed environment. Algorithm I is used with some more modifications
in a number of edge colouring algorithms [2,4]. Algorithm P is exactly the algo-
rithm used in [11].

We focus all our attention in the analysis of one round of both algorithms.
Let ∆ denote the maximum degree of the graph at the beginning of the round
and ∆′ denote the maximum degree of the leftover graph. One can easily show
that both algorithms, E[∆′ | ∆] ≤ β∆, for some constant β < 1. For algorithm I,
β = 1− e−2 while for algorithm P, β = 1/e. The goal is to show that this holds
with high probability. This is done in § 4 after the relevant tools – the Martingale
inequalities – are introduced in the next section.

For completeness, we sketch a calculation of the total number of colours
bc(∆) used by Algorithm P for the bipartite colouring of a graph with maximum
degree ∆: with high probability, it is,

bc(∆) = ∆+
(1 + ε)∆

e
+

(1 + ε)2∆
e

2

+ . . .

≤ 1
1− (1 + ε)e

∆ ≈ 1.59∆ for small enough ε.

To this, one should add O(log n) colours at the end of the process. As can
be seen by analyzing the simple recursion describing the number of colours
used by the outer level of the recursion, the overall numbers of colours is the
same 1.59∆+O(log n), [11].

3 Martingale Inequalities

We shall use martingale inequalities in the avataras of the “Method of Bounded
Differences” [9]. We shall use the following notations and conventions:X1, . . . , Xn

will denote random variables withXi taking values in some set Ai for each i ∈ [n].
For each i ∈ [n], ai, a

′
i will denote arbitrary elements from Ai. For a function f of

several arguments, f(∗, ai, ∗) will denote that all arguments except the indicated
one are held fixed. We shall use boldface notation to abbreviate the sequences:
so X denotes X1, . . . , Xn, and a denotes a1, . . . , an. Finally, for each i ∈ [n], we
abbreviate X1 = a1, . . . , Xi = ai by Xi = ai.

3.1 Method(s) of Bounded Differences

The most widely known and used form of the “Method of Bounded Differences”
is as follows:
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Theorem 1 (Method of Bounded Differences). Let f be a function that is
Lipschitz with constants ci, i ∈ [n] i.e.

|f(∗, ai, ∗)− f(∗, a′i, ∗)| ≤ ci, for i ∈ [n]. (1)

Then, if X1, . . . , Xn are independent random variables, for any t > 0,

Pr[|f − E[f ]| > t] ≤ 2 exp
( −2t2∑

i c
2
i

)
.

While extremely convenient to use, this version has two drawbacks. First
the bound obtained can be quite weak (because

∑
i c

2
i is large) and second, the

assumption of independence limits its range of applicability. A stronger form of
the inequality that removes both these limitations is the following

Theorem 2 (Method of Bounded Average Differences). Let f be a func-
tion and X1, . . . , Xn a set of random variables (not necessarily independent)
such that there are constants ci, i ∈ [n], for which

|E[f | Xi−1 = ai−1, Xi = ai]− E[f | Xi−1 = ai−1, Xi = a′i]| ≤ ci, (2)

for each i ∈ [n] and for every two assignments Xi−1 = ai−1, Xi = ai, a
′
i that are

separately consistent (hence of non–zero probability). Then, for any t > 0,

Pr[|f − E[f ]| > t] ≤ 2 exp
( −2t2∑

i c
2
i

)
.

For a discussion of the relative strengths of these methods, see [3].

3.2 Coupling

In order to make effective use of the Method of Average Bounded Differences,
we need to get a good handle on the bound (2), for the difference in the expected
values of a function under two different conditioned distributions. A very useful
technique for this is the method of coupling. Suppose that we can find a joint
distribution π(Y,Y′) such that the marginal distribution for Y is the same as
the distribution of X conditioned on Xi−1 = ai−1, Xi = ai and the marginal
distribution for Y′ is the same as the distribution X conditioned on Xi−1 =
ai−1, Xi = a′i. Such a joint distribution is called a coupling of the two original
distributions. Then,

|E[f | Xi−1 = ai−1, Xi = ai]− E[f | Xi−1 = ai−1, Xi = a′i]| =
|Eπ[f(Y)] − Eπ[f(Y′)]| = |Eπ[f(Y)− f(Y′)]| . (3)

If the coupling π is well–chosen so that |f(Y)− f(Y′)| is usually very small, we
can get a good bound on the difference (2). For example, suppose that

– For any sample point (y,y′) we have |f(y) − f(y′)| ≤ d for some constant
d > 0; and
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– For most sample points (y,y′, f(y) = f(y′). That is, π[f(Y) − f(Y′)] ≤ p,
for some p << 1.

Then, we can conclude using (3) that

|E[f | Xi−1 = ai−1, Xi = ai]− E[f | Xi−1 = ai−1, Xi = a′i]| ≤ pd.

We shall construct suitable couplings to bound the difference in (2).

4 High Probability Analyses

4.1 Top Vertices

The analysis is particularly easy when v is a top vertex in Algorithm P. For, in
this case, the incident edges all receive colours independently of each other. This
is exactly the situation of the classical balls and bins experiment: the incident
edges are the “balls” that are falling at random independently into the colours
that represent the “bins”. One can apply the method of bounded differences in
the simplest form. Let Te, e ∈ E, be the random variables taking values in [∆]
that represent the tentative colours of the edges. Then the number of edges
successfully coloured around v is a function f(Te, e ∈ N1(v)), where N1(v)
denotes the set of edges incident on v.

It is easily seen that this function has the Lipschitz property with constant 1:
changing only one argument while leaving the others fixed only changes the
value of f by at most 2. Note that this is true regardless of the rule for choosing
winners , as long as this rule does not depend on edges of different colours. This
will also be true of the remaining analyses below and illustrates once again, the
power of the martingale methods.

Moreover, the variables Te, e ∈ N1(v) are independent when v is a “top”
vertex. Hence, by the method of bounded differences in the simplest form, we
get the following sharp concentration result by plugging into Theorem 1:

Theorem 3. Let v be a top vertex in algorithm P and let f be the number
of edges around v that are successfully coloured in one round of the algorithm.
Then,

Pr[|f − E[f ]| > t] ≤ exp
(−t2
2∆

)
,

For t := ε∆ (0 < ε < 1), this gives an exponentially decreasing probability for
deviations around the mean. If ∆ � log n then the probability that the new
degree of any vertex deviates far from its expected value is inverse polynomial,
i.e. the new max degree is sharply concentrated around its mean.

4.2 Other Vertices: The Difficulty

The analysis for the “bottom” vertices in Algorithm P is more complicated in
several respects. It is useful to see why so that one can appreciate the need
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for using a more sophisticated tool such as the Method of Bounded Average
Differences. To start with, one could introduce an indicator random variable Xe

for each edge e incident upon a bottom vertex v. These random variable are
not independent however. Consider a four cycle with vertices v, a, w, b, where v
and w are bottom vertices and a and b are top vertices. Let’s refer to the process
of selecting the winner (step 2 of the algorithm P) as “the lottery”. Suppose that
we are given the information that edge va got tentative colour red and lost the
lottery— i.e. Xva = 0— and that edge vb got tentative colour green. We’ll argue
intuitively that given this, it is more likely that Xvb = 0. Since edge va lost the
lottery, the probability that edge wa gets tentative colour red increases. In turn,
this increases the probability that edge wb gets tentative colour green, which
implies that edge vb is more likely to lose the lottery. So, not only are the Xe’s
not independent, but the dependency among them is particularly malicious.

One could hope to bound this effect by using the MOBD in it simplest form.
This is also ruled out however, for two reasons. The first is that the tentative
colour choices of the edges around a vertex are not independent. This is because
the edges incident on vertex are assigned a permutation of the colours. The
second reason applies also to algorithm I where all edges act independently.
The new degree of v, a bottom vertex in algorithm P or an arbitrary vertex in
algorithm I, is a function f = f(Te, e ∈ N(v)), where N(v) is the set of edges at
distance at most 2 from v. Thus f depends on as many as ∆(∆ − 1) = Θ(∆2)
edges. Even if f is Lipshitz with constants di = 2, this is not enough to get
a strong enough bound because d =

∑
i d

2
i = Θ(∆2). Applying the method of

bounded differences in the simple form, Theorem 1, would give the bound

Pr[|f − E[f ]| > t] ≤ 2 exp
(
− t2

Θ(∆2)

)
.

This bound however is useless for t = εE[f ] since E[f ] ≈ ∆/e.
We will use the Method of Bounded Average Differences, Theorem 2, to get

a much better bound. We shall invoke the two crucial features of this more
general method. Namely that it does not presume that the underlying variables
are independent 1 , and that, as we shall see, it allows us to bound the effect of
individual random choices with constants much smaller than those given by the
MOBD in simple form.

Let’s now move on to the analysis. A similar analysis applies to both cases:
when v is a bottom vertex in algorithm P or an arbitrary vertex in algorithm I.
Let N1(v) denote the set of “direct” edges– i.e. the edges incident on v– and
let N2(v) denote the set of “indirect edges” that is, the edges incident on a
neighbour of v. Let N(v) := N1(v)

⋃
N2(v). The number of edges successfully

coloured at vertex v is a function f(Te, e ∈ N(v)). Note that in Algorithm P,
even though f seems to depend on edges at distance 3 from v via their effect on
1 A referee pointed out that one can redefine variables in the analysis of Algorithm P
to make them independent; however, this is unnecessary since Theorem to be applied
does not need independence. Moreover, in general, it may not always be possible to
make such a redefinition of variables. But the general method will still apply.
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edges at distance 2, f can still be regarded as a function of the edges in N(v)
only (i.e. f is fixed by giving colours to all edges in N(v) regardless of what
happens to other edges) and hence only these edges need be considered in the
analysis.

Let us number the variables so that the direct edges are numbered after the
indirect edges (this will be important for the calculations to follow). We need to
compute

λk := |E[f | Tk−1, Tk = ck]− E[f | Tk−1, Tk = c′k]|. (4)

We decompose f as a sum to ease the computations later. Introduce the indicator
functions fe, e ∈ E:

fe(c) :=
{
1; if edge e is successfully coloured in colouring c,
0; otherwise.

Then f =
∑

v∈e fe.
Hence we are reduced, by linearity of expectation, to computing for each

e ∈ N1(v),

|Pr[fe = 1 | Tk−1, Tk = ck]− Pr[fe = 1 | Tk−1, Tk = c′k]|.

For the computations that follows we should keep in mind that in algorithm P
bottom vertices assign colours independently of each other. This implies that
in either algorithm, the colour choices of the edges incident upon a neighbour
of v are independent of each other. In Algorithm I, all edges have their colours
assigned independently.

4.3 General Vertex in Algorithm I

To compute a good bound for λk in (4), we shall construct a suitable coupling
of the two different conditioned distributions. The coupling (Y,Y′) is almost
trivial: Y is distributed as T conditioned on Tk−1, Tk = ck and Y′ is identically
equal to Y except that Y′

k = c′k. It is easily seen that by the independence
of all tentative colours, the marginal distributions of Y and Y′ are exactly the
two conditioned distributions [T | Tk−1, Tk = ck] and [T | Tk−1, Tk = c′k]
respectively.

Now let us compute |E[f(Y)− f(Y′)]|.
– First, let us consider the case when e1, . . . , ek ∈ N2(v), i.e. only the choices of

indirect edges are exposed. Let ek = (w, z), where w is a neighbour of v. Then
for a direct edge e 	= vw, fe(y) = fe(y′) because in the joint distribution
space, y and y′ agree on all edges incident on e. So we only need to compute
|E[fvw(Y)− fvw(Y′)]|. To bound this simply, we observe first that fvw(y)−
fvw(y′) ∈ [−1, 1] and second that fvw(y) = fvw(y′) unless yvw = ckorc

′
k.

Thus we can conclude that

E[fvw(Y) − fvw(Y′)]| ≤ Pr[Ye = ck ∨ Ye = c′k] ≤
2
∆
.
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In fact one can do a tighter analysis using the same observations. Let us
denote fe(y, yw,z = c1, ye = c2) by fe(c1, c2). Note that fvw(ck, ck) = 0 and
similarly fvw(c′k, c

′
k) = 0. Hence

E[fe(Y)− fe(Y′) | z] =
(fvw(ck, ck)−fvw(c′k,ck))Pr[Ye = ck]+(fvw(ck,c′k)−fvw(c′k,c

′
k))Pr[Ye=c′k]

= (fvw(ck, c′k)− fvw(c′k, ck))
1
∆

(Here we used the fact that the distribution of colour around v is unaffected
by the conditioning around z and that each colour is equally likely.) Hence
|E[fe(Y) − fe(Y′)]| ≤ 1

∆ .
– Now let us consider the case when ek ∈ N1(v), i.e. choices of all indirect

edges and of some direct edges have been exposed. In this case, we merely
observe that f is Lipshitz with constant 2: |f(y) − f(y′)| ≤ 2 whenever y
and y′ differ in only one co–ordinate. Hence we can easily conclude that
|E[f(Y)− f(Y′)]| ≤ 2.

Overall,

λk ≤
{
1/∆; for an edge ek ∈ N2(v),
2; for an edge ek ∈ N1(v)

,

and we get ∑
k

λ2
k =

∑
e∈N2(v)

1
∆2

+
∑

e∈N1(v)

4 ≤ 4∆+ 1.

We thus arrive at the following sharp concentration result by plugging into
Theorem 2:

Theorem 4. Let v be an arbitrary vertex in algorithm I and let Let f be the
number of edges successfully coloured around v in one stage of either algorithm.
Then,

Pr[|f − E[f ]| > t] ≤ 2 exp
(
− t2

2∆+ 1
2

)
.

A referee observed that a similar result can be obtained very simply for Algo-
rithm I by applying Theorem 1: regard f as a function of 2∆ variables: Te, v ∈ e
and T(w), (v, w) ∈ E, where T(w) records the colours of all edges incident on w
except vw. Since f is Lipshitz with constant 2 with respect to each of these
variables, we get the bound:

Pr[|f − E[f ]| > t] ≤ 2 exp
(
− t2

4∆

)
.

4.4 Bottom Vertices in Algorithm P

Once again, to compute a good bound for λk in (4), we shall construct a suit-
able coupling of the two different conditioned distributions Tk−1, Tk = ck and
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Tk−1, Tk = c′k. Suppose ek is an edge zy where z is a bottom vertex. The cou-
pling (Y,Y′) in this case is the following: Y is distributed as T conditioned on
Tk−1, Tk = ck and Y′ is identically equal to Y except on the edges incident
on z, where the colours ck and c′k are switched. We can think of the distribution
as divided into two classes: on the edges incident on a vertex other than z, the
two variables Y and Y′ are identically equal. In particular, when z is not v,
they have the same uniform distribution on all permutations of colours on the
edges around v. However, on the edges incident on z, the two variables differ
on exactly two edges where the colours ck and c′k are switched. It is easily seen
that by the independence of different vertices, the marginal distributions of Y
and Y′ are exactly the two conditioned distributions [T | Tk−1, Tk = ck] and
[T | Tk−1, Tk = c′k] respectively.

Now let us compute |E[f(Y) − f(Y′)]|. Recall that f was decomposed as
a sum

∑
v∈e fe. Hence by linearity of expectation, we need only bound each

|E[fe(Y) − fe(Y′)]| separately.
– First, let us consider the case when e1, . . . , ek ∈ N2(v), i.e. only the choices

of indirect edges are exposed. Let ek = (w, z) for a neighbour w of v. Note
that since

E[f(Y)− f(Y′)] = E[E[f(Y)− f(Y′) | Ye,Y′
e, z ∈ e]],

it suffices to bound |E[f(Y) − f(Y′) | Ye,Y′
e, z ∈ e]|. Hence, fix some dis-

tribution of the colours around z. Recall that Yw,z = ck and Y′
w,z = c′k.

Suppose Yz,w′ = c′k for some other neighbour w′ of z. Then by our cou-
pling construction, Y′

z,w′ = ck and on the remaining edges Y and Y′ agree
identically. Moreover, by the independence of the other vertices, the distri-
butions of Y and Y′ on the remaining edges conditioned on the distribution
around z is unaffected. let us denote the conditioned joint distribution by
[(Y,Y′) | z]. We thus need to bound |E[f(Y)− f(Y′) | z]|.
Then for a direct edge e 	∈vw, vw′, fe(y) = fe(y′) because in the joint
distribution space, y and y′ agree on all edges incident on e. So we only
need to compute |E[fe(Y) − fe(Y′)]| for e ∈ vw, vw′. To bound this simply,
we observe that for either e = vw or e = vw′, first, fe(y) − fe(y′) ∈ [−1, 1]
and second that fe(y) = fe(y′) unless ye = ckorc

′
k. Thus we can conclude

that
E[fe(Y) − fe(Y′)]| ≤ Pr[Ye = ck ∨ Ye = c′k] ≤

2
∆
.

Thus taking the two contributions for vw and vw′ together, |E[f(Y)−f(Y′) |
z]| ≤ 4

∆ .
In fact one can do a tighter analysis using the same observations. Let us
denote fe(y, yw,z = c1, ye = c2) by fe(c1, c2). Note that fvw(ck, ck) = 0 =
fvw(c′k, c

′
k) and similarly fvw′(ck, ck) = 0 = fvw′(c′k, c

′
k). Thus, for e = vw or

e = vw′,

E[fe(Y) − fe(Y′) | z] =
(fe(ck, ck)−fe(c′k, ck))Pr[Ye=ck]+(fe(ck, c′k)−fe(c′k, y

′
e=c

′
k))Pr[Ye=c′k]
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= (fe(ck, c′k)− fe(c′k, ck))
1
∆

Hence |E[fe(Y) − fe(Y′) | z]| ≤ 1
∆ . Taking the two contributions for edges

vw and vw′ together, |E[f(Y)− f(Y′) | x]| ≤ 2
∆ .

– Now let us consider the case when ek ∈ N1(v), i.e. choices of all indirect
edges and of some direct edges have been exposed. In this case, we observe
again that |f(y) − f(y′)| ≤ 2 since y and y′ differ on exactly two edges.
Hence we can easily conclude that |E[f(Y)− f(Y′)]| ≤ 2.

Overall,

λk ≤
{
2/∆; for an edge ek ∈ N2(v),
2; for an edge ek ∈ N1(v)

,

and we get ∑
k

λ2
k =

∑
e∈N2(v)

4
∆2

+
∑

e∈N1(v)

4 ≤ 4(∆+ 1).

We thus arrive at the following sharp concentration result by plugging into
Theorem 2:

Theorem 5. Let v be an arbitrary vertex in algorithm I and let f be the number
of edges successfully coloured around v in one stage of algorithm P. Then,

Pr[|f − E[f ]| > t] ≤ 2 exp
(
− t2

2∆+ 2

)
.

Comparing this with the corresponding bound for Algorithm I, we see that the
failure probabilities for both algorithms are almost identical. For t = ε∆, both a
probability that decreases exponentially in ∆. As remarked earlier, if ∆� logn,
this implies that the new max degree is sharply concentrated around the mean
(with failure probability inverse polynomial in n). The constant in the exponent
here is better than the one in the analysis in [11].

4.5 Extensions

It is fairly clear that the method extends more generally to cover similar scenarios
in distributed computing. We sketch such a general setting: One has a distributed
randomised algorithm that requires vertices to assign labels to themselves and
incident edges. Each vertex acts independently of the others, and furthermore
is symmetric with respect to the labels (colours). The function of interest, f
depends only on a small local neighbourhood around some vertex v, is Lipschitz
and satisfies some version of the following locality property: the labels on vertices
and edges far away from v only effect f if certain events are triggered on nearer
vertices and edges; these triggering events correspond to the setting of the nearer
vertices and edges to specific values. For example, in edge colouring, the colour
of an idirect edge only affects f if the incident direct edge has the same colour.
One can extend the same arguments as above virtually intact for this general
setting. This encompasses all the edge colouring algorithms mentioned above as
well as the vertex colouring algorithms in [10] and [5].
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Abstract. We first give a representation of a suffix tree that uses
n lg n + O(n) bits of space and supports searching for a pattern in the
given text (from a fixed size alphabet) in O(m) time, where n is the
size of the text and m is the size of the pattern. The structure is quite
simple and answers a question raised by Muthukrishnan in [17]. Previous
compact representations of suffix trees had a higher lower order term in
space and had some expectation assumption [3], or required more time
for searching [5]. Then, surprisingly, we show that we can even do better,
by developing a structure that uses a suffix array (and so n�lg n� bits)
and an additional o(n) bits. String searching can be done in this struc-
ture also in O(m) time. Besides supporting string searching, we can also
report the number of occurrences of the pattern in the same time using
no additional space. In this case the space occupied by the structures is
much less compared to many of the previously known structures to do
this. When the size of the alphabet k is not a constant, our structures
can be easily extended, using standard tricks, to those that use the same
space but take O(m lg k) time for string searching or to those that use
an additional O(m lg k) bits but take the same O(m) time for searching.

1 Introduction and Motivation

Given a text string, indexing is the problem of preprocessing the text so that
search for a pattern can be answered efficiently. Two popular data structures for
indexing are suffix trees and suffix arrays. A suffix tree [12] is a trie representing
all the suffixes of the given text. Standard representations of suffix trees for
texts of length n take about 4n words or pointers (each word taking logn bits
of storage) and a search for a pattern of size m can be performed in O(m)
time (see Section 3 for details). A suffix array [11] keeps an array of pointers
to the suffixes of the given text in lexicographic order, and another array of
longest common prefixes of some of those suffixes to aid the search. Standard
representation of suffix array takes about 2n words [5] and a search in a suffix
array can be performed in O(m + logn) time [11]. So in [17], Muthukrishnan
asked whether there exists a data structure that uses only n + o(n) words and
answers indexing questions in O(m) time. In this paper, we propose two such
structures. The first one uses n+O(n/ lg n) words, or equivalently n lg n+O(n)
bits and supports string searching in optimal O(m) time. The second structure
takes n�lg n� + o(n) bits of space and supports searching in O(m) time. It is
V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 186–197,
1998.
c© Springer-Verlag Berlin Heidelberg 1998



Space Efficient Suffix Trees 187

interesting to note that o(n) additional bits are enough besides the n pointers
for indexing.

Previously, Colussi and De Col [5] reported a data structure that uses
n lgn+O(n) bits, but a search in the structure takes O(m+ lg lg n) time. In [3],
Clark and Munro gave a version of suffix tree that uses n plus an expected
O(n lg lg n/ lgn) words under the assumption that the given binary (encoded)
text is generated by a uniform symmetric random process and that the bit strings
in the suffixes are independent. So our structure is not only more space efficient
(in the lower order term), it doesn’t need any assumption about the distribution
of characters in the input string.

The main idea in our first representation is the recent 2n+o(n) bits encoding
of a static binary tree on n nodes [16]. First we observe that a few more opera-
tions, than those given in [16] are needed to support our suffix tree algorithms.
The next section reviews the binary tree representation and describes algorithms
to support the additional operations. Section 3 reviews the suffix tree data struc-
ture and explains how our binary tree representation can be used to obtain a
space efficient suffix tree. In Section 4 we give a structure that uses a suffix array
and a couple of sparse suffix trees taking n�lgn�+ o(n) bits of space which also
supports searching in optimal time bounds. Section 5 gives concluding remarks
and lists open problems.

Our model of computation is the standard unit cost RAM model where we
assume that standard arithmetic and boolean operations on lgn bit words and
reading and writing lgn bit strings can be performed in constant time. Also lg
denotes the logarithm to the base 2 throughout the paper. And by a suffix array,
we mean an array of pointers to the suffixes of the given text in lexicographic
order (without any extra information).

2 Succinct Representation of Trees

A general rooted ordered tree on n vertices can be represented by a nested
balanced string of 2n parenthesis as follows. Perform a preorder traversal of the
tree starting from the root, and write an open parenthesis when a node is first
encountered, going down the tree, and then a closing parenthesis while going up
after traversing the subtree. However, if we represent a binary tree by such a
sequence, it is not possible to distinguish a node with a left child but no right
child and one with a right child and no left child.

So Munro and Raman[16] first use the well known isomorphism between the
class of binary trees and the class of rooted ordered trees to convert the given
binary tree into a general rooted ordered tree and then represent the rooted or-
dered tree using the above parenthesis representation. In the ordered tree there
is a root which does not correspond to any node in the binary tree. Beyond this,
the left child of a node in the binary tree corresponds to the leftmost child of
the corresponding node in the ordered tree, and the right child in the binary
tree corresponds to the next sibling to the right in ordered tree. (See the figure
for an example). A node is represented, by convention, by its corresponding left
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Fig 1.1: The Given Binary Tree on 10 Nodes

Fig 1.2: Equivalent Rooted Ordered Tree

Fig 1.3: The Parenthesis Representation
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parenthesis. It is not obvious still, how the navigational operations can be per-
formed in constant time. Munro and Raman[16] show that using o(n) additional
bits, the standard operations like the left child, right child and parent of a given
node can be found in constant time. They also show that given a node, the size
of the subtree rooted at that node can be found in constant time.

To use this tree representation to represent a suffix tree, we need the following
additional operations and we first observe that these operations can be supported
in constant time. We represent a node in the binary tree by its preorder number.
Let i be any node in the given binary tree.

– leafrank(i): find the number of leaves to the left (in the preorder numbering)
of node i

– leafsize(i): find the number of leaves in the subtree rooted at node i
– leftmost(i): find the leftmost leaf in the subtree rooted at node i and
– rightmost(i): find the rightmost leaf in the subtree rooted at node i.

To support these operations, we first need the two popular operations de-
scribed below - rank and select in a binary string, which can be supported in
constant time using o(n) bits[8,15].

– rank(i): the number of 1’s up to and including the position i and
– select(i): the position of the ith 1.

The following generalization is easy to prove.

Theorem 1. Given a binary string of length n, and a pattern p which is a binary
string of fixed length m, let rankp(i) be the number of (possibly overlapping)
occurrences of pattern p up to and including the position i and selectp(i) be the
position of the ith occurrence of p in the given binary string. Then both rankp(i)
and selectp(i) can be supported in constant time using o(n) bits in addition to
the space required for the given binary string.
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Proof. The algorithms to support (original) rank and select [8,15] follow the
following basic idea: Divide the given bit string into blocks of size lg2 n, and
keep the rank information for the first element of every block. Within a block
of size lg2 n keep a recursive structure. After a couple of levels, the block sizes
are small enough that the number of distinct blocks is small enough to keep a
precomputed table of answers in o(n) bits. The precomputed table stores the
number of occurrences of the pattern up to the position for each small block (of
length roughly (lg n)/2) and for each position in the block.

This structure can easily be adapted to keep the rankp information for every
block (assuming m is less than the block sizes). The precomputed table, in this
case, stores the number of occurrences for every possible triple consisting of a
block b of size (lg n)/2, a bit string x of size m − 1, and a position i in the
block. The table entry stores the number of occurrences of the pattern p in the
string x concatenated with the bit string in the first i positions of b. These
extra information is to take care of an occurrence of the pattern in a span of
two consecutive blocks. Since the size of m is fixed, the space requirement for
the table is bounded above by 2m times the original space requirement (which
is o(n)). ✷

Remarks:

– Though, for our later application, the above theorem (assuming m is a fixed
constant) is sufficient, we note that the above proof works also for m up to
(1/2 − c)(lg n) for some constant c. This is because the space used for the
earlier table is O(n1/2 logd n) for some constant d.

– When m is ω(lg n), we can find the maximum number of non-overlapping
occurrences of p up to any position (using o(n) extra space) as follows: First
divide the given bit string into blocks of size m. Then store in each block
head (the first bit of the block), the answer for that position. Also if a pattern
that does not overlap with the previous occurrences of the pattern ends in
that block, then the position where the the pattern ends is also kept with
the block head. There can be at most one such position in each block since
the pattern length is more than the block size. Here we use the fact that the
non-overlapping occurrences of the pattern obtained by starting with the
leftmost occurrence of the pattern and picking the next available occurrence
(in a greedy way) will give us the maximum number of occurrences.

Now, we prove the main theorem of this section.

Theorem 2. Given a static binary tree on n nodes, we can represent it using
2n+o(n) bits in such a way that given a node x, in addition to finding its parent,
left child, right child and the size of the subtree rooted at that node, we can also
support the operations leafrank(x), leafsize(x), leftmost(x) and rightmost(x)
in constant time.

Proof. As before, we first convert the binary tree into an equivalent rooted or-
dered tree. The fact that parent, left child, right child and the subtree size are
supported in constant time is already known [16].
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Any leaf in the binary tree is a leaf in the general tree, but not vice versa. In
fact, any leaf in the general tree is a leaf in the binary tree only if it is the last
child of its parent. In other words, leaves in the binary tree correspond to the
rightmost leaves in the general tree. In the parenthesis notation, a rightmost leaf
corresponds to an open-close pair followed by a closing parenthesis (see Figure).
Thus to compute leafrank(x) we need to find the rankp(x), where p is the pat-
tern ()), in the parenthesis sequence corresponding to the tree. Also leafsize(x)
is the difference between rankp(x) and rankp(f(x)) where f(x) denotes the clos-
ing parenthesis corresponding to x’s parent.

The leftmost leaf of the subtree rooted at a node in the binary tree is the
leaf whose leafrank is one more than the leafrank of the given node. Thus it
can be found using the expression: leftmost(x) = selectp(rankp(x)+1), where p
is the pattern ()). The rightmost leaf of the subtree rooted at the node in the
binary tree is the rightmost leaf of its parent in the general tree. Now the right-
most leaf of a node in the general tree is the node corresponding to the closing
parenthesis immediately before the closing parenthesis of the given node. Thus
rightmost(x) = open(close(parent(x))−1), where open (close) gives the position
of the corresponding opening (closing) parenthesis of a given closing (opening)
parenthesis. ✷

3 Applications to Suffix Tree Representation

Suffix trees[1] are data structures that admit efficient online string searches.
They have also been applied to fundamental string problems such as finding the
longest repeated substring [20], finding all squares or repetitions in a string [1],
approximate string matching [10], and string comparison. They have also been
used to address other types of problems such as text compression [18], compress-
ing assembly code [6], inverted indices [2], and analyzing genetic sequences [4].

A suffix tree for a text string x of length n is an ordered trie whose entries
are all the suffixes of x. In order to ensure that each suffix corresponds to a
unique position in the text, a special character ‘$’, not in Σ, is appended to x.
Each suffix has a minimal prefix that distinguishes it from the other suffixes. At
a leaf node we keep the starting position, in the text, of the suffix ending at that
node. Since the sum of the lengths of all the suffixes is of order O(n2), the tree
size would be of the same order. Various tricks have been employed to reduce
the number of nodes in the tree to O(n) [12,13,20]. One trick is to compress the
nodes with single child, and store the starting position in the text and the length
of the compressed string at each node. Another trick is to store only the length
(called the “skip value”) of the compressed string at the nodes. For the rest of
the paper, we will stick to the latter trick of keeping only the “skip value” at the
compressed nodes. Since we have n + 1 leaf nodes (including the end-marker)
and at most n internal nodes (as each internal node is of degree more than one),
the tree has at most 2n + 1 nodes.

Given a pattern p of length m and the suffix tree for a string x of length n,
to search for p in x, we start at the root of the tree following the search string.
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At any node, we take the branch that matches the current character of the given
pattern. At compressed nodes, we skip those many characters as specified by
the “skip” value at that node, before comparing with the pattern. The search is
continued until the pattern is exhausted or the current character of the pattern
has no match at the current node. In the latter case, there is no copy of the
pattern in the text. In the former case, if the search ends at a node, the position
of any leaf in the subtree rooted at the node where the pattern is exhausted
gives a possible starting point of the pattern in the text. Since we skipped bits
in the middle, we start at a position given by any of the leaves of the subtree
rooted at the node where search has ended, and confirm if the pattern exists in
the text starting from that position. Clearly the above procedure takes O(m)
time to check the existence of the pattern in the text.

The storage requirement of suffix trees comprise of three quantities[3]:

– The storage for the tree (trie),
– the storage for the skip values at the compressed nodes, and
– the position indices at the leaves.

The position indices at the leaves take n�lgn� bits. Our goal is to show
that the rest of the information can be represented using O(n) bits using our
succinct tree representation given in the last section. First note that even if the
given text is on a binary alphabet, the suffix tree is a ternary tree (due to the
extra $ character). So first we will consider a binary alphabet by converting each
symbol of the alphabet and the symbol $ into binary. Thus, given a string x,
we encode all the suffixes of x$ in binary and construct a trie for them, which
will be a binary tree. (This is same as the PAT tree of Gonnet et al.[7].) Since
there are n+ 1 suffixes, there will be n internal nodes and n+ 1 external nodes
in the trie. We can represent this 2n + 1 node binary tree with 4n + o(n) bits
using the representation given in the previous section. This will take care of
the storage for the first item above. We don’t keep the skip values at all in our
structure, and find them online, whenever needed (the algorithmic details are
given in the next subsection). And finally we will have an array of pointers to
the starting positions of the suffixes in the (lexicographically) sorted order, i.e. a
suffix array, which requires n�lgn� bits. Thus it is easy to see that our structure
takes n�lgn�+4n+ o(n) bits of storage. (Note that if the goal is to simply get a
lower order term of O(n) (not necessarily 4n), then we can simplify our succinct
tree represention using the additional bits available).

3.1 Algorithm for Searching

To search for a pattern, we start at the root as before. Navigating in the suffix
tree is possible in our tree representation. At each internal node, to find the skip
value at a node we first go to the leftmost and rightmost leaves in the subtree
rooted at that node. Then we start comparing the text starting at these posi-
tions until there is a disagreement. (We don’t have to compare the suffixes from
the starting position. We already know that they agree up to the portion of the



192 Ian Munro et al.

string represented by the node. So we can start matching from that position
onwards.) Once we find the characters of disagreement, we find their binary en-
codings which may give raise to further agreement. The number of bits matched
is the skip value at that node. Finding the leftmost or rightmost leaf of the sub-
tree rooted at a node, in our tree representation takes constant time using the
leftmost(x) and rightmost(x) operations of Theorem 2 in Section 2.

Now we continue the search as before. If the search terminates at a leaf
node, then the pattern is compared with suffix pointed to by the leaf to see if
it matches. To find the suffix pointed to by the leaf, we first find the leafrank
of the leaf, and then find the value of that index in the array of pointers (suffix
array). If the end of the pattern is encountered before we reach a leaf, then the
suffix pointed to by a representative leaf from the subtree rooted at the node,
at which the search has stopped, is compared with the pattern. This leaf can be
found by the leftmost(x) or rightmost(x) operations of Theorem 2. The pattern
matches the suffix if and only if any (or equivalently all) of suffixes in the subtree
match the pattern.

The time to find a skip value is O(lg k+ the skip value) where k is the size of
the alphabet. This is because once we find the characters where the disagreement
happens, we find their binary representations and find further agreements. Now
the sum of the skip values in the search is at most m. So the total time spent
in figuring out skip values is only O(m lg k). It turns out that we have atmost
doubled the search cost by getting rid of the storage required for the skip values.

Once we confirm that the pattern exists in the text, the number of leaves
in the subtree rooted at the node where the search ended, gives the number of
occurrences of the pattern in the text. This can be found in constant time using
the leafsize operation of Theorem 2. Thus we have

Theorem 3. A suffix tree for a text of length n can be represented using
n lgn + O(n) bits such that given a pattern of size m, the number of occur-
rences of the pattern in the string can be found in O(m lg k) time where k is the
alphabet size.

The trie representing all the suffixes, in binary, of the given string, is a special
case of a binary tree, namely that each node has either zero or two children.
So, we can even represent it directly using a preorder numbering sequence of
balanced parentheses (without going through the general tree representation).
This further simplifies the tree representation.

Recently Munro and Benoit[14] have extended the succinct representation
for binary trees to represent an ordered k-ary tree (where each node has ex-
actly k, possibly empty, children) using 2n + O(n lg k) bits where navigational
operations can be performed in constant time. Instead of converting the text
and the suffixes to binary, we can represent the k-ary suffix tree using this k-ary
tree representation directly. Then we have

Theorem 4. A suffix tree for a text of length n can be represented using
n lgn + O(n lg k) bits such that given a pattern of size m, the number of oc-
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currences of the pattern in the string can be found in O(m) time where k is the
alphabet size.

Note that the time bounds match the bounds for the standard suffix tree
operations while the higher order term in the space bound remains n lgn.

We also remark that the above representation can be built in O(n) time
as once we build the suffix tree which takes O(n) time [20], the succinct tree
representation can be built in O(n) time.

4 A Structure Using a Suffix Array and o(n) Bits

In [5], Colussi and Col have given a structure that takes n lg n + O(n) bits and
takes O(m + lg lgn) time to search for a pattern of length m. This structure
has a sparse suffix tree for every (lg n)th suffix and suffix arrays (with extra
information about longest common prefixes to aid efficient searching) for each
block of size lgn in the sorted array of suffixes of the given text. We first observe
that with an additional o(n) bits, this structure can be modified into a structure
that takes O(m) time for searching. Note that the search time is ω(m) only
when the pattern size m is small, i.e. when it is o(lg lg n). To take care of small
patterns, we store a precomputed table of answers. This table stores, for every
string of length at most lg lgn, the positions in the suffix array of the first and
the last suffix for which the string is a prefix. The difference between these two
indices gives the number of occurrences of the string in the text. The table takes
O(2lg lg n lgn) or O(lg2 n) bits. Given a pattern of length m, if m ≤ lg lg n then
we look into the table and answer the query (in constant time). Otherwise we
revert back to algorithm given in [5] to answer the query, which takes O(m)
time (since m > lg lgn). Though this gives another simple structure for indexing
that takes n lgn + O(n) bits of space and supports searching in optimal time,
the constant factor in the lower order term in space is more compared to our
previous structure.

In what follows we show that o(n) bits are sufficient in addition to a suffix
array to support searching in O(m) time, in the case of a fixed size alphabet.
For an arbitrary alphabet of size k, the space required will remain the same but
the search time will be O(m lg k). We will give the structure for the case of a
fixed size alphabet. The general alphabet case is a straightforward extension of
this structure, as explained in the previous section.

The structure mainly consists of three levels built on top of a suffix array.
First, we divide the suffix array into blocks of size lg2 n and build a suffix tree for
every suffix starting at the first position in each block. This step is quite similar
to the structures in [5,9]. Then we subdivide each block into sub-blocks of size
(lg lgn)2. For each block, we construct a suffix tree for every suffix starting at the
first position in each sub-block. Thus, first level consists of a suffix tree for every
(lg2 n)th suffix in the suffix array. The second level will have suffix trees, one for
each block, for every ((lg lgn)2)th suffix of each block of size lg2 n. The third
level consists of a table structure which gives the following information: given an
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array of (lg lg n)2 bit strings in sorted order, each of length at most (lg lg n)2 and
a pattern string of length at most (lg lg n)2, it gives the first and last positions of
the occurrences of the pattern, in the array, if the pattern matches with a string
in the array. There is a table entry for every bit string array of size (lg lg n)2

where each bit string is of size at most (lg lg n)2 and for every pattern string
of length at most (lg lg n)2. The table is stored in the lexicographic order of its
entries.

The first level suffix tree is stored using any standard suffix tree representa-
tion, with skip values and pointers (tree pointers, leaf pointers as well as pointers
at the compressed nodes, to the suffix array for the positions where the com-
pressed string starts in the text). The space occupied by this tree is O(n/ lg n)
bits. In the second level suffix tree, for the pointers to the suffix array including
the leaf pointers, we store them with respect to the beginning of the block, i.e.
we store only the offset values from the starting position of that block in the
suffix array. Thus each of these pointers take 2 lg lg n bits. Since the number
of nodes in each of these trees is O(lg2 n/(lg lg n)2), we can also store the tree
pointers using lg lg n bits (i.e. we don’t need to store the tree using the bracket
representation). We don’t keep the skip values (since they can be as large as n)
at the compressed nodes. The skip values can be found online (as described in
the last section). If we don’t store the tree using the bracket representatin, then
we have to store the pointers to the leftmost and rightmost leaves with each
internal node, which again will take 2 lg lgn bits for each node. Thus the space
occupied by all these trees is O( n

lg2 n
lg2 n

(lg lg n)2 lg lgn) = O(n/ lg lg n) bits. The

space occupied by the table structure is atmost O(2(lg lg n)42(lg lg n)2 lg lgn) which
is o(n). Thus the overall space requirement for the structure (including n�lgn�
bits for the suffix array) is n�lgn�+ o(n) bits.

To search for a pattern string of length m, we first match the pattern in
the first level suffix tree. If we have successfully matched the pattern in this
tree (without any mismatch), then all the nodes in the subtree rooted at the
node where the search has ended, will have the pattern as a common prefix.
To find the number of occurrences of the pattern, we have to find the first and
last occurrences of the pattern which can be found respectively from the blocks
before the leftmost leaf and after the rightmost leaf. If the pattern does not
match completely, we will find the only block in which the patern might occur.
Thus, in either case, we are left with the problem of finding the first and last
occurrences of the pattern in a block of length lg2 n in the suffix array.

To search for the pattern in this smaller block, we again match it in the suffix
tree corresponding to that block. Applying the same method as above, we are
now left with finding the first and last occurrences of the pattern in a smaller
sub-block of length (lg lgn)2 in the suffix array.

Note that, if we recursively continue this process, by storing the sparse suffix
trees in each level, the search time will be O(m lg∗ n). Also this structure will
take n�lg n�+O(n/ lg∗ n) bits of space. However, we observe that after the two
levels, the simple table structure of o(n) bits we described earlier can aid to
complete the search in O(m) time.
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Given an array of (lg lg n)2 strings, each of length (atmost) (lg lg n)2, in
sorted order, and a pattern string of length (atmost) (lg lg n)2, the table has the
beginning and ending positions of the occurrences of the pattern in the array.
Now we read the first (lg lg n)2 bits of each of the suffixes in the sub-block, and
the first (lg lg n)2 bits of the pattern and index into the table to find the first
and last occurrences of the part of the pattern in the sub-block. If this gives
a non-empty range, we will read the next (lg lg n)2 bits of each of the suffixes
in this range and the next (lg lgn)2 bits of the pattern and find the sub-range
of suffixes that match the first 2(lg lgn)2 bits of the pattern. We will do this
repeatedly until either the pattern is exausted or the range has become empty
(or a single suffix). The number of table look-up’s is atmost m/(lg lgn)2 and
each table look-up takes O((lg lgn)2) time. So the overall time to search for a
pattern is O(m). Thus we have

Theorem 5. Given a text of length n from a fixed alphabet, there exists a data
structure that uses n�lgn� + o(n) bits such that given a pattern of size m, the
number of occurrences of the pattern in the string can be found in O(m) time.

5 Conclusions

We have given two indexing structures - one a suffix tree using n�lg n�+4n+o(n)
bits of storage, and another using n�lgn�+ o(n) bits where indexing queries can
be answered in optimum time. Not only can these structures support standard
operations using less space, but they can also find the number of occurrences of
the pattern using no additional space. We find it quite interesting that o(n) bits
in addition to a suffix array is sufficient for an index structure.

Some open problems that arise (remain) are:

– Is there an efficient indexing structure when the given text resides in the
secondary memory? Our structures are well suited if the entire text resides
in the main memory. However, the number of external memory accesses
made in our structures is quite high (close to m), if the given text resides
in the external memory. In fact, this problem remains in all the standard
representations of suffix trees where, along with the skip value, the starting
position of the compressed string is also kept. In such a representation, the
text is looked at at every compressed node. So constructing an n lgn+O(n)
bit suffix tree for a text in external memory (i.e. one that uses as few external
accesses as possible) is an interesting open problem.

– Is there a structure that uses only n + o(n) words of memory and supports
searching in m + o(m) time (or character comparisons) for a fixed size al-
phabet?

– Can we construct our suffix tree representations without using extra space,
i.e. using only n lg n + O(n) bits of space while construction? (One obvious
way to construct our suffix tree representation is to construct the usual suffix
tree first and then construct the parenthesis representation of the tree from
it, but this uses more space than required, while construction.)
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– What is the optimal space for indexing? For example, can we construct an
efficient indexing structure using O(n lg k) space where k is the size of the
alphabet?
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Abstract. The verification of concurrent systems with a large number
of interacting components poses a significant challenge to the existing
verification methodologies. We consider in this paper the formal verifica-
tion of buffer cache algorithms of SVR3-type Unix systems using PVS.

1 Introduction

In the concurrent environment, it is often difficult to say with full confidence
that a given algorithm works correctly. Testing and simulation usually cannot
test all the possible behaviors. Hence verification is one viable approach, though
not practiced to the extent desirable due to lack of appropriate tools. Though
correctness of systems software (OSes, compilers, for example) is of paramount
importance, they have presented a difficult target for verification. This is primar-
ily due to two reasons: the size of these software and the difficulty of abstracting
systems software to yield tractable models that are sufficiently interesting for
taking the trouble to prove them correct. In addition, model checking is of little
use in these domains directly unless used in conjunction with theorem provers.
Systems software subcomponents are typically infinite state or almost close to it
compared to hardware subsystems. Buffer cache algorithms, among many other
critical components, are typically part of a kernel or runtime system and hence
the importance of verifying them.

We consider in this paper the formal verification of buffer cache algorithms
of SVR3-type Unix systems. SVR3-type buffer caches are present in SVR3-
derived/inspired systems such as SCO Unix 3.2 or Linux 2.x. SVR4-type systems
(such as Solaris 2.x, Unixware 2.x) are typically multithreaded and hence more
complex. SVR3-type Unixes support concurrency to let multiple processes in the
kernel but only one can be executing at any time with the rest suspended due
to either interrupt processing or sleeping. The concurrency is of the interleaving
variety on the processor with I/O devices only providing scope for true concur-
rency. The multithreaded kernels support true concurrent execution of kernel
code through the use of appropriate locking.
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1.1 Approach to Verification

One approach for verifying modules in systems software is to prove a smaller
version of a specification and use state enumeration approaches. However, while
proving a downscaled version of specification is effective at finding bugs, it is not
enough as it is possible that some bugs do not show up in the simplified case
but do so in the full version. Theorem proving can handle the general case but
the proofs are often very long and time consuming. One method of combining
automated model checking and interactive theorem proving is to establish a
property preserving abstraction for the general case. Theorem proving is used to
justify the validity of the abstraction whereas model checking is used to prove
the abstracted version of the general case[7,2]. We follow this approach in this
paper. Such an approach is likely to be fruitful for systems software as there are
many modules, each with its own submodules and each submodule in turn using
many unbounded data structures like lists, etc. Theorem proving is useful to
handle the unbounded aspects of the problem. Though the initial investment in
such a mixed approach could be high, it gives us the tools needed to investigate
verification in the large.

Consider a concurrent system with N processes. Each process P consists of
a initialization predicate I, internal action G and external (allowed) action R:
< I, G, R >. The final program is the composition of the programs correspond-
ing to all the processes. Processes are composed by taking the interleaving
conjunction[3]. For example, the composition of two programs P1 and P2 (P1‖P2)
can be written as: < (I1

∧
I2), ((G1

∧
R2)

∨
(G2

∧
R1)), (R1

∧
R2) >. Any run

of Pi (i = 1, 2) is a run of P1‖P2, so any property of Pi is a property of P1‖P2.

The strategy for proving some desired property of the concurrent system
is to induct on the number of processes. The base case can be discharged by
interactive theorem proving. Using the induction hypothesis that the property
is true for k processes, we need to prove that it is true for k + 1 processes. If
our problem domain admits of a tournament style elimination, with only one
“winner” from the k processes, we can abstract these k processes as a single
process, and the k + 1th process as the second process. These two processes
can now be modelled as a two process concurrent system and model checking
now can be attempted on this simpler system. Hence our approach requires a
valid abstraction from k processes to a single process but this is quite often seen
in many situations (caches, failover in clustered distributed systems, etc.). The
validity of the abstraction is proved by checking the following properties:
1: Initialization (I) of concrete program should imply that of abstract program.
2: The internal action (G) and the external allowed actions (R) of the concrete
program should imply that of the abstract program.
3: The validity of the final lemma in the abstract state should imply that of the
concrete state.

Formally[2], given: a concrete program < IC , C >, an abstract program <
IA, A >, a concrete invariant f, a concrete property c, an abstract property a
and a good abstraction h that maps concrete to abstract states, then if
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IC(u) ⊃ IA(h(u))
[C/f ](u, v) ⊃ A(h(u), h(v)), and
f(u)

∧
a(h(u)) ⊃ c(u),

then IC ⊃ AGc follows from IA ⊃ AGa

If the four properties necessary for proving the validity of the abstraction are
proved and also the validity of the safety property in the abstract state space is
proved, then safety in the concrete space follows.

Currently, much work is being done in the formal verification of the commu-
nication protocols, such as the formal verification of the bounded retransmission
protocol[4] and cache coherence protocols[1,2]. One example of a complex hard-
ware system that has been formally verified is the AAMP5 microprocessor[5].

2 Overview of Buffer Cache in SVR3 Unix

An operating system allows processes to concurrently store or retrieve the data
from the mass storage devices such as disk. When a process needs data from
the disk, it makes the requests through a system call. The system call results
in the process entering the kernel and assuming kernel privileges. The reading
or writing of data is effected by the kernel in the requesting process’s context
by accessing the disk. However, if every request results in a disk access, the
response time as seen by processes will be very high and throughput will be low.
Hence, the kernel maintains an in-core structure of buffers (the buffer cache)
which contains the recently accessed disk blocks. It also tries to prefetch some of
the data in the cache in order to exploit spatial locality. The replacement policy
used in the cache is the least recently used (LRU). In addition, the kernel can
attempt additional optimizations in deciding when to flush a “dirty” buffer onto
the disk. Since the process is expected to frequently access the buffer, a kernel
can “delay” the write of the buffer to some extent so that multiple writes on the
disk block could be clubbed into a single disk write. In case the file is deleted
soon after creation (like the temporary files generated during compilation), the
buffer may never need to be flushed onto the disk. During system initialization,
the number of buffers in the cache is configured and remains fixed thereafter.

2.1 Structure of Buffer Header

A kernel maintains a header for each buffer with following important fields[6]:
a: Device number and block number fields that uniquely identify the buffer.
b: A pointer to the in-core data which corresponds to this buffer.
c: Pointers which keep the buffer on a hash queue and on a free list, both of
which are circular, doubly linked lists.
d: Status of the buffer (locked?, valid?, delayed write?1, in use?, waited on by a
process?)
1 dirty buffer, hence must write the contents of the buffer to disk before reusing it
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A kernel organizes buffers in hash queues hashed as a function of [device
number, block number] combination. Each buffer always exists on a hash queue
though there is no significance to the position of the buffer in that queue. If a
buffer is free, the kernel also keeps the buffer on a free list. Every buffer is on
the free list when the system is booted. When the kernel wants any free buffer,
it removes the buffer which is at the head of the list. When it wants a particular
buffer, it may remove the buffer from anywhere in the free list. When I/O on a
buffer is done and the kernel wants to place the buffer on the free list, it appends
the buffer to the end of the list (unless there is some I/O error in which case it
attaches the buffer in front of the list, for fairness reasons), but in no case does
it place the buffer inside the list. This always ensures that the buffers at the
head of the list are least frequently used as compared to those buffers which are
farther from the head of the list[6].

Whenever a kernel wants to access a disk block, it searches for a buffer.
Rather than searching the entire cache (which would be inefficient), it searches
the buffer in the hash queues hashed as a function of [device number, block
number]. If it finds the buffer containing the block, it checks if it is free. If so, it
marks the buffer busy so that other processes cannot access it. But if the buffer
is busy (some other process has already marked it busy), then this process must
sleep. If the disk block is not hashed at all, then it is not present anywhere in
the cache. In this case, the kernel must get a free buffer from the free list, change
its device and block numbers and put it on the corresponding hash queue, and
mark it busy. If kernel does not get any free buffer, then the process must sleep
on the event that some buffer becomes free.

2.2 Correctness Conditions

The algorithm for buffer allocation should guarantee that:

1: At all times, a particular disk block can be cached in at most one buffer
(consistency property). If there exist two buffers that cache the same disk block,
then the kernel will not know which of them contains the most recent copy of
data and hence the content of the disk block is determined by the order in which
the two buffers are written to the disk.

2: If multiple processes try to access the same disk block, only one of them
will get a locked buffer which contains the block (mutual exclusion property).
All other processes must wait till the buffer is released by the process which has
locked the buffer. Otherwise, if two processes write to the disk block, the final
contents of the disk block would be the contents of the last writing process while
the other process thinks that it has sole access to the block. Also, if one process
that has got the buffer issues an I/O and the I/O fails making the contents of
the buffer invalid, the other processes (if at all it has also got the buffer) may
read invalid contents.

3: All the processes waiting for buffers will eventually wake up. Since a kernel
allocates buffers during the execution of system calls and frees them before
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returning, processes cannot purposely hog buffers. This will ensure that a process
cannot sleep indefinitely for a buffer. This fairness property will not be considered
further in this paper as it requires modelling of all system calls (essentially, the
whole of the OS kernel).

Ensuring these properties is necessary for the proper working of the file sub-
system. Note that the underlying problem and the consistency conditions are
quite different from the ones for processor caches.

2.3 The Buffer Cache Algorithms

The algorithms getblk() and brelse() are given in the appendix; they are exactly
as given in [6] where high level pseudo-code is given, with all the important
complications that the SVR3 Unix kernel code takes care of.

When a process enters getblk() algorithm, it first checks if the block is hashed
in the cache (line 2). If hashed, it checks if the corresponding buffer is busy. If so,
it sleeps on an event that the buffer becomes free (line 4); otherwise, the process
locks the buffer.

If the block is not at all hashed in the cache, then the process must look
for a free buffer from the free list. If a free buffer exists, it changes the device
number, block number in the buffer header so that the buffer now refers to the
disk block the process wants, puts the buffer in the respective hash queue and
finally locks it. If there are no free buffers, the process must sleep for the event
that any buffer becomes free (line 12).

One condition which may arise when a block is not hashed is delayed writes
(line 16). If the buffer in the free list that is being replaced is valid (it contains
valid contents of some other disk block) and it has not yet been written to the disk
(the write was delayed to take advantage of temporal locality), the process must
write the contents of the buffer to the disk before using it. The process initiates
I/O on this buffer and continues getblk again from the beginning. In the current
verification effort, we have abstracted this aspect out to reduce complexity but
it can be incorporated with some additional effort.

The algorithm brelse() is invoked to free the buffer locked by a process. The
algorithm is usually invoked in the interrupt context when the I/O corresponding
to a buffer (to be released) is completed. The algorithm first wakes up all the
processes waiting on the relevant events. Then it raises the processor execution
level and attaches the buffer in the free list (in the front if the buffer was marked
delayed write and at the end if it was not marked delayed write).

In the algorithm as given, following problems may arise:

1: Assume that a process finds that a buffer is hashed in the cache but
busy (another process has locked the buffer and is possibly doing I/O on it).
After this point (just after line 3), the process which had locked that buffer
completes its I/O and, on account of a corresponding interrupt, the first process
gets preempted. The second process frees the buffer (brelse()). Now assume that
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the first process gets scheduled again. It has already found out that the buffer
is busy and hence goes to sleep on the event that the buffer becomes free even
though the buffer is not busy as it has already been released. The process may
never wake up.

2: Next, consider that a process has checked that the buffer is not hashed in
the cache and there are no buffers in the free list (line 16). Assume that the I/O
corresponding to one of the locked buffers gets completed and the first process
gets preempted. The second process frees the buffer (brelse()). Now the first
process gets scheduled and goes to sleep on the event that any buffer becomes
free (line 18). But this results in an incorrect operation since it sleeps on the
condition which is no longer true (one buffer is free now!).

3: Also, while manipulating the free list of buffers, there is a possibility of an
interrupt being occurring and brelse() algorithm being executed. Since brelse()
also manipulates the free list, this may result in corrupting the free list (p 31-
32[6]).

All of the three problems occur due to non-atomicity in testing a condition
and acting on it. Hence even though the algorithm looks plausible, there may be
subtle errors in the presence of concurrency. There are other problems still (see
exercises in [6] (page 58))! Raising the interrupt processor level is one solution.
Some of these problems are handled in our model by redefining the unit of
interleaving, especially with respect to interrupts.

3 Verification of Consistency

In general, when writing specifications, we should model only those aspects which
are relevant to the properties of interest[2]. In this case, the property of interest
is that a disk block should not be cached in more than one buffer. Since each
disk block is independent of the other, we can consider the changes in the state
of the buffer cache only with respect to one particular disk block and then prove
that there can be only one buffer at the most hashed in the cache corresponding
to this block. Also we are concerned only about the state of the buffer cache, no
matter which process alters it. We only wish to prove that if the buffer cache
can be modified in the ways which are permitted by getblk(), the above property
is always valid. For the model checking part, we model a simple case of only two
buffers and verify the property.

3.1 General and Abstract Specifications

The General Case The buffer cache is defined as an array of buffers. If the
valid field in the buffer is true, the particular disk block (around which the
specification is written and referred to as blk) is present in the buffer. If false,
the disk block is not present in the buffer. However, it does not state which disk
block the buffer contains. There may be any other disk block in the buffer (with
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which we are not concerned with) or even actually be invalid (may not represent
any disk block). The locked field states whether the buffer is free (i.e. on the free
list) or busy. The system’s state is that of the buffer cache. In the specification,
b init(s) specifies the initial state of the buffer cache with the block blk being
not present. b next(s, s1) specifies the allowed next state transitions of the buffer
cache, from s to s1. b safe(s) is the safety property: if there exist two buffers
that are valid (recall that valid means that it contains disk block blk), then they
must be the same. In other words, there cannot exist two different buffers which
have the same disk block blk.

The various cases in getblk() and the possible state changes are as follows:
1: the idle transition that leaves the state of buffer cache unchanged.
2: if blk is already hashed but the buffer in which it is hashed is locked then the
state does not change, as a process that needs it sleeps until it becomes free.
3: if blk is hashed and the buffer in which it is hashed is not locked, then the
buffer may get locked. This happens when a process trying for blk finds the block
in the cache with the buffer free, and locks the buffer.
4: when blk is not hashed and also there is no free buffer in the cache (i.e. all
the buffers are locked and the free list is empty), a process needing blk sleeps on
the event that any buffer becomes free. There is no change in the state of the
buffer cache.
5: when blk is not hashed and there are some free buffers, a process picks up the
buffer at the head of the free list, changes the device and block number of the
buffer so that the buffer now represents blk and locks it.
6: the transition corresponding to the release of buffer.

The property to be proved is that if we start in state s0 satisfying initializa-
tion predicate b init then for all the states that are generated from b next, the
property b safe is satisfied.

Downscaled Version This version has only 2 buffers but as the model checker
provided with PVS cannot handle numeric subranges[2], changes were required
to check this simplified specification: convert subranges to explicit enumerations,
and use AND and OR instead of FORALL and EXISTS. The consistency prop-
erty is proved by just typing “model-check” as the first proof command to PVS.

Property Preserving Abstraction Define a type astate (abstract state) and
a function abstr which maps a state in concrete space (which corresponds to
general case specification) to the abstract space, such that four properties hold:

initialstate lemma: b init(s)⇒ ab init(abstr(s))
nextstep lemma: b next(s0, s1)⇒ ab next(abstr(s0), abstr(s1))
safety preserved: ab safe(abstr(s))⇒ b safe(s)
safety: ab init(as0)⇒ AG(ab next, ab safe)(as0)
AG(N, f) is a CTL formula that says that f is valid in all futures reached

with N as the transition function. It is defined in a PVS library using the mu
operator and other CTL operators as follows:
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AG(N,f):pred[state] = NOT EF(N, NOT f)
EF(N,f):pred[state] = EU(N,(LAMBDA u: TRUE),f)
EU(N,f,g):pred[state] = mu (LAMBDA Q: (g OR (f AND EX(N,Q))))
EX(N,f)(u):bool = (EXISTS v: (f(v) AND N(u, v)))

Of the above four lemmas, the fourth can be proved by model checking and the
first three can be verified using theorem proving. The abstracted state consists of
two fields of type block state and buffercache state. The block state is enumeration
of following: not present (blk is not hashed in the buffer cache), locked once (blk
is present only once and the buffer containing blk is locked), notlocked once (blk
is present only once but the buffer containing blk is not locked), notlocked shared
(blk is present in more than one buffer in the buffer cache but all the buffers
containing blk are free), locked shared (blk is present in many buffers but at least
one buffer is locked). The buffercache state is just one of all locked or some free.

The Abstract Specification Of the five states of block blk, only the first three
should be valid states. But we cannot assume it without proof. The specification
written for the abstract state has an almost 1-1 correspondence with the general
case specification. The initialization predicate states that blk is not present in
the cache. The next state predicate corresponds to the six cases specified in the
general case:

1: First, an idle transition that corresponds to that of the general case.

2: If blk is hashed (i.e. present) and its state is locked once, then the system’s
state does not change as a process sleeps without changing the state of the buffer
cache. But if blk’s state is locked shared, we have a problem as the algorithm does
not say anything about it. Though this state should never occur, we can not just
assume it. Hence we allow a transition corresponding to this state, not worrying
about what the final state will be.

3: If blk is hashed and the buffer containing blk is not locked, then there
are two cases: block may be in notlocked once state or notlocked shared state.
In the first case, blk’s state changes into locked once and the state of the buffer
cache may change to all locked (if all buffers are now locked ) or some free (some
buffers are free even after locking). But in the case of notlocked shared state, the
final block state will be locked shared and the state of the buffer cache will be
some free (as its earlier state being notlocked shared means that there were at
least two buffers free. Locking one will still leave some buffer free).

4: If blk is not hashed and all the buffers are locked, then the state of the
system does not change as the process trying for blk should sleep on the event
any buffer becomes free.

5: When blk is not hashed and there exist some free buffers, then the state of
the system can be changed in two possible ways. The state of the block in this
case will be locked once but the state of the buffer cache can be either all locked
or some free depending on how many buffers remain free after locking one buffer
which is free.
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6: If a buffer is released by a process, blk can be locked once or locked shared.
Correspondingly, the final state will be either notlocked once, or (locked shared or
notlocked shared). In either case the state of the buffer cache will be some free.

The safe predicate states that at state as the block state can be only in one
of the three states: not present, notlocked once, locked once. The safety property
specifies that if the abstract program is initialized with the initialization predi-
cate then for all the states generated from the next state predicate starting from
the initial state, the safe predicate is always true.

3.2 Proof of Consistency

Safety for the abstract algorithm can be easily verified using the command
“model-check” (see the discussion earlier on downscaled version). To prove the
validity of abstraction, three lemmas have to be proved:

1: initialstate lemma This is required to show that initializing the concrete
(the general case) program is equivalent to initializing the abstract program. The
proof is interactive but is relatively simple. First, it uses “skosimp*” strategy to
introduce skolem constants. Then it uses a PVS strategy called “grind : if-match
nil” which tells the PVS prover to make repeated skolemizations, if-lifting and
not to make any instantiations on its own. Proper instantiation completes the
proof.

2: nextstate lemma This requires to be proved to establish that the next
state transitions of the concrete specification imply the next state transitions of
abstract specification. The proof of this is relatively lengthy and requires more
than 550 proof commands to achieve the desired proof. Most of the difficulty
lies in the need to expand the CTL operators (which are defined in terms of mu
calculus) and then reasoning using lemmas on least fix points. We give some idea
of the effort involved below by giving the definitions of mu operator in the PVS
library along with one lemma useful in one of the proofs:

mu(pp): pred[T] = lfp(pp)
lfp (pp):pred[T] = glb({p | pp(p) <= p})
glb (setofpred):pred[T] =

LAMBDA s: (FORALL p: member(p,setofpred) IMPLIES p(s))
lfp_lem3: LEMMA ismono(ff) IMPLIES FORALL f: ff(f) <=

f IMPLIES lfp(ff) <= f

For this reason, just to prove the simple base case takes 60 steps! We have
included in an appendix an edited fragment of the proof of the base case of a
simpler system as an illustration. The full proof script of this case as seen in
PVS runs to 488 lines (the formulae become very large after substitutions and
get repeated in the subsequent steps, hence the size) with 22 steps.

3: safety preserved This lemma states that the proof of safety property
in abstracted specification implies the proof of safety property in the concrete
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version. The proof of this lemma is relatively easy. The strategy “grind : if-match
nil” first tries repeated skolemizations and if-liftings. This yields three subgoals
to be proved. All the three subgoals can be proved using proper instantiations.

The proof of consistency property now directly follows from [2]. This com-
pletes the verification of the cache consistency property that a block can not re-
side in more than one buffer at a time. The proof takes around 650 manual proof
commands and is mostly interactive except for the proof of downscaled speci-
fication and the abstract specification which are automated due to the model
checker provided with PVS.

4 Verification of Mutual Exclusion

Whenever multiple processes try to acquire the same disk block, only one of the
processes should succeed in getting a locked buffer corresponding to the disk
block. i.e. there should not exist two distinct processes that have acquired the
same buffer simultaneously. By an appropriate reformulation of this problem,
we can convert this verification problem to that of verifying Peterson n-process
mutual exclusion. This latter problem has been done earlier by N.Shankar at
SRI (on an older version of PVS). Our PVS specification has a few minor modi-
fications (for example, some additional lemmas were required) with the complete
proof having been done from scratch. Due to lack of space, we give our argument
for the reformulation and only a very brief proof outline as its novelty is not high
due to the earlier work of Shankar.

4.1 Reformulation of the Problem

Consider an unknown number of processes that try to access the same disk block
(say blk). Since the consistency of buffer cache has already been proved, we now
know that there can be at most one buffer allocated to this disk block in the
buffer cache. This simplifies the verification.

Each process can be in one of three states: init (process has not yet started
accessing the block, equivalent to try=0 in Peterson’s algorithm), trying (process
has just started access, try=1) or got buf (process has successfully got the buffer
and locked it, equivalent to entry into the critical section in Peterson’s algorithm
cs=1). There can be one more state: the process is sleeping, i.e. the process does
not busy wait but is awakened by an event. After waking up, it goes into the
trying state.

If we can map the sleeping state also to that of trying, we can map the buffer
cache mutual exclusion problem to that of n-process Peterson. Such a mapping
is actually incorrect (results in a deadlock!) on a uniprocessor but not so in the
abstract model of interleaving assumed in the PVS model (Section 1.1). (Also,
the sleeping state will have to be taken into account when we are concerned
with fairness issues, such as a process not sleeping infinitely on some condition.)
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Hence the verification of the mutual exclusion property follows from that of n-
Peterson. We will still outline the proof in the context of buffer cache below, as
its mapping to n-Peterson is clear enough.

4.2 Outline of Proof

Formally, if there exist processes j and k such that both of them have their state
got buf, then j = k. The strategy for the proof is induction on the number of
processes trying for the same block. The base case of mutual exclusion is true
if there is only one process. The induction hypothesis assumes validity for k
processes and we need to show validity for k + 1. Assuming the hypothesis, we
abstract the k processes as a single process (say A) and the k+1th process as the
other process (say B). The state of A now is a function of states of k processes.
We define a function abstr that maps a concrete state into the abstract state of
A as follows: got buf (if there exists a process out of the k processes which has
state got buf; there can be only one such process as mutual exclusion is valid
for k processes), trying (if there exists at least one process with the state trying)
or init (when the states of all them is init). The state of process B is same as
the state of k + 1th process. Also, the state of buffer in the abstract state will
be the same as that in the concrete state. We now should not only prove that
mutual exclusion is true in the abstract state, but also that the abstraction itself
is valid.

Fourteen lemmas were proved separately and applied in the proof. These
lemmas include those for the proof of validity of abstraction: proofs of transition
of k processes implying that of A, empty action of k processes implying that of
A, transition of k + 1th process implying that of B, empty action of (k + 1)th

process implying that of B and initialization of k processes implying that of A.

5 Conclusion and Future Work

The consistency and mutual exclusion properties of buffer caches have been
successfully verified. Our experience underscores the importance of more mech-
anization in the use of formal methods. We plan to develop suitable languages
to describe a domain closely (the OS area, more specifically, filesystems) and
develop a translator to PVS along with some automatically derived proof strate-
gies. This could reduce the amount of manual intervention in the proof.
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A Buffer Cache Algorithms Pseudocode

algorithm getblk
input: file system number, block number
output : locked buffer that can now be used for block
1. while (buffer not found) {
2. if (block in hash queue) {
3. if (buffer busy) {
4. sleep (event buffer becomes free)
5. continue
6. }
7. mark buffer busy
8. remove buffer from free list
9. return buffer
10. } else {
11. if (there are no buffers on free list) {
12. sleep (event any buffer becomes free)
13. continue
14. }
15. remove buffer from free list
16. if (buffer marked for delayed write) {
17. asynch write of buffer to disk
18. continue
19. }
20. remove buffer from old hash queue
21. put buffer onto new hash queue
22. return buffer
23. }
24. }

algorithm brelse
input: locked buffer
output: none
1. wake up all procs: event, waiting for any buf to become free
2. wake up all procs: event, waiting for this buf to become free
3. raise processor execution level to block interrupts
4. if (buffer contents are valid and buffer not old) {
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5. enqueue buffer at end of free list
6. } else enqueue buffer at the beginning of the free list
8. lower processor execution level to allow interrupts
9. unlock(buffer)

B Edited Fragment of Proof of Safety.1 (Mutual
Exclusion)

[1] (NOT mu(LAMBDA (Q: pred[state]):

(NOT (LAMBDA (s: state[N]): TRUE) OR

((LAMBDA u: TRUE) AND

EX((LAMBDA (s0: state[N]), (s1: state[N]):

(G_N(0)(s0, s1) OR R_N(0)(s0, s1))), Q)))))(s!1)

Rerunning steps:

(EXPAND "NOT"), (EXPAND "mu"), (LEMMA "lfp_lem3"), we get:

{-1} (FORALL (ff: [pred[state] -> pred[state]]):

ismono(ff) IMPLIES FORALL (f: pred[state]): ff(f) <=

f IMPLIES lfp(ff) <= f)

[-2] lfp(LAMBDA (Q: pred[state]):

((LAMBDA (u): FALSE) OR

((LAMBDA u: TRUE) AND

EX((LAMBDA (s0: state[N]), (s1: state[N]):

(G_N(0)(s0, s1) OR R_N(0)(s0, s1))), Q))))(s!1)

Running step (INST?) yields 5 subgoals, each of which can

be proved through

(PROP), (INST - "LAMBDA (u : state[N]): FALSE"), (EXPAND "<="), (INST?),

(BETA), (SKOSIMP), (EXPAND "OR"), (EXPAND "AND"), (GRIND), (ASSERT),...
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Abstract. We introduce three new notions of infinite testing for prob-
abilistic processes, namely, simple, Büchi and fair infinite testing. We
carefully examine their distinguishing power and show that all three
have the same power as finite tests. We also consider Büchi tests in the
non-probabilistic setting and show that they have the same distinguish-
ing power as finite tests. Finally, we show that finite probabilistic tests
are stronger than nondeterministic fair tests.

1 Introduction

Testing preorders [DNH83,Hen88] have proved to be a very versatile paradigm
for relating specifications and their implementations. The basic idea is first to
define when a process may pass a test (there exists a successful interaction
between the process and test) and must pass a test (all process-test interactions
are successful). The may preorder is then defined as follows: a process P is may
less than a process Q if whenever P may pass a test T , then Q may passes T
as well. The must preorder is defined similarly. The testing preorder is then the
conjunction of the may and must preorders.

These preorders extend in a natural and useful way to probabilistic processes ;
see, for example, [CDS+98,WSS97,YL92,Seg96,JY95]. A probabilistic process
can be viewed as a labeled Markov chain, where the label attached to a Markovian
transition indicates the communication action that takes place in conjunction
with the transition. Testing preorders for probabilistic processes can be thought
of as relating processes in terms of their relative reliability in different operat-
ing environments. Such environments can be modeled by tests , i.e. probabilistic
processes equipped with a set of success states.

The majority of previous research on testing preorders has focused on finite
testing. In the case of nondeterministic processes (which we also sometimes refer
to as “nonprobabilistic processes”) there are, however, two notable exceptions.
Hennessey [Hen88] has shown that a certain simple extension of finite testing to
infinite testing offers no additional distinguishing power in terms of the induced
preorders. Natarajan and Cleaveland [NC95] and Brinksma et al. [BRV95] have
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shown that fair testing induces a finer testing preorder than finite testing, and
has practical ramifications in applications such as protocol verification.

In this paper, we introduce several new notions of infinite testing, for both
probabilistic and nonprobabilistic processes, and carefully examine their distin-
guishing power. In particular, we consider the testing preorders induced by the
following success criteria for infinite tests: simple infinite tests : a finite execu-
tion ending in a success state is deemed successful while all infinite executions
are treated as unsuccessful; Büchi tests: tests are equipped with a set of special
states called Büchi states, and an infinite execution is considered successful if it
visits the set of Büchi state infinitely often; and fair testing: a state of a test
from which a success state can be reached is said to be “potentially successful,”
and an infinite execution is successful if it remains among the set of potentially
successful states.

Simple tests and fair tests have been studied in the literature and a motivation
for their consideration may be found there. The motivation for Büchi tests is the
following. A Büchi test corresponds to an environment that acts as a monitor,
continously interacting with the system and periodically indicating whether the
interaction up to that point is admissible. The entire computation is successful
if the monitor reports success infinitely often.

As alluded to above, it is already known that, for nondeterministic pro-
cesses, simple infinite tests offer no additional distinguishing power than finite
tests [Hen88] (i.e. the induced preorders coincide), and that the fair testing pre-
order is finer than the one induced by finite tests [NC95,BRV95]. We complete
this picture by showing that Büchi testing also coincides with finite testing.

In the probabilistic setting, only finite testing has been considered previ-
ously [CDS+98]. We show that infinite tests offer no more distinguishing power
than finite tests; i.e., the simple, Büchi, and fair testing preorders all coincide
with the testing preorder induced by finite tests. Thus, fairness adds to the
expressive power of nondeterministic testing but fails to do so in probabilistic
testing.

Finally, we show that the probabilistic testing preorder refines the fair testing
preorder for nondeterministic processes in the following sense: if two probabilistic
processes are related by the probabilistic testing preorder, then their images
under the forgetful homomorphism that erases probabilities are related by the
fair testing preorder for nondeterministic processes.

2 Infinite Testing for Nondeterministic Processes

We begin by recalling the definitions of the testing preorders of [DNH83,Hen88].
Let Act denote a finite set of actions and let τ �∈ Act. τ represents the distin-
guished unobservable internal action.

A process P over an alphabet Act is a labeled transition system 〈KP ,−→, pI〉
where KP is a (countable) set of states, pI ∈ KP is the initial state and −→⊆
KP × Act ∪ {τ} × KP is an image-finite transition relation. We write p

a−→ p′
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for (p, a, p′) ∈−→ and p −→ when there is an a and a p′ such that p
a−→ p′. A

state p is terminal if p �−→.
A finite execution fragment of a process P is a sequence p0

a1−→ p1
a2−→ . . .

an−→ pn
where pi

ai−→ pi+1. An infinite execution fragment is a sequence p0
a1−→ p1

a2−→ . . .
an−→ pn

an+1−→ . . . where pi
ai−→ pi+1. An execution is a finite or an infinite execution

fragment with p0 = pI . The set of all executions of a process P is denoted by
ExecP . An execution is said to be complete if it is infinite or if it is finite and
ends in a terminal state. A state p is said to be divergent if there is an infinite
execution fragment of the form p

τ−→ p1
τ−→ p2 . . . emanating from p. A process

without divergent states is said to be divergence-free.
Given processes P and Q, the composition of P and Q is the process P ||Q

= 〈KP × KQ, −→P ||Q, (pI , qI)〉 where −→P ||Q is given by

p
τ−→ p′ ⇒ (p, q) τ−→ P ||Q(p′, q)

q
τ−→ q′ ⇒ (p, q) τ−→ P ||Q(p, q′)

a �= τ & p
a−→ p′ & q

a−→ q′ ⇒ (p, q) a−→ P ||Q(p′, q′)

A process P is said to be finite if it is finite-state and the relation −→ is
acyclic. Every execution of a finite process is finite. The composition of a finite
process with any divergence-free process yields a finite process.

A test T = 〈KT ,−→T , tI , SucT 〉 is a process 〈KT ,−→T , tI〉 with a distin-
guished set of success states SucT ⊆ KT . (We often use T to refer its underlying
process 〈KT ,−→T , tI〉.) An execution of a test T is said to be successful if it
ends in a state in SucT .

In this paper we require that processes be divergence-free and that every
success state be a terminal state. The results in [CDS+98] that we build on
assume that processes are divergence-free. The assumption on success states is
for consistency with [NC95] and [CDS+98]. Traditional testing does not require
that success states be terminal but any run that passes through a success state is
considered successful. Thus, w.l.o.g., we may restrict success states to terminal
states.

Given a process P and a test T , P ||T is a test with SucP ||T = {(p, t) | t ∈
SucT ∧ (p, t) �−→}. We say that a process P may pass the test T , written
P may T , if the test P ||T has a successful execution. We say that a process P
must pass the test T , written P must T , if every complete execution of the test
P ||T is successful. (Usually success is indicated by a distinguished action w
(see [Hen88,NC95]). It is easy to verify that our formulation using terminal
success states is equivalent to the one presented in [NC95] for divergence-free
processes).

A test T is said to be finite if its underlying process is finite. The may-testing
preorder �may is given by P �may Q if for every finite test T , P may T⇒
Qmay T and the must-testing preorder �must is given by P �must Q if for every
finite test T , P must T ⇒ Qmust T . Further, we say P �test Q if P �may Q
and P �must Q.
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If we remove the restriction that the tests be finite we get preorders �smay ,
�smust and �s , respectively. We call such tests simple infinite tests.
In [DNH83,Hen88], alternative characterizations of these preorders are derived
and as a consequence it turns out that �may = �smay , �must = �smust
and �test = �s .

Natarajan and Cleaveland [NC95] and Brinksma et al. [BRV95] present a
different criterion for deciding which infinite executions are successful. A state t
of a test is said to be potentially successful if there is an execution fragment
starting at t that leads to a success state. Under fair testing, a complete finite
execution is successful if it ends in a success state and an infinite execution
is successful if every state it visits is potentially successful. When a process P
may/must satisfy a test T is defined analogous to the finite case and let the
resulting preorders be �fmay , �fmust and �f . It turns out that �fmay is
the same as �may while �fmust is finer than �must .

We now propose a third kind of infinite test. Büchi tests, as the name
suggests, are inspired by the theory of automata over infinite sequences. A
Büchi test T is a tuple 〈KT ,−→T , tI , SucT ,B〉 where 〈KT ,−→T , tI , SucT 〉 is
a test and B ⊆ KT . A finite execution of a Büchi test is successful if it ends in
a state in SucT . An infinite execution of a Büchi test is successful if it visits the
set B infinitely often.

Given a process P and a Büchi test T we treat P ||T as a Büchi test with
BP ||T = {(p, t) | t ∈ B}. We say P mayb T if P ||T has a successful execution
and P mustb T if every complete execution of P ||T is successful. As in the case
of finite tests, these relations induce three preorders �bmay , �bmust and �b .

Let T be the test 〈{t, t′}, {(t, a, t), (t, b, t), (t, b, t′), (t′, b, t′)}, t, ∅, {t′}〉. Then,
P mayb T if and only if P has an infinite execution with finite number of a-
transitions, a property seemingly beyond the reach of finite tests. Nevertheless,
the following theorem shows that the preorders induced by Büchi test are no
different from those induced by finite tests.

Theorem 1. �bmay = �may , �bmust = �must and �b = �test .

Theorem 1 critically depends on the image-finiteness assumption. Büchi tests do
not coicide with simple tests for processes with infinite branching. Divergence
can be used to simulate infinite branching and consequently Theorem 1 also
does not hold for processes with divergence. It is possible to modify the defini-
tion of Büchi tests to generalize this theorem to arbitrary processes, but such
modifications are technical and an operational justification seems hard.

3 Probabilistic Processes and Testing

In this section, we recall the basic ingredients of the probabilistic testing frame-
work of [CDS+98], namely, probabilistic processes and tests, the notion of a pro-
cess passing a test with a certain probability, the probabilistic testing preorder,
and the alternative characterization of the preorder. To simplify the presenta-
tion, we restrict ourselves to processes and tests without τ -moves. However, all
our results extend to divergence-free processes and tests with τ -moves.
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Let Act be a finite set of atomic actions and let a, b, . . . range over Act. A
probabilistic process P over Act is a tuple 〈KP ,−→,pI, µP 〉 where 〈KP ,−→, pI〉
is a process and µP : (KP × Act × KP ) → [0, 1] is the transition distribution
function such that for each p ∈ KP ,∑

a∈Act,

p′∈KP

µP (p, a, p′) ∈ {0, 1}

Further, p
a−→ p′ if and only if µP (p, a, p′) > 0. Intuitively, µP (p, a, p′) is the

probability that atomic action a is executed from state p to become state p′. We
write µP (p, a), for

∑
p′∈P µP (p, a, p′).

Notice that we are working in the generative model of probabilistic pro-
cesses [GSS95]. Let P = 〈KP ,−→P , pI, µP 〉 and Q = 〈KQ,−→Q, qI, µQ〉 be
probabilistic processes. Then their composition, denoted P ||Q, is the tuple
〈KP × KQ,−→P ||Q, (pI, qI), µP ||Q〉 such that

µP ||Q((p, q), a, (p′, q′)) = µP (p,a,p′)·µQ(q,a,q′)
ν(p,q) if ν(p, q) > 0

0 otherwise

where ν(p, q) =
∑
b∈Act µP (p, b) · µQ(q, b).

Although P is a generative process it cannot autonomously decide which
transitions to offer while interacting with an environment. The set of enabled
transitions is determined by the environment and the probability assigned to
an enabled transition is the conditional probability that this transition is taken
from the set of all enabled transitions. In this sense, our processes are reactive
and different from (labeled) Markov processes. As we shall see later, however,
the interaction system consisting of a process and a test may be analyzed as a
Markov chain.

A probabilistic test is a probabilistic process with some of its states des-
ignated as success states. That is, a probabilistic test is a tuple of the form
〈KT ,−→T , tI, µT , SucT 〉 where 〈KT ,−→T , tI, µT 〉 is a probabilistic process and
SucT ⊆ KT is the set of success states . Further we will assume that if t ∈ SucT
then

∑
a∈Act µT (t, a) = 0. That is, as in the nondeterministic case, there are

no transitions out of success states. Once the test has reached a success state
the run is deemed successful (and thus the rest of the run is of no interest). In
this section we assume that tests are finite, i.e., they are finite-state and the
transition relation −→ of a test is acyclic.

For an execution σ = p1
a1−→ p2

a2−→ . . .
an−1−→ pn, let

Prod(σ) =
∏

1≤i≤n−1

µP (pi, ai, pi+1)

For any finite process P , the execution probability distribution function Pr :
ExecP → [0, 1] is defined inductively as follows:

Pr(p1
a1−→ p2 . . .

an−1−→ pn) = Prod(p1
a1−→ p2 . . .

an−1−→ pn) if pn is terminal
= 0 otherwise
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and is lifted to sets E ⊆ ExecP of executions as, Pr(E) = ∑
σ∈E Pr(σ)

Intuitively, Pr(σ) is the probability that the process P engages in execution
σ. We assume that an execution always proceeds to completion and thus the
probability of incomplete executions is taken to be 0.

Since tests are finite processes the execution probability function is defined.
The success probability of a test T is given by Pr(SET ), where SET is the set
of all executions of T that end in success states. Every test can be treated as
a process by disregarding its set of success states. Thus, given a probabilistic
process P = 〈KP ,−→P , pI , µP 〉 and a test T = 〈KT ,−→T , tI , µT , SucT 〉, we can
define the composition P ||T . P ||T can also be treated as a test with SucP ||T =
{(p, t) | p ∈ KP , t ∈ SucT }. By the definition of composition, there are no
transitions out of states in SucP ||T . Further, if T is a finite process then so is
P ||T . The probability that P passes T is simply the success probability of P ||T .
We write P passπ T if Prob(SEP ||T ) ≥ π.

The testing preorder for probabilistic processes [CDS+98] can now be defined
as follows. Let P and Q be processes. Then P �prtest Q if for all tests T , π ∈ [0, 1],
P passπ T implies Q passπ T (or equivalently Pr(SEP ||T ) ≤ Pr(SEQ ||T )).

A distribution over Act is a map D : Act → [0, 1] such that
∑
a∈Act D(a) ∈

{0, 1}. Let Dist denote the set of all distributions. A probabilistic trace (a1, D1) · · ·
(an, Dn) over Act is an element of (Dist × Act)∗. TrAct denotes the set of all
probabilistic traces over Act, and ε ∈ TrAct denotes the empty probabilistic
trace.

Intuitively, a probabilistic trace represents a possible “interaction session”
with a probabilistic process; each distribution defines the probabilities with
which different actions are enabled by the environment, while the action com-
ponent specifies the action that the environment and process agree to execute.
The function MP defined next computes the probability that a process P , from
a given state, engages in such an interaction session.

Let P = 〈KP ,−→P , pI, µP 〉 be a probabilistic process. Function MP : KP ×
TrAct → [0, 1] is defined as follows:

MP (p, ε) = 1

MP (p, (a,D) s′) =

{∑
p′∈KP

µP (p,a,p′)·D(a)·MP (p′,s′)
ν(p,D) if ν(p,D) > 0

0 otherwise

where ν(p,D) =
∑
b∈Act µP (p, b) · D(b).

The preorder induced by probabilistic traces, �, is defined by P � Q
if for all s ∈TrAct,MP (pI, s) ≤ MQ(qI, s).

Theorem 2 ([CDS+98]). P �prtest Q if and only if P � Q

A Probability Measure on Sets of Executions: For any finite execution
σ, let [σ] denote the set of finite and infinite executions of P that extend σ. A
set of executions is said to be simple basic measurable if it is either of the form
[σ] or {σ} where {σ} �= [σ]. We assign probabilities to simple basic measurable
sets as follows: Prob([σ]) = Prod(σ) and Prob({σ}) = 0 when {σ} �= [σ]. A
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standard result tells us that this function extends to a probability measure over
the σ-algebra generated by these sets. The reader is referred to [WSS97] for the
details.

4 Simple Infinite Tests

As mentioned earlier, an execution of a simple infinite test is considered suc-
cessful if it is finite and ends in a success state. Since there are no outgoing
transitions from success states, [σ] = {σ} for any successful execution σ. The
probability of success is given by Prob(SET ) =

∑
σ∈SET Prob([σ]).

Given a probabilistic process P and a simple infinite test T the probability
with which P passes T is just the success probability of P ||T . The class of
simple infinite tests induce a preorder �prs given by P�prs Q if and only if for all
probabilistic tests T , Prob(SEP ||T ) ≤ Prob(SEQ ||T ).

Theorem 3. �prtest = � = �prs
Proof. It is easy to see that �prs ⊆ �. We now prove the converse. Let P and Q
be probabilistic processes such that P�Q. Let us examine the set of successful
executions of R ||T for any process R. Let σ be any execution of T . Let ER ||T (σ)
denote the set of executions of R ||T whose projection onto the T component
extends σ. In [CDS+98] it is shown that there is a probabilistic trace tr(σ) and a
constant v (that depends on T and σ) such that Prob(ER ||T (σ)) =

MR(rI ,tr(σ))
v .

Let P and Q be probabilistic processes with P�Q. Then,

Prob(EP ||T (σ)) =
MP (pI , tr(σ))

v
≤ MQ(qI , tr(σ))

v
= Prob(EQ ||T (σ))

But SEP ||T =
⋃
σ∈SET EP ||T (σ). Moreover, EP ||T (σ)∩EP ||T (σ′) = ∅ whenever

σ �= σ′. Thus,
Prob(SEP ||T ) ≤ Prob(SEQ ||T )

5 Büchi Tests

We next consider infinite probabilistic tests with a Büchi acceptance condition.
Formally, a Büchi test is a tuple 〈KT ,−→T , tI , µT , SucT ,B〉 where 〈KT ,−→T

, tI , µT , SucT 〉 is a probabilistic test and B is a subset of KT . T is said to be a
pure Büchi test when SucT is empty. An execution of a Büchi test is said to be
successful if either it is finite and ends in a state in SucT or it is infinite and
visits B infinitely often. We use SET to denote the set of successful executions
of a Büchi test T . This set is measurable.

If P is a probabilistic process and T is a Büchi test then P ||T is a Büchi test
with BP ||T = {(r, t) | t ∈ B}. The probability with which P passes T is given
by Prob(SEP ||T ). The class of Büchi tests induces a preorder �prb on the set
of probabilistic processes such that P�prb Q if and only if, for all Büchi tests T ,
Prob(SEP ||T ) ≤ Prob(SEQ ||T ).
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Proposition 1. For every Büchi test T there is a pure Büchi test T b and a
simple infinite test T u such that, for any probabilistic process P , Prob(SEP ||T ) =
ProbP ||T b(SEP ||T b) + ProbP ||Tu(SEP ||Tu).

Theorem 4. �prtest = � = �prb
Proof. (sketch) As every finite test may be treated as a Büchi test the preorder
induced by Büchi tests is finer than �.

Let P and Q be probabilistic processes with P�Q. Let T be any pure
Büchi test and R be any probabilistic process. It is easy to show that
Prob(SER ||T ) = Prob(

⋂
i∈ω SRi ), where SRi is the set of executions of R ||T

that contain at least i states whose T component is from B.
Let Ti be the set of executions of T that end in a state from B and contain

precisely i occurrences of states from B. Then, SRi =
⋃
σ∈Ti

ER ||T (σ). Using this
characterization of SRi , an argument identical to that in the proof of Theorem 3
shows that Prob(SPi ) ≤ Prob(SQi ).

Thus, Prob(P ||T ) = limi{Prob(SPi )}i∈ω ≤ limi{Prob(SQi )}i∈ω =
Prob(Q ||T ).

If T is a general Büchi test, by Proposition 1, we can decompose T into a
pure Büchi test and a simple infinite test. We then use the property of pure
Büchi tests established above and Theorem 3 to derive the desired result.

6 Fair Tests

In this section we will restrict ourselves to finite-state processes and tests. A
state t of a fair test T is said to be potentially successful if there is a finite
execution fragment t = t1

a1−→ . . .
an−1−→ tn with tn ∈ SucT . It is said to be dead

otherwise. A potentially successful state that is not a success state is called a
live state.

A finite execution of a test is said to be successful if it ends in a success state.
An infinite execution is said to be successful if every state in the execution is
potentially successful. It is not difficult to show that this set is measurable. Thus
we can define the probability of a process passing a fair test and the associated
preorder �prf .

A finite execution is said to be potentially successful if it ends in a potentially
successful state and is said to be dead otherwise. An execution is said to be
unsuccessful if it is not successful. An execution that ends in a live state is a
live execution. We use SET , FSET , PSET , LET and DET to denote the sets of
successful, finite successful, potentially successful, live and dead executions of T ,
respectively.

6.1 Turning Probabilistic Processes into Markov Chains

Given a probabilistic test T the process

Mv(T ) = 〈KM
T ,−→M

T , tI , µMT , SucMv(T )〉
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is defined as follows: :

KM
T = {tI} ∪ {(t, a) | t ∈ KT & a ∈ Act}

µMT ((t, a), b, (t′, b)) = µT (t, b, t′)
µMT (tI , a, (t′, a)) = µT (tI , a, t′)

µMT ((t, a), b, (t′, c)) = 0 {b �= c}
µMT (tI , a, (t, b)) = 0 {a �= b}

The initial state of Mv(T ) is tI . The set of success states of Mv(T ) is SucMv(T ) =
{(t, a) | t ∈ SucT }.

We have made multiple copies of each state so that in the resulting process
there is at most one transition from a given state to another. Furthermore, the
transitions used in an execution can be determined merely from the sequence of
states involved in the execution.

There is an obvious bijective correspondence between the set of executions
of T beginning at tI and that of Mv(T ) beginning at tI : The finite execution
σ = tI

a1−→ t2
a2−→ . . . tN corresponds to the execution Mv(σ) = tI

a1−→ (t2, a1)
a2−→

(t3, a2) . . . (tn, an−1) and similarly for infinite executions. We use ρ to denote this
bijection.

The process Mv(T ) is almost a Markov chain (see [Fel50]). In a Markov chain
the sum of the probabilities of the transitions out of every state must be 1 while
in Mv(T ) this sum is zero for some states (at least at every success state). We
make one final modification to Mv(T ), without sacrificing the correspondence
mentioned above, to turn it into a Markov chain. For each state x that has no
outgoing transitions, add a self-loop labeled δ with µMT (x, δ, x) = 1, where δ does
not appear in Act. We continue to refer to this process as Mv(T ).

Clearly ρ is still a bijective correspondence between executions of T beginning
at tI and those of Mv(T ) that begins at tI which do not make use of transitions
on δ. An execution of the Markov chain Mv(T) is said to be successful if it is
infinite and all the states that it visits are potentially successful or if it is finite
and it visits a success state. An execution of Mv(T ) is said to be minimally good
if it ends in a success state and none of its prefixes end in success states. We
write MGEMv(T ) for the set of minimally good executions of Mv(T ).

Lemma 1. The map ρ relates minimally dead executions of T with minimally
dead executions of Mv(T ) in a bijective manner. The map ρ (bijectively) relates
the finite successful executions of T with the minimally good executions of Mv(T ).
Further ρ preserves probability, that is Prod(σ) = Prod(ρ(σ)). The probability of
success of T equals the probability of success of Mv(T ).

Lemma 2. The success probability of Mv(T ) is
∑
γ∈MGEMv(T )

Prod(γ).

Proof. Recall, that an execution of Mv(T ) is successful iff it is infinite and if
every state it visits is potentially successful or it is finite and visits a success
state. This set can be partitioned in two: the set of successful executions that
visit a success state and those that don’t.
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Clearly, any successful execution that enters some success state necessarily
belong to [γ] for some γ ∈ MGEMv(T ). On the other hand, the only transition
out of a success state is a self-loop and so, every execution that is in [γ], with
γ ∈ MGEMv(T ), is successful. Let LMv(T ) be the set of infinite executions of
Mv(T ) that are successful but never visit a success state.

SEMv(T ) = (
⋃

γ∈MGEMv(T )

[γ]) ∪ LMv(T )

Thus

Prob(SEMv(T )) =
∑

γ∈MGEMv(T )

Prob([γ]) + Prob(LMv(T ))

We now show that Prob(LMv(T )) = 0. (Note that since LMv(T )is the differ-
ence between two measurable sets it must indeed be measurable). Let

Ln =
⋃

γ∈LEMv(T ),|γ|=n
[γ]

Then, Ln+1 ⊆ Ln and LMv(T ) =
⋂
n≥0 Ln. Thus,

Prob(LMv(T )) = limn{Prob(Ln)}n∈ω

Consider the underlying graph of the Markov chain Mv(T ) whose vertices
are the states and whose edges are defined by transitions of nonzero probability.
In the decomposition of this graph into its maximal strongly connected com-
ponents, components containing live states will consist entirely of live states;
each success state lies in a singleton maximal strongly connected component
and live states are not reachable from dead states. Further the components
that contain live states will necessarily have outgoing edges. In the terminol-
ogy of Markov chains (see [Fel50,Shi80]) every live state is transient (or non-
recurrent). A basic result in the theory of Markov chains states that for any
finite Markov chain and state q, the probability that an m length execution
beginning at q ends in a transient state approaches 0 as m goes to ∞. But
Prob(Ln) is at most the probability that a n length run from qI ends in a tran-
sient state. Thus the sequence {Prob(Ln)}n∈ω must converge to 0 and thus,
Prob(Mv(S)) =

∑
γ∈MGEMv(T )

Prod(γ).

Now, using Lemmas 1 and 2 it is easy to establish the following theorem.
In contrast, nondeterministic fair tests induce a finer preorder than finite tests
even when restricted to finite-state τ -free processes and tests.

Theorem 5. �prtest = � = �prf
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6.2 Finite Probabilistic Testing Refines Fair Testing

We now show that finite probabilistic testing induces a preorder that is finer
than that induced by nondeterministic fair testing. Let Erase be the mapping
defined by Erase(〈KP ,−→P , pI,µP 〉) = 〈KP ,−→P , pI〉.
Theorem 6. For finite-state probabilistic processes P and Q, P �prtest Q ⇒
Erase(P ) �f Erase(Q).

7 Conclusions

We have carefully examined the distinguishing power of infinite testing. For
nonprobabilistic testing, we showed that Büchi testing offers no additional dis-
tinguishing power over finite testing. In the probabilistic setting, we showed that
nothing new is gained by considering infinite tests, as their induced preorders co-
incide with finite testing. Thus, fairness fails to add to the distinguishing power
of probabilistic tests. Finally, we showed that the probabilistic testing preorder
refines the fair testing preorder for nondeterministic processes.

All our results assume divergence-free processes and only finite-state pro-
cesses are considered in the case of probabilistic fair testing. However, the re-
sults of [CDS+98] can be extended to probabilistic processes with divergence
and consequently our results for simple tests and fair tests extend to processes
with divergence. As future work, we would like to investigate the probabilistic
preorder induced by infinite-state fair tests.
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Abstract. We present a conceptually simple algorithm to generate an
ordering of the vertices of an undirected graph. The ordering generated
turns out to be a strong elimination ordering if and only if the given graph
is a strongly chordal graph. This algorithm makes use of maximum cardi-
nality search and lexicographic breadth first search algorithms which are
used to generate perfect elimination orderings of a chordal graph. Our
algorithm takes O(k2n) time where k is the size of the largest minimal
vertex separator and n denotes the number vertices in the graph. The
algorithm provides a new insight into the structure of strongly chordal
graphs and also gives rise to a new algorithm of the same time complexity
for recognition of strongly chordal graphs.

1 Introduction

The class of chordal graphs is an important and well-studied subclass of perfect
graphs. Chordal graphs find applications in modeling sparse matrix computa-
tions [10], acyclic database theory[1,2] and the theory of totally balanced ma-
trices [7]. Strongly chordal graphs are an interesting subclass of chordal graphs.
They were introduced by Farber [3], who also provided a forbidden subgraph
characterization for the class. Farber and Anstee [4] showed that strongly chordal
graphs are closely related to totally balanced matrices and proposed an O(n4) al-
gorithm to recognize these graphs. Lubiw [8] proposed an O(m2 logn) algorithm
to generate a double lexical ordering of a matrix with n rows and m nonzero en-
tries. This ordering can be used to recognize totally balanced matrices and also
to recognize strongly chordal graphs. Tarjan and Paige [14] improved the com-
plexity of the above algorithm to O(m log n) and hence recognition of strongly
chordal graphs has O(m log n) time complexity. Spinrad [12] further improved
this complexity to O(n2) in case the given graph is a dense graph.

Algorithms for several problems on strongly chordal graphs assume that a
strong elimination ordering is given. These problems include determining inde-
pendent dominating set, minimum weighted dominating set, domatic partition
and minimum dominating clique [5,9]. Thus the problem of efficiently generat-
ing a strong elimination ordering assumes a lot of importance. The algorithm of
Tarjan and Paige generates a strong elimination ordering of a strongly chordal
graph. For the class of chordal graphs, the LexBFS (Lexicographic Breadth First
V. Arvind and R. Ram anuj am (Eds.): Foundation of Sof tware Te chnology, LNCS 1530, pp. 221– 232 ,
1998.
c© S p r i n ge r-Ve rl ag Be rl i n He i d e l b e rg 1998
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Search) and the MCS (Maximum Cardinality Search) are two linear-time graph-
traversal based algorithms that generate a perfect elimination ordering. The
fact that there is no such graph-traversal based algorithm for generating strong
elimination orderings is intriguing and motivated us to look for it.

Our contribution in this paper is an algorithm that generates an ordering of
the vertices of a given undirected graph such that the ordering is a strong elimi-
nation ordering if and only if the given graph is strongly chordal. We find that a
particular way of breaking ties when using a LexBFS algorithm leads us to the
generation of a strong elimination ordering. The properties of minimal vertex
separators of strongly chordal graphs and the forbidden subgraph characteriza-
tion are used to prove the correctness of the new algorithm. The minimal vertex
separators in turn are obtained with the help of MCS peos of chordal graphs.
The complexity of the algorithm is linear except for constructing the weighted
separator graph S(G) (defined below) of the given graph G which takes O(k2n)
time and dominates the overall time complexity. Here k denotes the maximum
size of a minimal vertex separator. Lubiw shows that a matrix can be checked
for Γ -freeness property in linear time which can in turn be used to check if a
given ordering of the vertices is indeed a strong elimination ordering. Thus our
algorithm can be used in conjunction with the above to recognize if a given graph
is strongly chordal in O(k2n) time. Though the new algorithm performs better
than the existing algorithm only when the separator sizes are small, it gives a
new insight into the structure of strongly chordal graphs.

The paper is organized as follows. In Section 2 we give the preliminaries
required. In Section 3, we present the theorems that are used in designing the
algorithm. Section 4 gives the algorithm. In Section 5 we present the correctness
of the algorithm. The time complexity of the algorithm is analyzed in Section 6.
Section 7 contains concluding remarks and open problems.

2 Preliminaries

Through out this paper we assume that the graph G = (V,E) is undirected,
connected and simple. Let N(v) denote the set of all vertices adjacent to v
in G and N [v] denote the set N(v) ∪ {v}. If S ⊆ V then G[S] denotes the
graph induced by the vertices of S in G. An undirected graph G = (V,E), with
|V | = n and |E| = m is chordal if every cycle of length at least four contains a
chord, i.e., an edge between two vertices that are not consecutive in the cycle. A
vertex v is simplicial if its neighbors induce a complete subgraph. An elimination
ordering σ of a graph G is a bijection σ: {1, 2, .., n} → V . Accordingly, σ(i) is
the ith vertex in the elimination ordering and σ−1(v), v ∈ V gives the position
of v in σ. We represent the graph induced by the vertex set {vi, vi+1, .., vn}
by Gi. Neighborhood of a vertex u in Gi denoted by Ni[u]. A perfect elimination
ordering (peo) is an elimination ordering σ = (v1, v2, .., vn) where vi, (1 ≤ i ≤ n)
is simplicial in the graph Gi. A well known characterization of chordal graphs is
that a graph is chordal if and only if it has a perfect elimination ordering [6].
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A subset S of vertices V (G) of a chordal graph G is a minimal u-v separator
of G if G[V −S] has at least two connected components with vertices u and v in
different components, and no proper subset of S has this property with respect
to u and v. A minimal vertex separator is a minimal u-v separator for some u
and v of G. Through out this paper we use the word separator for minimal vertex
separator.

A strongly chordal graph is a chordal graph in which every even cycle of
length at least six has an odd chord. An odd chord is a chord joining two vertices
that are at an odd distance in the cycle. A vertex v is called simple if the set
{N [u] : u ∈ N [v]} is linearly ordered by set inclusion. Note that a simple vertex
is also a simplicial vertex but the converse may not be true. Farber has shown
that every induced subgraph of a strongly chordal graph has a simple vertex.
Successive removal of simple vertices results in a special elimination ordering.
An ordering of vertices (v1, v2, .., vn) is called a strong elimination ordering, if
it is a perfect elimination ordering and for each i < j < k if vj , vk ∈ Ni[vi]
implies Ni[vj ] ⊆ Ni[vk].

Theorem 1. [3] A chordal graph is strongly chordal if and only if its vertices
admit a strong elimination ordering.

A trampoline is a chordal graph G on 2n vertices, for some n ≥ 3, whose
vertex set can be partitioned into two sets, W = {w1, w2, .., wn} and U =
{u1, u2, .., un}, so that W is independent and for each i and j, wi is adjacent
to uj if and only if i = j or i = j + 1(mod n) and G[U ] is a complete graph.
A trampoline on 2n vertices is also called an n- sun. The following forbidden
subgraph characterization of strongly chordal graphs is given by Farber [3].

Theorem 2. [3] A chordal graph is strongly chordal if and only if it contains
no induced n-sun.

3 Algorithm Development

For a chordal graph G = (V,E), let S(G) be a weighted graph defined as follows:
The vertex set of S(G) consists of those vertices of G that are present in one or
more separators of G and there is an edge between a pair of vertices if they both
belong to same separator. The weight of an edge is the number of separators
in which both of its end-points are present. We use S(G) to guide the LexBFS
process on G. Current-separator-weight (cur-sep-wt) of a vertex in S(G) is sum
of the weights of the edges incident on it and whose other end vertices have
already been numbered. The cur-sep-wt of all vertices is zero before numbering
of the vertices of G.

We start numbering the vertices of the given graph using LexBFS [11] from n
to 1. As in LexBFS algorithm, a label, which is a string of integers, is associated
with each of the vertices of the graph. A vertex is chosen arbitrarily and num-
bered n. All the neighbors of this vertex are given a label n. If it has neighbors
in S(G) then the cur-sep-wt of each of its neighbors in the graph is incremented
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by making use of the edge weights in S(G). At any stage, the next vertex to be
numbered is the one that has the lexicographically highest label. If there is a
tie one of the vertices with maximum cur-sep-wt is chosen. The above process
is continued until there are no more vertices to be numbered. Clearly, we are
developing a perfect elimination ordering since we are using lexBFS on a chordal
graph. We show that this kind of numbering in fact yields a strong elimination
ordering of the vertices if the given graph is a strongly chordal graph.

We make use of Maximum Cardinality Search algorithm which was proposed
by Tarjan et al [15] to test the chordality of a graph to get all the minimal
vertex separators of a given chordal graph. This algorithm runs in O(n + m)
time and gives an ordering of vertices(known as MCS-peo) in case the given
graph is a chordal graph. An MCS ordering σ of a chordal graph with n vertices
is obtained as follows: Number the vertices from n to 1 in decreasing order. σ(i)
is the vertex that receives the number i. σ(n) is chosen arbitrarily. As the next
vertex to number, select the vertex that is adjacent to the largest number of
currently numbered vertices, breaking the ties arbitrarily.

Given a peo σ of a chordal graph G, N(v, σ) denotes the set of vertices
adjacent to v that appear later than v in σ. That is

N(v, σ) = {x ∈ N(v), σ−1(x) > σ−1(v)}
The set N(v, σ) is called the monotone adjacency set of v, with respect to σ.
Note that graph G can be constructed by starting with an empty graph and by
adding vertices in the order σ(n), σ(n − 1)...σ(1) making each added vertex v
adjacent to all the vertices of N(v, σ). For a chordal graph G and peo σ, Gi(σ)
is the subgraph of G induced by the set Vi(σ) = {σ(j) : j ≥ i}.

An algorithmic characterization of minimal vertex separators of a chordal
graph in terms of the monotone adjacency sets of an MCS-peo was given in [13]
which we mention here for ease of reference. The following Lemma 3 and Lemma
4 show that during maximum cardinality search of a chordal graph G, whenever
the size of the monotone adjacency set doesn’t increase from one stage to the
next, a minimal vertex separator of G is detected and all the minimal vertex
separators can be detected this way.

Algorithm MinimalVertexSeparators;
Input: A chordal graph and a MCS peo σ
Output: All the Minimal Vertex Separators
begin

for all v ∈ V (G) determine N(v, σ);
for i = n − 1 down to 1 do

begin
if |N(σ(i), σ)| ≤ |N(σ(i + 1), σ)| then
N(σ(i), σ) is a minimal vertex separator.

end
end.
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Lemma 1. [13] Let σ be an MCS peo of a chordal graph G and σ(t)=v,σ(t+1)=
u. If |N(v,σ)| > |N(u,σ)| then N(v, σ) = N(u, σ) + 1 and N(v, σ) = N(u, σ) ∪
{u}.Further N(v, σ) is not a minimal vertex separator of Gt(σ).

Lemma 2. [13] Let σ be an MCS peo of a chordal graph G and σ(t)=v,σ(t+1)=
u. If |N(v, σ)| ≤ |N(u, σ)| then N(v, σ) is a minimal vertex separator of G.

Thus, given a chordal graph G and an MCS peo σ for G all of its minimal
vertex separators can be determined using the algorithm MinimalVertexSep-
arators.

4 Algorithm

Algorithm SEO-Ordering
Input : A chordal graph
Output: An elimination ordering
begin

1. Find all the separators of the given chordal graph making use of MCS and
form the weighted graph S(G). Give a weight to each edge of the graph S(G)
which is equal to the number of separators in which the edge is present. Set
the cur-sep-wt of all the vertices of G to zero.

2. Start numbering the vertices of the graph G from n to 1 using Lex-BFS.
Number any vertex with n. If it has neighbors in S(G) then increment the
cur-sep-wt of each of its neighbors by the corresponding edge weight. Update
the labels of the neighbors (in G) of the numbered vertex just as in LexBFS
(i.e., by appending the number n to their labels).

3. Pick a vertex, say u, that has the lexicographically highest label. Number
this vertex with the next available highest number, say x. If it has neighbors
in S(G) then update their cur-sep-wt. Also update the labels of the neighbors
of u in G by appending x to the labels.

4. If there is a tie in the above step choose any vertex that has the maximum
cur-sep-wt.

5. Repeat the steps 3 and 4 until there is no vertex that is to be numbered.

end

5 Correctness

We establish the correctness of the algorithm presented in the previous section
with the help of a crucial observation that captures the two basic conditions
that arise when a violation of the strong elimination property of the peo being
generated by the algorithm occurs for the first time. We state the observation
in the following lemma. For convenience, we refer to the vertices of G by the
numbers assigned to them by the numbering scheme. Note that if x > y then
vertex x is numbered before y.



226 N .üK alyan a R am a Prasad an d P.üS r een ivasa K u m ar

Lemma 3. Let a numbering scheme be generated by the algorithm
SEO-ordering. Let the vertices r, p, q, and j be such that r > p > q > j. Let
r, p, q form a clique, jq ∈ E, jr ∈ E, and jp �∈ E. Then either
(i) there exists a vertex w > q such that wp ∈ E, wr ∈ E and wq �∈ E, or
(ii) there exists w > p,w′ > j, such that r, p, q and w form a 4-clique with w′p ∈
E, w′w ∈ E, w′q �∈ E, and w′r �∈ E.

j
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j
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j

wwp

q

w ’

p

rq

Condition (i) Condition (ii)

Fig. 1. The cases of Lemma 5

Proof: We are given that p > q. Hence when p is chosen either p has lexico-
graphically higher label than q or p and q have the same label and p is chosen in
the tie. Let p have lexicographically higher label. This implies that there exists
one vertex w which is already numbered and is adjacent to p but not adjacent
to q i.e., pw ∈ E and qw �∈ E. Since r, w > p, by peo property, rw ∈ E. Hence
we have a w > p such that it is adjacent to p, r and not adjacent to q. Thus
condition(i) of lemma holds.

Let p and q have the same lexicographic labels. Now, p must have at least as
much cur-sep-wt as that of q. Clearly {q, r} is a subset of a separator between j
and p. Hence when r is numbered q will get a cur-sep-wt of 1. Hence p must have
a cur-sep-wt of at least 1. Moreover, there must be a separator which contains p
but not q, for if every separator that contains p also contains q , then the cur-
sep-wt of q is more than that of p since there is a separator which contains q
but not p ( this is nothing but the one that contains {q, r} separating j and p).
Hence there exists a vertex w which is numbered earlier to p, q and {p, w} is a
subset of a separator which does not contain q.

The above mentioned w may be r itself. That is {p, r} is a separator. If this
is so condition (i) of the lemma holds as there is a vertex w′ such that {p, r}
is a separator for w′, q. If w is not r then condition (ii) of the lemma holds as
there is a vertex w′ with q, w′ being separated by {p, w}. Now qw ∈ E if not
{p, r} would have been a subset of a separator between q and w, this is not true
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because we assumed that {p, r} is not contained in the separator which contains
only p but not q. Hence qw ∈ E. rw ∈ E since r, w are higher neighbors of p.
Also pw′ ∈ E and ww′ ∈ E. Notice that w′ > j since w′ has lexicographically
higher label than j. ✷

Theorem 3. Numbering the vertices of a graph G using the SEO-algorithm gen-
erates a strong elimination ordering if and only if the given graph is a strongly
chordal graph.

Proof: The only if part of the proof is obvious. For the if part, we prove the
contrapositive. Let us suppose that when a vertex is numbered with number i,
for the first time in the numbering process the strong elimination property is
violated. That is there are two vertices with numbers p, q such that p > q > i,
and p, q are adjacent to i but N(q) �⊆ N(p) . This implies that there exists a
vertex j′ such that j′ ∈ N(q) but j′ �∈ N(p). The following arguments show that
if such a situation arises there is an induced n-sun. Choose j = max{ j′|j′ ∈
N(q) and j′ �∈ N(p)}. Since j > i and jp �∈ E, j has lexicographically higher
label than i. Hence there exists a r′ which is already numbered and is adjacent
to j but not to i. Choose r = max { r′ > p such that r′j ∈ E and r′i �∈ E}. See
Figure 2(b).
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Fig. 2. Strong elimination property failing at i

Considering r > p > q > j > i and existing adjacencies it follows by peo
property that pr ∈ E qr ∈ E. Now apply the Lemma 5 to r, p, q, j. Suppose
condition (i) of the Lemma 5 occurs. Then there is a w > j such that wp ∈ E,
wr ∈ E and wq �∈ E. If jw ∈ E then by peo property qw ∈ E. Also if iw ∈ E
then qw ∈ E. Hence there is an induced 3-sun.

Suppose condition (ii) of the Lemma 5 occurs. Then there exists w and w′

such that w > p and q > w′ > j with pw ∈ E w′p ∈ E,w′w ∈ E,w′q �∈
E and w′r �∈ E. Here again iw′ �∈ E and jw′ �∈ E for if iw′ ∈ E, by peo
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property w′q would be an edge and if jw′ ∈ E, by peo property w′q would be
an edge. Hence i, j, and w′ are independent. Now two cases arise.
Case A: r > w
Apply the Lemma 5 to r > w > q > j. Two sub cases arise corresponding to the
two conditions of the lemma. Refer to Figure 3.
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Fig. 4. The case when w > r

Case A.a: There is a w1 > q such that w1w ∈ E,w1r ∈ E and w1q �∈ E.
Now w1p ∈ E or w1p �∈ E. In the former case, there would be an induced 3-sun
and in the latter case there would be an induced 4-sun in the graph.
Case A.b: There exists w1, w1

′, such that w1 > w w1w ∈ E,w1w1
′ ∈ E, and

ww1
′ ∈ E. Here, pw1 ∈ E, for p and w are greater than q and are neighbors



On Generating Strong Elimination Orderings of Strongly Chordal Graphs 229

of q. We note that Lemma 5 can again be applied and an additional independent
vertex of a sun can be discovered.
Case B: w > r
Now apply the Lemma 5 to w > r > p > w′. Here again two cases arise. Refer
to Figure 4.
Case B.a : There exists a w1 such that w1r ∈ E, w1w ∈ E and w1p �∈ E. Again,
either w1q ∈ E or w1q �∈ E. In the former case, we have a 3-sun and in the latter
there exists a 4-sun.
Case B.b: There exists w1 and w1

′ such that rw1 ∈ E,w1w1
′ ∈ E, rw1

′ ∈ E and
pw1

′ ∈ E.
If w1q �∈ E, then p, q, r, i, j, w1 would be a 3-sun and we will be through.

Otherwise Lemma 5 can again be applied and and an additional independent
vertex of a sun can be discovered.
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Fig. 5. (a) The given graph G. (b) The graph S(G). (c) An ordering generated
by SEO. (d) An ordering generated by LexBFS.

As noted earlier, in the cases A.b and B.b the Lemma 5 can be further
applied and in this way the independent vertices of the sun are identified and
the size of the sun keeps growing. The process of discovering independent vertices
cannot proceed infinitely as there are only finite vertices in the already numbered
graph. Eventually, we reach a stage where there is no need to further discover
the independent vertices and when this stage is reached the entire induced n-sun
is discovered. (Note that all the sun vertices are numbered earlier to i). Hence
whenever there is a failure of the strong elimination property in the ordering
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Fig. 6. (a)The graph after numbering 11 (b) Tie breaking at 10. (c) Tie breaking
at 9. (d) Tie breaking at 8.

it can be shown that there is an induced n-sun among the already numbered
vertices.

Hence if the given graph is strongly chordal the ordering obtained by the
algorithm is in fact a strong elimination ordering. ✷

We illustrate the SEO algorithm with an example. Refer to Figure 5. G is the
given graph with 11 vertices. The graph formed by the separators be S(G). The
figure 5(c) shows the same graph G in which the vertices are numbered according
to SEO algorithm. Figure 5(d) shows the graph G, in which the vertices are
numbered using LexBFS algorithm. It is easy to see that the later is not a strong
elimination ordering. as the containment of neighborhood fails at vertex 1.

The first few stages of the algorithm are given in the Figure 6. The lexico-
graphic labels at each vertex are given as a string of integers and are separated by
commas. At each vertex the number in the brackets indicates the cur-sep-weight.

6 Complexity

The complexity of the proposed algorithm can be analyzed as follows. Determin-
ing the edge weights of S(G) dominates the computation. Except for this the
algorithm takes linear time. To construct the weighted graph S(G), one has to
traverse all the edges in each of the separators and hence it takes O(k2n) time
where k is the size of the largest minimal vertex separator and n denotes the
number of vertices in the graph.
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Now to find out whether or not the given graph is strongly chordal, one has
to just check for the Γ -freeness of the adjacency matrix ordered according to the
ordering generated by the algorithm. Checking Γ -freeness can be done in time
proportional to O(n +m) making use of the technique explained in [8]. Hence
strongly chordal graphs can be recognized in O(k2n) time.

7 Conclusions

In this paper we have presented an algorithm to generate a strong elimination
ordering of a given strongly chordal graph. We use MCS to compute separator
sizes and propose a tie-breaking strategy for LexBFS using the separator sizes
such that it generates a strong elimination ordering. The complexity of the algo-
rithm is determined by the cost of computing the edge weights for S(G) and is
O(k2n).The algorithm can be used to recognize strongly chordal graphs in the
same time complexity. It would be very interesting to get a better bound for
constructing edge weights of S(G).

References

1. C Beeri, R Fagin, D Maier and M Yannakakis, On the desirability of acyclic
database schemes, Jl. of ACM, 30, 1983, pp: 479-513. 221

2. R Fagin, Degrees of Acyclicity for hypergraph and relational database schemes, Jl.
of ACM, 30, 1983, pp: 514-550. 221

3. M Farber, Characterization of Strongly Chordal Graphs, Discrete Math.,43, 1983,
pp: 173-189. 221, 223

4. M Farber and R P Anstee Characterization of Totally Balanced Matrices, Jl. of
Algorithms, 5, 1984, pp: 215-230. 221

5. M Farber, Domination, Independent Domination and Duality in Strongly Chordal
Graphs, Discrete Applied Mathematics, 7, 1884, pp: 115-130. 221

6. M C Golumbic, Algorithmic Graph Theory and Perfect Graphs,Academic Press,
New York, 1980. 222

7. Jeno Lehel, A characterization of totally balanced matrices, Discrete Mathematics,
57, 1985, pp: 59-65. 221

8. Anna Lubiw, Double Lexical Ordering of matrices, SIAM Jl. of Computing, 16(5),
Oct 1987, pp: 854-879. 221, 231

9. Shen-Lung Peng and Maw-Shang Chang, A simple linear-time algorithm for the
domatic prtition problem on strongly chordal graphs, Information processing Let-
ters, 43, 1992, pp: 297-300. 221

10. D J Rose, A graph-theoretic study of the numerical solution of sparse positive defi-
nite systems of linear equations, in ”R C Reed (ed.), Graph Theory and Computing,
Academic Press, 1972”, pp: 183-217. 221

11. D J Rose, R E Tarjan and G S Lueker, Algorithmic Aspects of Vertex Elimination
on Graphs, SIAM Jl. of Computing, 5, 1976, pp: 266-283. 223

12. J P Spinrad, Doubly Lexical Ordering of Dense 0-1 Matrices, Information Process-
ing Letters, 45, 1993, pp: 229-235. 221

13. P Sreenivasa Kumar and C E Veni Madhavan, 2-Separator Chordal Graphs, Pro-
ceedings of National Seminar on Theoretical Computer Science, Kharagpur, India,
1993, pp: 37-52. 224, 225



232 N .üK alyan a R am a Prasad an d P.üS r een ivasa K u m ar

14. R E Tarjan and R Paige,Three Partition Refinement Algorithm , SIAM Jl. Com-
puting, 16, 1987, pp: 973-989. 221

15. M Yannakakis and R E Tarjan , Simple Linear-time Algorithms to Test Chordality
of Graphs, Test acyclicity of Hypergraphs and Selectively Reduce Acyclic Hyper-
graphs, SIAM Jl. Computing, 13(3), 1984, pp: 565-579. 224



A Parallel Approximation Algorithm for

Minimum Weight Triangulation

(Extended abstract)

Joachim Gudmundsson and Christos Levcopoulos

Department of Computer Science
Lund University, Box 118, S-221 00 Lund, Sweden

{christos,joakim}@dna.lth.se

Abstract. We show a parallel algorithm that produces a triangulation
which is within a constant factor longer than the Minimum Weight Tri-
angulation (MWT) in time O(log n) using O(n) processors and linear
space in the CRCW PRAM model. This is done by developing a relaxed
version of the quasi-greedy triangulation algorithm. The relaxed version
produces edges that are at most (1+ε) longer than the shortest diagonal,
where ε is some positive constant smaller than 1, still outputs a triangu-
lation which is within a constant factor longer that the minimum weight
triangulation. However, if the same method is applied to the straight-
forward greedy algorithm the approximation behavior may deteriorate
dramatically, i.e. Ω(n) longer than a minimum weight triangulation, if
the lengths of the edges are not computed with high precision.

1 Introduction

Planar triangulation is important because of its multitude of practical applica-
tions in surface interpolation, for calculations in numerical analysis and graphical
display. Also other important computational geometry problems, like geometric
searching and polyhedron intersection, use planar triangulations as a preprocess-
ing phase. There are several optimality criteria which are used to measure how
good a triangulation is. One criterion which has been studied extensively in the
literature is the total length of the edges. Hence, the triangulation of minimum
total length is sometimes called the optimal triangulation.

A planar straight-line graph or PSLG is a graphG which consists of a finite set
of vertices S, and an edge set E. The vertices in S correspond to distinct points
in the plane. A diagonal ofG is an open straight-line segment with endpoints in S
neither intersecting any edges of G nor including any vertex of G. A triangulation
of G is a maximal set of non-intersecting diagonals ofG. The length of a PSLG T ,
denoted by |T |, is the total edge length in T . A minimum weight triangulation
of S or MWT(S) is a triangulation of S such that |T | is minimized. Gilbert [2]
showed that it can be computed for simple polygons in time O(n3) by dynamic
programming. However, for general point sets, it is unknown whether the MWT
can be computed in polynomial time, let alone whether it is inNC. Until recently
V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 233–245,
1998.
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there did not even exist any polynomial approximation algorithm which was
known to guarantee a constant approximation factor. Therefore heuristics for
approximating MWT have been considered.

There are several well-known heuristics, for example the Delaunay triangu-
lation, greedy triangulation and the quasi-greedy triangulation. The Delaunay
triangulation is the dual of the Voronoi diagram. Kirkpatrick [4] showed that
for each n one can place n points so that the Delaunay triangulation has length
Ω(n) times the optimum. The greedy triangulation of S, abbreviated GT(S), is
obtained by repeatedly producing a shortest possible edge that doesn’t intersect
any of the previously generated edges. The worst-case ratio between the greedy
triangulation and the MWT is Θ(

√
n), for any n, shown in [8,5]. Although the

greedy triangulation and the Delaunay triangulation can yield “bad” approxima-
tions, there are some special cases for which they have been proved to perform
well. For example, if the points are uniformly distributed, both the Delaunay
triangulation and the greedy triangulation are expected to be within a constant
factor from the optimum [1,10]. Also, if the points lie on their convex hull, then
the greedy triangulation approximates the optimum [9]. The only known polyno-
mial time heuristic for the MWT which achieves a constant-factor approximation
ratio is the so-called quasi-greedy triangulation (QT), presented by Levcopoulos
and Krznaric in [8]. They showed that there is only one certain configuration
of points for which the greedy doesn’t approximate the optimal. So by handling
this case as a special case they achieved a constant factor approximation.

Merks [13] proposed a parallel algorithm which triangulates a set of n points
in O(log n) time using a linear number of processors and O(n) space. The algo-
rithm works by reducing the problem of triangulating a set of points in the convex
hull of the points to triangulate the points inside triangles. Another parallel al-
gorithm was proposed by Wang and Tsin [14] which achieves the same results
in the CREW PRAM model, but with a different decomposition of the prob-
lem. They partition the set of points into

√
n subsets, then triangulate within

the convex hulls and funnel polygons which are formed by the partition. These
parallel algorithms are optimal both concerning time and number of processors,
since a triangulation algorithm can be used to sort and sorting has a parallel
time lower bound of Ω(logn). But, none of these algorithms are designed to
approximate the MWT. We will present a parallel approximation algorithm for
the MWT problem. Using O(n) processors and linear space, the algorithm runs
in O(log n) time and achieves a triangulation which is within a constant factor
longer than the optimal. Since Ω(n logn) is the lower bound on the time com-
plexity for the triangulation problem in sequential computation, the algorithm
is optimal with respect to the time-processor product. The computer model we
use is the CRCW PRAM which allows concurrent reads and writes.

The paper is divided into two main parts. In Section 3 we present the parallel
triangulation algorithm, and show that it runs in logarithmic time and uses
linear amount of space. In Section 4 we prove that the length of the produced
triangulation is within a constant factor longer than the optimum. The results
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in section 4 are achieved by generalizing the corresponding results in [8,9]. The
proofs omitted in this extended abstract can be found in [3].

2 Relaxed Greedy or Quasi-Greedy

In 1995 Levcopoulos, Lingas and Wang [12] showed that the problem of pro-
ducing the greedy triangulation (or even deciding whether an edge belongs to
the greedy triangulation) is P -complete (P -complete are the problems in P that
are most resistant to parallelization), and since the quasi-greedy algorithm is a
slightly modified version of the greedy algorithm it is easy to show that it also
is P -complete by following the proof in [12]. This implies that some relaxations
of the two algorithms are necessary to obtain an efficient parallel algorithm with
good approximation factor. A natural approach would be to relax the require-
ment of only adding the shortest edge to the triangulation. Is this possible? First
we study the relaxed greedy algorithm RGT , that is the RGT adds a shortest
or an almost shortest edge to the triangulation. We shall see that the approx-
imation behavior of the greedy algorithm may deteriorate dramatically, if the
length of the edges are not computed with high precision.

A relaxed greedy triangulation algorithm RGT is said to be
ε-relaxed (ε-RGT) iff it produces all edges that are at most (1+ε), ε>0, times
longer than the shortest possible edge that doesn’t properly intersect any of the
previously generated edges. We start with the following important definition.

Definition 1. (Definition 6.1 in [6]) A concave chain of a PSLG G is a maximal
sequence v1, . . . , vm of at least three vertices (v1 and vm may be the same vertex
but all others are distinct) such that for k=1, . . . ,m−1, (vk, vk+1) are edges of G,
and for k=2, . . . ,m−1, (vk, vk+1) is the next edge around vk in clockwise order
from (vk, vk+1) and with angle ≥180◦.
Observation 1. There exists a set S of n points such that |ε−RGT (S)|

|MWT (S)| =Ω(n).

Proof. Suppose that we have an ε-relaxed greedy algorithm ε-RGT. Let C1 =
{c11, c21, . . . , ct1} be a nearly horizontal concave chain, the points are ordered from
left to right, such that cp1 lies to the left and above c

p+1
1 where 1≤p<t. And,

let C2={c12, c22, . . . , cr2} be a nearly vertical concave chain, the points are ordered
from bottom to top, such that cp2 lies to the left and below cp+1

1 where 1≤p<r.
The chain C2 lies above and to the left of C1, Fig. 1. The number of points in C1

is t=m and the number of points in C2 is r= logm. We will denote by |ab| the
distance between two points a and b. Let |c11c12|=l, |c11ct1|=ε′, |ci2ci+1

2 |=(1+ε′)i·l−l,
and the total distance between c12 and c

r
2 is approximately 1.

In a ε−RGT of these points the following is a possible scenario: c11 will be
connected to every point in C2, and then cr2 will be connected to c

2
1, c

3
1, . . . , c

t
1,

Fig. 1. The total edge length added to ε−RGT is∑r
i=1 |c11ci2|+

∑t
i=2 |cr2ci1|≥t=m

In a MWT the point c12 will be connected to all the points in C1 and then ct1
will be connected to all the points in C2. The total edge length added to MWT
is

∑t
i=1 |c12ci1|+

∑r
i=2 |ct1ci2|= ε′·l+2=O(1). If m=n− logn=O(n) then we obtain

the observation ε−RGT
MWT =Ω(n).
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RGTε- MWT
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Fig. 1.

By this result it is easy to see that we can’t relax the standard greedy al-
gorithm, and still get a non-trivial approximation factor. Note that this implies
that using the greedy algorithm in the sequential case requires that the length of
the edges must be computed with high precision, otherwise the approximation
behavior of the algorithm may deteriorate dramatically. Is it possible to use a
relaxed version of the quasi-greedy algorithm?

3 Parallel Relaxed Quasi-Greedy Triangulation (PRQT)

In this section we present a parallel approximation algorithm that runs in loga-
rithmic time and uses linear space, in the CRCW PRAM model. Next, in Sec-
tion 4 we prove that the length of the resulting triangulation is within a constant
factor longer than the optimum. Let S be a set of n points in the plane. The
general idea is to partition the points into subsets and then for each subset pro-
duce the locally shortest edges of length at most (1+ε)·l, where l is the shortest
diagonal of S and ε is some constant greater than zero. A special case which we
treat separately is when we have l-compvertices, that is a set of vertices that
form concave chains, see Definition 2. An l-compvertex will be treated as one
single vertex, that is if one vertex in the l-compvertex is to be connected to a
vertex not in the l-compvertex, then all other vertices in the l-compvertex are
also connected to that vertex.

We need the following definitions from [6].

Definition 2. An l-compvertex (compound vertex) of a PSLG G is a subse-
quence v1, . . . , vm of a concave chain of G which satisfies the following two prop-
erties:

1. the distance between v1 and vm is less than l· ε
8 , and

2. when we walk on the edges (v1, v2), . . . , (vm−1, vm), we don’t change direc-
tion more than 45 degrees in total.

The points in an l-compvertex that aren’t endpoints are denoted the interior
points of the l-compvertex. Let C={v1, . . . , vm} be an l-compvertex in G. C is
said to face a vertex w not in C iff w can be connected to a vertex vi, 1≤i≤m,
in C such that �vi−1viw plus �wvivi+1 is at least 180◦.
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Definition 3. We say that a simple polygon P is bipartite iff the vertices of P
can be partitioned into two subsets, called poles of P , in such a way that each
pole has the following two properties:

- each vertex of the pole lies on the convex hull of the pole, and
- the convex hull of the pole and the interior of P do not overlap.

A bipartite polygon P is called l-bipartite if, given a partition of its vertices into
poles, the distance between any two vertices in the same pole is less than l.

Let v be a vertex of G. If all greedy triangles incident to v have been pro-
duced, then v is said to be hidden, otherwise we say that v ismanifest. A manifest
vertex v is called an isolvertex unless the following two conditions hold simul-
taneously: (i) there are vertices u and w such that u, v, w is a subsequence of
an l-compvertex, and (ii) all greedy triangles incident to v and overlapping with
the interior of the convex hull of {u, v, w} have been produced.

Now, we are ready to state the following useful fact:

Fact 1. (Lemma 6.6 in [6]) Let G be any PSLG and let l be the length of
the shortest diagonal of G. Assume that all l-bipartite polygons of G are fully
triangulated, and that all edges of G that are not inside an l-bipartite polygon
have length less than l. Then, given any legal set of l-compvertices of G, and any
circle C of radius O(l), C contains O(1) l-compvertices and isolvertices of G.

To be able to use this result for our algorithm we have to fulfill the condition
given in the fact, i.e. all l-bipartite polygons are fully triangulated. This is done
by treating the set of vertices in an l-compvertex as a single vertex, that is if a
vertex v is to be connected to a vertex c in an l-compvertex C, facing v, then all
the vertices in C are also connected to v. If v is a vertex in an l-compvertex C′

and C′ is facing C then we triangulate the region between C and C′. It is easy
to see that the algorithm will fulfill the condition in Fact 1, hence we can use
this result when analyzing our algorithm.

The algorithm will be described in pseudo-code, but first we present the
algorithm more informally. For convenience we assume that the largest distance
between two points in S is 1. Let Q be a square with sides of length 1 that
entirely includes S. Every point s in S is assigned its own processor, denoted
P (s). These processors are numbered from 1 to n. Start by partitioning the set
of points S into subsets. Then the algorithm checks, for each subset, if there
are any locally shortest edges of length at most (1+ε) times longer than the
globally shortest edge in the subset. If there exists such an edge then this edge is
added to the triangulation, provided that the endpoints of the edge don’t belong
to an l-compvertex. Otherwise, if any of the two endpoints belongs to an l-
compvertex then the algorithm triangulates the vertices of the l-compvertex
or l-compvertices. The algorithm will add edges in O(log n) iterations, where
each iteration takes O(1) time.



238 Joachim Gudmundsson and Christos Levcopoulos

Algorithm PRQT(S)

1. G←{S, ∅}
2. l← 1

10n

3. Triangulate all vertices lying closer than 1
9n

to each other.

4. Find all concave chains, and partition them into l-compvertices.

5. Let Q be a square with sides of length 1 that entirely includes S. Construct a
grid within Q, such that the squares have length and height t=1/n. The squares
in Q are denoted T1, T2, . . ., TO(n2). Note that according to Fact 1 there are only
O(1) l-compvertices and isolvertices in each square.

6. While G is not a triangulation of S do

(a) For every possible pair of l-compvertices, denoted C1 and C2 in T , lying
at distance between l and (1+ε)·l from each other, we check whether
there exists a tangent that touches the interior points of C1 and C2.
If there exists such a tangent, partition C1 respectively C2 into two l-
compvertices.

(b) Repeat (until the entire neighborhood of T is checked)
In the first iteration we check the diagonals with both endpoints in T and
in the next eight iterations we check the diagonals with one endpoint in T
and one endpoint in any of T ’s eight adjacent squares (one iteration for
each adjacent square). In the first iteration let E be the set of all locally
shortest edges, within T , of length between l and (1+ε′)·l, where ε′=ε/4.
In the next eight iterations let E be the set of all locally shortest edges of
length between l and (1+ε′)·l, with one endpoint in T and one endpoint
in its active neighbor. For each edge e in E with at least one endpoint in
an l-compvertex check the six conditions in the quasi-greedy algorithm.
When we use the quasi-greedy algorithm we set the multiplicative factor
to 1+ ε

4
instead of 1.1 suggested in the standard quasi-greedy algorithm.

If the quasi-greedy algorithm suggests a different edge e′ then remove e
from E and add e′. Now, for all edges e1, . . . , eb in E do the following:

i. All edges in E that don’t have an endpoint in an l-compvertex is
added to G.

ii. If an edge e∈E has exactly one endpoint in c∈C, where C is an
l-compvertex, one endpoint in s∈S and C is facing s then add to G
all possible edges between s and C. Remove the points in C con-
nected to s from the l-compvertex C. The points removed from C
are now seen as ordinary isolvertices or hidden vertices. The same
is done if s belongs to an l-compvertex C′ and C′ isn’t facing C.
Otherwise, if C isn’t facing s then just add the edge between s and
the interior vertex in c.

iii. If an edge’s both endpoints c1 and c2 belong to l-compvertices
that face each other then triangulate the region between C and C′.
Otherwise, if C doesn’t face C′ and C′ doesn’t face C then add
the edge between c1 and c2 to G.

Until all locally shortest edges of length between l and (1+ε′)·l with at
least one endpoint in T are checked.

(c) l←(1+ε′)·l
(d) Check if there are any new concave chains.

(e) Merge every incident pair of l-compvertices whose combined total edge
length is ≤l· ε

8
.
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(f) If t≤4l then merge the squares such that each square in Q has height and
length 2t, hence set t←2t

end while

Return G

3.1 The Non-trivial steps

Note that the condition in Fact 1 is fulfilled since the algorithm checks in
step 6bi-iii if a possible edge has one or both endpoints in an l-compvertex.
Before we go into the details we have to note that the number of iterations of
the while-loop is log(1+ε′) n since the value of l increases for each iteration, and
the number of iterations of the repeat-loop is exactly nine. So to prove that the
algorithm works in time O(log n) we need to prove that each step within the
while-loop takes constant time to compute in parallel.

3. Triangulate all vertices lying closer than 1
9n to each other.

LetQ′ be a square with sides of length 1 that entirely includes S. Construct
a grid within Q′, such that the squares have length and height 1

9n . The
squares in Q′ are denoted T ′

i,j, 1≤i, j≤9n. For each non-empty square T ′
i,j

triangulate the convex hull of the points within T ′
i,j , Fig. 2a. If there are

only two points then produce an edge between these.
Let T ′

i,j be any square in Q′. For each non-empty neighboring square B
of T ′

i,j we draw two edges between the convex hull in T
′
i,j and the convex

hull in B, such that the region bounded partly by these two segments are
maximized. The bounded region is then triangulated, by using some known
parallel triangulation algorithm. This is done for each of the, at most eight,
non-empty neighbors of T ′

i,j. Finally, we check if there are any bounded
regions within T ′

i,j and its eight neighbors that are not triangulated. If
there are such regions (at most eight) then triangulate these regions as
well, Fig. 2c.
Note that if this step is done in parallel one has to partition the set of
squares into disjoint groups, such that a group consists of nine squares
that describes a larger square of size 1/3n×1/3n. Then, the step described
above is done in some decided order for the squares in the group such that
no two neighboring squares in Q′ are processed at the same time. Hence,
this step is done, in the parallel case, in nine phases.
By using some known parallel triangulation algorithm with running time
O(log n) this step takes O(log n) time to compute. Since the total length
of these edges is less than 1 (recall that the largest distance between two
points in S is 1) the approximation factor will not affect the approximation
factor of PRQT by more than a small constant factor.

4. Find all concave chains, and partition them into l-compvertices.
Every processor P (si), si∈S, checks if si belongs to a concave chain.
Let v1, . . . , vm be the points in an arbitrary concave chain, where vi

and vi−1 are adjacent neighbors in the concave chain. If the distance
between two adjacent points is ≤l/10 then merge these two points into
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(c)(b)(a)

Fig. 2.

an l-compvertex. If two points want to merge with the same point and
all three points can’t be merged, then the point with the largest process
number decides which points that should be merged. Continue to merge
points and l-compvertices until no more merges can be done. Since we
have a linear number of processors, this step takes O(log n) time.

6a. Check and partition all l-compvertices.
For every possible pair of l-compvertices, denoted C1={c11, . . . , cr1} and
C2= {c12, . . . , ct2} in T , lying at distance between l and (1+ε)·l from each
other, we check whether there exists a tangent that touches the interior
points of c1 and c2. If there exists such a tangent, partition c1, respec-
tively c2, into two l-compvertices. Recall that for every l-compvertex C
there are at most a constant number of l-compvertices lying within dis-
tance (1+ε)·l from C, according to Fact 1. Partition C1 into

√
r sub-

chains, S1
1 , . . . , S

√
r

1 , such that each subchain consists of
√
r points. Par-

tition C2, in the same way, into
√
t subchains, S1

2 , . . . , S
√

t
2 . Each sub-

chain Si
1, 1≤i≤

√
r, is assigned

√
t processors, P 1

i , . . . , P
√

t
i . Note that we

will use
√
t·√r≤max(r, t) processors. Every processor P j

i now checks if
there is a possible tangent between C1 and C2 that touches Si

1 and Sj
2 .

If there are several such subchains then we just choose the one farthest
away. Each processor has just to check the endpoints of the subchain, so
this step is done in constant time. Assume that there exists a tangent
between C1 and C2 that touches Si

1 and S
j
2 . Each point in S

i
1 is assigned√

t processors. Once again we use
√
t·√r≤max(r, t) processors. For each

point cis∈Si
1, 1≤s≤

√
r, check if there is a tangent between C1 and C2 that

touches cis and any of the points in S
j
2.

Hence we can find a tangent between a pair of concave chains in constant
time using O(t) processors and, since there are only a constant number,
for each l-compvertex we can check all such pairs in parallel in constant
time.

6b. Recall that there are only a constant number of l-compvertices and isolver-
tices in each square Ti, according to Fact 1. Hence we can in constant time
check all possible edges of length between l and (1+ε′)·l.

6biii. If an edge’s both endpoints c1 and c2 belongs to l-compvertices that
face each other then the algorithm triangulates the region between the
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two l-compvertices. Let C1 and C2 be two l-compvertices with shortest
distance r between two vertices in C1 and C2. A minimal triangulation
between the vertices in C1 and C2 has length at least (#C1+#C2−1)×r. A
straight-forward greedy triangulation has length less than
(#C1+#C2−1)×l+l· ε

8 . Hence the approximation factor with regard to
an optimal triangulation is at most within a small constant factor. It is
easily seen that this also gives a close-to-optimal triangulation for the two
concave chains where C1 and C2 belong. Otherwise, if C doesn’t face C′

and C′ doesn’t face C then add the edge between c1 and c2 to G.
6e. For each l-compvertex we know its adjacent l-compvertices, since they

belong to the same concave chain. So for each l-compvertex, v, we check
its neighbors v1 and v2. If the maximal distance between every pair of
points in v and v2 is less than l· ε

8 then we merge v and v2 into one l-
compvertex v′. If the maximal distance between every pair of points in v′

and v1 is less than l· ε
8 then we merge v

′ and v1 into one l-compvertex.
Since an l-compvertex is merged at most twice per iteration this step
takes constant time.

3.2 The PRQT-algorithm Uses Linear Space

In this section we show how to construct the grid (step 5) in time O(log n) time
such that it uses linear amount of space and allows the algorithm to perform the
following two time-critical steps in constant time.

1) Merging four adjacent squares in the grid (step 6f), and
2) finding the neighbors of a square in the grid (step 6b).
We will use a threaded quad-tree [7], where each node represents a square. A

quad-tree can be obtained by first enclosing all vertices in S with a square. This
square is then partitioned into four squares, which are recursively partitioned
into four squares, and so on. A recursion ends (for the PRQT-algorithm) when
a square is empty or when the length of the sides of the square is ≤ 1/n. The
induced squares are represented as nodes in a rooted tree, each square having its
(at most four) nonempty subsquares as children. This quad-tree may however
have much more than a linear number of nodes, because it may contain long paths
where each interior node has only one child. A simple refinement that reduces
the size to linear is to represent only those squares for which the corresponding
nodes have more than one child, that is to compress each of the above mentioned
paths into a single edge. Indeed, we do not lose any essential information by
such compression. A weakness which remains even in the compressed quad-tree
is that for two squares s and q represented in the quad-tree, the nearest common
ancestor may be the root even if s and q are adjacent in the grid. Consequently,
to find q given only s we may have to follow a long path in the quad-tree.
Therefore, we thread (link) nodes that correspond to squares (of equal size) that
are adjacent.

In [3] we describe in detail how this structure is built, and then show how
the two time-critical steps, stated above, are performed.
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4 The ε-RQT Achieves a Constant Factor Approximation

In this section we will prove that the approximation algorithm presented in the
previous section produces a triangulation of length at most within a constant
factor longer than the MWT. The results are achieved by generalizing the corre-
sponding results in [8,9] for the greedy and quasi-greedy algorithm. The proofs
of Lemma 1, Lemma 2 and Theorem 1 are given in [3].

For simplicity we will prove the results for the corresponding sequential al-
gorithm. As mentioned above the greedy triangulation is obtained by repeatedly
producing a shortest possible edge that doesn’t properly intersect any of the
previously generated edges. In [8] it was shown that there is only one certain
configuration of points for which the greedy algorithm doesn’t approximate the
optimal, that is when the points form two concave chains facing each other.
Hence, in the QT one treats this case as a special case, by checking that every
edge added to the triangulation fulfills six conditions. The ε-RQT works as the
QT but instead of producing a shortest edge it will produce all edges shorter
than 1+ε times the length of the shortest edge, where ε is a positive constant
smaller than 1. We need the following results to prove that the ε-RQT produces
a triangulation which is within a constant factor longer than the MWT .

A convex partition of S is a connected PSLG with vertex set S such that its
edges partition the interior of the convex hull of S into bounded convex regions.
A minimum weight convex partition of S, which we abbreviate by MWC(S),
is a convex partition of S such that its total edge length is minimized. Let
max(v) denote the length of a longest edge incident to vertex v in MWC(S).
The following fact is straightforward.

Fact 2. (Observation 2.1 in [8])
For any set S of vertices it holds that

∑
v∈S max(v)≤2|MWC(S)|.

Next we define a subgraph of ε−RQT (S) as a convex partition of S. It is
obtained by selecting for each vertex v∈S at most three edges of ε−RQT (S),
which we call spokes. If v lies on the convex hull of S, then the spokes of v are
the two convex hull edges that are incident to v. Otherwise, let e be the shortest
edge in ε−RQT (S) incident to v such that there exist greedy edges e′ and e′′

incident to v with the following three properties.
- e′ and e′′ are not longer than e,
- e, e′ and e′′ partition the vicinity of v into three convex regions, and
- within two of these regions bounded by e no edge in ε−RQT (S) incident
to v is shorter than e.

Then the spokes of v are the edges e, e′ and e′′, Fig. 3a. The union of all spokes
which we select in this way, by considering all vertices in S, form our ε-relaxed
quasi-greedy convex partition, ε−RQC(S). For a vertex v, let vM stand for the
length of a longest spoke in ε−RQC(S) that was selected for v. We note the
following straight-forward observation.

Observation 2. For any set S of vertices, |ε−RQC(S)|≤3∑
v∈S vM .

To be able to compare the ε−RQC with the MWC we need Lemma 1.
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Lemma 1. (Modified version of Lemma 5.2 in [8])
Let S be any set of vertices (in general position) and let v be an arbitrary vertex
in S. Then vM=O(max(v)).

Combining Fact 2, Observation 2 and Lemma 1, we obtain the following result:

Corollary 1. (Modified version of Corollary 5.3 in [8])
For any set S of vertices (in general position), |ε−RQC(S)|=O(|MWC(S)|).

Proof. |ε−RQC(S)|≤3∑
v∈S vM≤3c∑

v∈S max(v)≤6c·|MWC(S)|, for some
constant c.

We now know that the ε-relaxed quasi-greedy convex partition is at most
within a constant factor longer than a minimum weight convex partition, hence
it remains to prove that the convex partition of an ε-relaxed quasi-greedy convex
partition can be triangulated by edges of at most length O(MWT (S)).

Now, let G be a PSLG with vertex set S and let r be a real number greater
than zero. An edge e of G is said to be r-sensitive [11] if for any diagonal d
of S that properly intersects e, the distance between any endpoint of d to the
closest endpoint of e is not greater than r times the length of d. We say that the
graph G is r-sensitive if all its edges are r-sensitive, Fig. 3b

Given a real number r, we say that a triangulation is r-greedy if it can be
produced by repeatedly adding a diagonal, such that its length is not greater
than r times the length of the shortest diagonal in the partial triangulation. The
standard quasi-greedy is 1.1-greedy, whereas the standard greedy is 1-greedy.
Note the following observation.

Observation 3. The relaxed quasi-greedy triangulation is (1+ε)-greedy.

Fact 3. (Lemma 5.5 in [8])
Let S be any set of vertices and let c be any real number such that 0<c≤1. Then
any (2−c)-greedy triangulation T of S is (4/c)-sensitive.

Hence from the above fact we have that the relaxed quasi-greedy algorithm is
(4/(1+ε)-sensitive, and to fulfill the requirements we have to choose ε smaller
than 1. From Fact 4 we obtain that theMWC(S) can be triangulated such that
the length of the triangulation is O(|MWT (S)|), since |MWC(S)|≤|MWT (S)|.
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Fact 4. (Lemma 4.2 in [8])
For any real number r, r>0, let CP (S) be an arbitrary r-sensitive convex par-
tition of S. Then CP (S) can be triangulated by adding diagonals of total length
O(r|CP (S)|+r|MWT (S)|).

By using the result in Corollary 1 and Fact 4 it now remains to prove that for a
convex polygon P the ε-RQT (P ) produces a triangulation of length
O(|MWT (P )|). This is done in two steps. First we show in Lemma 2 that a
convex polygon is partitioned by the ε-RQT (P ) into triangles and so-called q-
bent polygons (to be defined below) by edges of length ≤c·p(P ), where p(P ) is
the length of the perimeter of P . Next, we prove in Theorem 1 that for a q-
bent polygon P ′ it holds that |ε−RQT (P )|≤ 2 cos q−(1+ε)

2(1+ε) ×|MWT (S)|. Hence by
combining these two results we obtain the desired result, Theorem 2.

A polygon P is said to be semi-circular iff it is convex and it can be drawn
within some circle whose diameter is equal to the length of the longest edge of P .
The longest edge of a semi-circular polygon is called the base. Given a positive
real number q<60, a polygon P is called q-bent iff P is semi-circular, and the
sum of degrees of the two interior angles of P at the endpoints of its base is not
greater than 2q degrees. Now, let p(P ) denote the length of the perimeter of a
simple polygon P .

Lemma 2. (Modified version of Lemma 4.3 in [8])
For any real number q, 0<q≤45, there exists some constant c depending on q
such that for any convex polygon P there are edges in ε−RQT (P ) of total length
≤c·p(P ) which partition P into triangles and/or q-bent polygons.

Theorem 1. (Modified version of Theorem 3.1 in [9])
For any q-bent polygon P , 0<q≤45 and 0≤ε<√

2−1, it holds that

|ε−RQT (P )|≤2 cos q−(1+ε)
2(1+ε)

×|MWT (S)|.

Putting toghether these two results we obtain the following observation.

Observation 4. (Modified version of Observation 5.4 in [8])
For any convex polygon P it holds that |ε−RQT (P )|=O(|MWT (P )|).
Finally we obtain the main result of this section.

Theorem 2. (Modified version of Theorem 5.10 in [8])
For any set S of vertices (in general position) it holds that

|ε−RQT (S)|=O(|MWT (S)|).

Proof. By combining the results from Corollary 1, Fact 3 and 4, and Observa-
tion 4, we obtain the theorem.
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The main motivation for the work presented in this paper stems from our practi-
cal experience with Uppaal [8], a tool for the verification of behavioural proper-
ties of real-time systems specified as networks of timed automata [3]. One of the
main design criteria behind Uppaal has been that of efficiency, and its computa-
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Uppaal as follows. Given a property φ to model check, the user must provide a
test automaton Tφ for it. The test automaton must be such that the original sys-
tem S has the property expressed by φ precisely when none of the distinguished
reject states of Tφ can be reached by S‖Tφ, i.e., the agent obtained by making
the test automaton interact with the system under investigation. This raises the
question of which properties may be analyzed by Uppaal in this manner. In this
paper we answer this question by providing a complete characterization of the
class of properties of (networks of) timed automata for which model checking
can be reduced to reachability testing in the sense outlined above.

In our previous study [2], we have considered SBLL, a property language
suitable for expressing safety and bounded liveness properties of real-time sys-
tems. In particular, we have shown that SBLL is testable, in the sense that
suitable test automata may be derived for any property of SBLL. However, as
we shall demonstrate in this paper, SBLL is not expressive complete with respect
to reachability testing because it cannot express all the properties for which test
automata can be derived. As the main result of this paper, we present an ex-
tension, L−

∀S, of SBLL which is shown to characterize exactly the limit of the
testing approach. More precisely we show that:

– every property ψ of L−
∀S is testable, in the sense that there exists a test

automaton Tψ such that S satisfies ψ if and only if S‖Tψ cannot reach a
reject state, for every system S; and

– every test automaton T is expressible in L−
∀S, in the sense that there exists

a formula ψT of L−
∀S such that, for every system S, the agent S‖T cannot

reach a reject state if and only if S satisfies ψT .

This expressive completeness result will be obtained as a corollary of a stronger
result pertaining to the compositionality of the property language L−

∀S . A prop-
erty language is compositional iff every property φ of a composite system S‖T
can be reduced to a necessary and sufficient property φT of the component S.
As the property φT is required to be expressible in the property language under
consideration, compositionality clearly puts a demand on its expressive power.
Let Lbad be the property language with only one property φnb, expressing that
no reject state can ever be reached (a simple safety property). We prove that L−

∀S
is the least expressive, compositional extension of the language Lbad (Thm. 2).
This yields the desired expressive completeness result because any compositional
property language that can express the property φnb is expressive complete with
respect to reachability testing (Propn. 1).

The paper is organized as follows. After reviewing the variation on the model
of timed automata which will be considered in this study (Sect. 2), we introduce
test automata and describe how they can be used to test for properties via
reachability analysis (Sect. 3). The property language studied in this paper is
presented in Sect. 4. We then proceed to argue that the language L−

∀S is testable
(Sect. 4.1). Our main results are presented in Sect. 5. Ibidem we show that L−

∀S
is the least expressive, compositional property language that can express the
aforementioned safety property φnb, and use this result to derive its expressive
completeness with respect to reachability testing.
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2 Preliminaries

Timed Labelled Transition Systems Let A be a finite set of actions, and
U be a finite set of urgent actions disjoint from A. We use Act to stand for
A ∪ U and let a, b, c range over it. We assume that Act comes equipped with a
mapping · : Act → Act such that a = a, for every a ∈ Act. Moreover, we require
that a ∈ A iff a ∈ A, for every action a. (Note that, since A and U are disjoint,
it is also the case that a ∈ U iff a ∈ U .) We let Actτ stand for Act∪{τ}, where τ
is a symbol not occurring in Act, and use µ to range over it. The symbol τ
will stand for an internal action of a system. Let N and R≥0 denote the sets of
natural and non-negative real numbers, respectively. We use D to denote the set
of delay actions {ε(d) | d ∈ R≥0}, and L to stand for the union of Actτ and D.
The meta-variable α will range over L.

A timed labelled transition system (TLTS) is a structure T = 〈S,L, s0,−→〉
where S is a set of states, s0 ∈ S is the initial state, and −→⊆ S × L × S is a
transition relation satisfying the following properties:

– (Time Determinism) for every s, s′, s′′ ∈ S and d ∈ R≥0, if s
ε(d)−→ s′ and

s
ε(d)−→ s′′, then s′ = s′′;

– (Time Additivity) for every s, s′′ ∈ S and d1, d2 ∈ R≥0, s
ε(d1+d2)−→ s′′ iff

s
ε(d1)−→ s′

ε(d2)−→ s′′, for some s′ ∈ S;
– (0-Delay) for every s, s′ ∈ S, s

ε(0)−→ s′ iff s = s′;
– (Forward Persistence of Urgent Actions) for every s, s′, s′′ ∈ S,

a ∈ U and d ∈ R≥0, if s
ε(d)−→ s′ and s

a−→ s′′, then there exists s ∈ S such
that s′ a−→ s;

– (Backward Persistence of Urgent Actions) for every s, s′, s′′ ∈ S,

a ∈ U and d ∈ R≥0, if s
ε(d)−→ s′ and s′ a−→ s′′, then there exists s ∈ S such

that s
a−→ s.

As usual, we write s
α−→ to mean that there is some state s′ such that s

α−→ s′,
and s �α−→ if there is no state s′ such that s

α−→ s′.
The axioms of time determinism, time additivity and 0-delay are standard

in the literature on TCCS (see, e.g., [9]). Those dealing with urgent actions
are motivated by the particular kind of timed automaton model considered in
verification tools like HyTech [5] and Uppaal [8].

A delaying computation is a sequence of transitions s0
α1−→ s1

α2−→ . . .
αn−→ sn

(n ≥ 0) such that αi = τ or αi ∈ D, for every i ∈ {1, .., n}. Following [9], we
now proceed to define versions of the transition relations that abstract from the
internal evolution of states as follows:

s
a=⇒ s′ iff ∃s′′. s

τ−→
∗
s′′ a−→ s′

s
ε(d)
=⇒ s′ iff there exists a delaying computation

s = s0
α1−→ s1

α2−→ . . .
αn−→ sn = s′ with d =

∑
{di | αi = ε(di)}
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By convention, if the set {di | αi = ε(di)} is empty, then
∑

{di | αi = ε(di)} is 0.
We define a collection of transition relations parameterized by a set of urgent
actions S as follows:

s
ε(d)−→S s′ iff s

ε(d)−→ s′ and ∀d′ ∈ [0, d[, a ∈ S, s′ ∈ S. s ε(d
′)−→ s′ implies s′ �a−→

s
ε(d)
=⇒S s′ iff there exists a delaying computation

s = s0
α1−→S s1

α2−→S . . .
αn−→S sn = s′ with

d =
∑

{di | αi = ε(di)}

where the relation τ−→S coincides with τ−→. Intuitively, s
ε(d)−→S s′ holds if s

can delay d units of time, and no action in the set S becomes enabled before
time d during this delay activity. Note that, since the set S only contains urgent
actions, this amounts to requiring that either d = 0 or s �a−→, for every a ∈ S.

Similarly, s
ε(d)
=⇒S s′ holds if there exists a delaying computation of duration d

from state s whose delay transitions with positive duration occur only in states
in which none of the urgent actions in S are enabled.

Definition 1 (Operations on TLTSs).

– Let Ti = 〈Si,L, s0
i ,−→i〉 (i ∈ {1, 2}) be two TLTSs. The parallel composition

of T1 and T2 is the TLTS T1 ‖ T2 = 〈S1 × S2,L, (s0
1, s

0
2),−→〉, where the

transition relation −→ is defined by the rules in below:

(1)
s1

µ−→1s
′
1

s1‖s2
µ−→s′1‖s2

(2)
s2

µ−→2s
′
2

s1‖s2
µ−→s1‖s′2

(3)
s1

a−→1s
′
1 s2

a−→2s
′
2

s1‖s2
τ−→s′1‖s′2

(4)
s1
ε(d)−→1s

′
1 s2

ε(d)−→2s
′
2

s1‖s2
ε(d)−→s′1‖s′2

d = 0 or ∀a ∈ U .

¬(s1
a−→1 ∧ s2

a−→2)

where si, s
′
i are states of Ti (i ∈ {1, 2}), µ ∈ Actτ , a, a ∈ Act and d ∈ R≥0. In

the above rules, and in the remainder of the paper, we use the more suggestive
notation s ‖ s′ in lieu of (s, s′).

– Let T = 〈S,L, s0,→〉 be a TLTS and let L ⊆ Act be a set of actions.
The restriction of T over L is the TLTS T \L = 〈S\L,L, s0\L,❀〉, where
S\L = {s\L | s ∈ S} and the transition relation ❀ is defined by the rules
below:
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(1) s
τ−→s′

s\L τ
❀s′\L (2) s

ε(d)−→s′

s\Lε(d)❀ s′\L

(3) s
a−→s′

s\L a
❀s′\L a, a 
∈L

where s, s′ are states of T , L ⊆ Act, a ∈ Act, and d ∈ R≥0.

The reader familiar with TCCS [9] may have noticed that the above definition
of parallel composition has strong similarities with that of TCCS parallel com-
position — the only difference being that in TCCS all actions are urgent. This
yields precisely the parallel composition operator used in Uppaal [8].

Timed Automata Let C be a set of clocks. We use B(C) to denote the set of
boolean expressions over atomic formulae of the form x ∼ p and x− y ∼ p, with
x, y ∈ C, p ∈ N, and ∼∈ {<,>,=}. Expressions in B(C) are interpreted over
the collection of time assignments. A time assignment, or valuation, v for C is a
function from C to R≥0. Given a condition g ∈ B(C) and a time assignment v,
the boolean value g(v) describes whether g is satisfied by v or not. (Note that
B(C) is closed under negation.) For every time assignment v and d ∈ R≥0, we
use v + d to denote the time assignment which maps each clock x ∈ C to the
value v(x)+d. Two assignments u and v are said to agree on the set of clocks C′

iff they assign the same real number to every clock in C′. For every subset C′ of
clocks, [C′ → 0]v denotes the assignment for C which maps each clock in C′ to
the value 0 and agrees with v over C\C′. For an assignment u and a subset C′

of C, we write u � C′ for the restriction of u to the set of clocks C′. Given two
disjoint sets of clocks C1, C2, and two valuations v1, v2 for the clocks of C1

and C2 respectively, v1 : v2 denotes the valuation for the clocks of C1 ∪C2 such
that (v1 : v2)(x) = v1(x) iff x ∈ C1 and (v1 : v2)(x) = v2(x) iff x ∈ C2.

The notion of timed automaton we use in this paper is a variation on the
original one introduced by Alur and Dill [3], and underlies that used in, e.g.,
HyTech [5] and Uppaal [8].

Definition 2. A timed automaton is a tuple A = 〈Actτ , N, n0, C,E〉 where N
is a finite set of nodes, n0 is the initial node, C is a finite set of clocks, and
E ⊆ N×N×Actτ×2C×B(C) is a set of edges. The tuple e = 〈n, ne, µ, re, ge〉 ∈ E
stands for an edge from node n to node ne (the target of e) with action µ,
where re denotes the set of clocks to be reset to 0 and ge is the enabling condition
(or guard) over the clocks of A. All the timed automata we shall consider in this
paper will satisfy the following constraint:

- (Urgency) if 〈n, ne, µ, re, ge〉 ∈ E and µ ∈ U , then ge is a tautology, i.e., ge
is satisfied by every valuation for the clocks in C.

In what follows, we shall assume that the clocks used in timed automata come
from a fixed, countably infinite collection of clocks CA.
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n0

n1

n2

x = 0
b

n4

n3

a

x ≥ 0

x := 0

x = 0
τ

x ≥ 0
a

Fig. 1. Timed automaton A (a ∈ U and b ∈ A)

The timed automaton depicted in Figure 1 has five nodes labelled n0 to n4,
one clock x, actions a ∈ U and b ∈ A, and four edges. The edge from node n1 to
node n2, for example, is guarded by x ≥ 0, is labelled with the urgent action a
and resets clock x. Note that the guards of edges labelled with the urgent action a
are tautologies. A state of a timed automaton A is a pair (n, v) where n is a node
of A and v is a time assignment for C. The operational semantics of a timed
automaton A is given by the TLTS TA = 〈S,L, (n0, [C → 0]),−→〉, where S
is the set of states of A, and −→ is the transition relation defined as follows
(µ ∈ Actτ , ε(d) ∈ D):

(n, v)
µ−→ (n′, v′) iff ∃e = 〈n, n′, µ, re, ge〉 ∈ E. ge(v) ∧ v′ = [re → 0]v

(n, v)
ε(d)−→ (n′, v′) iff n = n′ and v′ = v + d

3 Testing Automata

As mentioned in Sect. 1, the main aim of this paper is to present a complete
characterization of the class of properties of (networks of) timed automata for
which model checking can be reduced to reachability analysis. In this section we
take the first steps towards the definition of model checking via (reachability)
testing by defining testing. Informally, testing involves the parallel composition
of the tested automaton with a test automaton. The testing process then con-
sists in performing reachability analysis in the composed system restricted over
all non internal actions. We say that the tested automaton fails the test if a spe-
cial reject state of the test automaton is reachable in the parallel composition
(restricted over all non internal actions) from their initial configurations, and
passes otherwise. The formal definition of testing then involves the definition of
what a test automaton is, how the parallel composition is performed and when
the test has failed or succeeded. We now proceed to make these notions precise.
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Definition 3. A test automaton is a tuple T = 〈Actτ , N,NT , n0, C, C0, E〉
where Actτ , N , n0, C, and E are as in Definition 2, NT ⊆ N is the set of
reject nodes, and C0 ⊆ C is the set of clocks whose value must be 0 at the
beginning of every run of the automaton.

An initial valuation for T is any valuation for the set of clocks C that assigns
the value 0 to every clock in C0. An initial state of T is any state (n0, u0) of T
with u0 an initial valuation.

In what follows, we shall assume that the clocks used in test automata come
from a fixed, countably infinite collection of clocks CT disjoint from CA.

Definition 4. Let T be a TLTS and let T be a test automaton. We say that a
node n of T is reachable from a state (s1 ‖ s2)\Act of (T ‖ TT )\Act iff there is a
delaying computation leading from (s1 ‖ s2)\Act to a state whose TT component
is of the form (n, u).

A state s of T fails the test T from the initial state (n0, u0) iff a reject node
of T is reachable in (T ‖ TT )\Act from the state (s ‖ (n0, u0))\Act. Otherwise,
we say that s passes the test T from the initial state (n0, u0).

Example 1. Consider the timed automaton A of Figure 1 and the test automa-
ton Tb (b ∈ U) of Figure 2(b), where we label the arrow coming into the initial
node m0 of Tb with the assignment k := 0 to denote the fact that clock k is con-
tained in C0. (This convention will be used throughout the paper.) The reject
node mT of the test automaton is reachable from the initial state of (A ‖ Tb)\Act
as follows. First the automaton A can execute the τ -transition and go to node n1,
thus preempting the possibility of synchronizing on channel b with Tb. Next both
automata can let a positive amount of time pass, thus enabling the τ -transition
from node m0 in Tb and making mT reachable. In this case we say that A fails
the test. If we test A using the automaton Ta (a ∈ U) of Figure 2(a), then, in all
cases, A and Ta must synchronize on a and, since a is urgent, no positive initial
delay is possible. It follows that the reject node mT of Ta is unreachable, and A
passes the test.

4 Property Languages

In our previous study [2] we considered SBLL, a dense-time property language
with clocks suitable for the specification of safety and bounded liveness prop-
erties of TLTSs. For the sake of clarity in the subsequent discussion, we now
recall the syntax of the language SBLL — modified to take into account the cur-
rent distinction between urgent and non-urgent actions. The interested reader is
referred to [2] for more information.

Definition 5 (The Property Language SBLL). Let K be a countably infi-
nite set of clocks, disjoint from CA and including CT . We use fail to denote
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k := 0

mT

τ

m0

m1

a
k > 0

(a)

k := 0

mT

τ

m0

m1

b
k > 0

(b)

Fig. 2. The test automata Ta and Tb

an action symbol not contained in Act. The set SBLL of formulae over K is
generated by the following grammar:

ϕ ::= ff | ϕ1 ∧ ϕ2 | g ∨ ϕ | ∀∀ϕ |
[a]ϕ | 〈a〉tt (a ∈ U) | x in ϕ | X | max(X,ϕ)

g ::= x ∼ p | x− y ∼ p

where a ∈ Act∪{fail}, x, y ∈ K, p ∈ N, ∼∈ {<,>,=}, X is a formula variable
and max(X,ϕ) stands for the maximal solution of the recursion equation X = ϕ.

Following [7], the formulae in SBLL were interpreted in [2] over extended states
of TLTSs, i.e., over pairs of the form 〈s, v〉, where s is a state of a TLTS and v
is a valuation for the clocks in K. For the sake of clarity in the presentation, we
recall that the satisfaction relation for SBLL is the largest relation satisfying the
relevant implications in Table 1 below and

〈s, u〉 |= ∀∀ϕ ⇒ ∀d ∈ R≥0, ∀s′. s
ε(d)
=⇒ s′ implies 〈s′, u + d〉 |= ϕ .

Our main result in op. cit. was that the property language SBLL is testable over
states of timed automata, in the sense that, for every formula ϕ ∈ SBLL, we can
construct a test automaton Tϕ such that every extended state 〈s, u〉 of a timed
automaton satisfies ϕ iff it passes the test Tϕ, in the sense of Defn. 4. It is now
natural to wonder whether every property ϕ that is testable in this fashion can
be expressed in the property language SBLL. This amounts to asking whether
every test automaton T is expressible in the language SBLL, in the sense that
there exists a formula ψT of SBLL such that every timed automaton A passes
the test T if and only if A satisfies ψT .

The starting point of our current investigation is the realization that test
automata have a greater expressive power than the specification language SBLL.
As an example, consider the test automaton T depicted in Fig. 3, where a is an
urgent action. It can be shown that the property tested by the automaton in
Fig. 3 is not expressible in the language SBLL. Intuitively, the property that is
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m1

a τ
k := 0

m2

m3

τ
k = 0

mT

m0

k := 0

b

Fig. 3. A test automaton that cannot be expressed in SBLL (a ∈ U)

tested by the automaton in Fig. 3 requires that, by delaying without enabling
an a action in the process, a state can only evolve to one in which it cannot
perform the action b.

The kind of test automaton depicted in Fig. 3 suggests an enrichment of the
property language SBLL in which the delay construct ∀∀ is parameterized by a set
of urgent actions, whose elements should not become enabled as a state delays.
It is perhaps surprising that, as we shall show in the sequel (cf. Thm. 3), this
simple extension of SBLL yields a property language that is expressive complete
with respect to the collection of reachability properties expressible by means of
test automata, in the sense of Defn. 4.

The property language we study here is an extension of the one considered
in [2] (cf. Defn. 5), and is closely related to the modal logic Lν presented in [7],
and further investigated in [6].

Definition 6. The property language L∀S consists of the formulae over K gen-
erated by the grammar obtained from the one in Defn. 5 by replacing constructs
of the form ∀∀ϕ with ∀∀Sϕ, where S is a collection of urgent actions. We use L−

∀S
to stand for the collection of formulae in L∀S that do not contain occurrences of
the basic propositions 〈a〉tt.
We write g in lieu of g ∨ ff, and clocks(ϕ) for the collection of clocks occurring
in the formula ϕ. We use the standard definition of closed formulae. In the
remainder of this paper, every formula will be closed.

Given a TLTS T = 〈S,L, s0,−→〉, we interpret, as usual, the closed formulae
in L∀S over extended states. We recall that an extended state is a pair 〈s, u〉
where s is a state of T and u is a time assignment for the formula clocks in K.
The satisfaction relation |= is the largest relation included in S ×L∀S satisfying
the implications in Table 1. We refer the reader to [2] for a discussion of the
definition of |=. Note that, since fail is not contained in Act, every extended
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〈s, u〉 |= ff ⇒ false

〈s, u〉 |= ϕ1 ∧ ϕ2 ⇒ ∀s′. s
τ−→∗

s′ implies 〈s′, u〉 |= ϕ1 and 〈s′, u〉 |= ϕ2

〈s, u〉 |= g ∨ ϕ ⇒ ∀s′. s
τ−→∗

s′ implies g(u) or 〈s′, u〉 |= ϕ

〈s, u〉 |= [a]ϕ ⇒ ∀s′. s
a
=⇒ s′ implies 〈s′, u〉 |= ϕ

〈s, u〉 |= 〈a〉tt ⇒ ∀s′. s
τ−→∗

s′ implies s′ a−→ s′′ for some s′′

〈s, u〉 |= ∀∀Sϕ ⇒ ∀d ∈ R≥0 ∀s′. s
ε(d)
=⇒S s′ implies 〈s′, u+ d〉 |= ϕ

〈s, u〉 |= x in ϕ ⇒ ∀s′. s
τ−→∗

s′ implies 〈s′, [x → 0]u〉 |= ϕ

〈s, u〉 |= max(X, ϕ) ⇒ ∀s′. s
τ−→∗

s′ implies 〈s′, u〉 |= ϕ{max(X, ϕ)/X}

Table 1. Satisfaction implications

state of a TLTS trivially satisfies formulae of the form [fail]φ. The role played
by these formulae in the developments of this paper will become clear in Sect. 5.

4.1 Testing L−
∀S

In Sect. 3 we have seen how we can perform tests on states of TLTSs. We now aim
at using test automata to determine whether a given state of a TLTS satisfies a
formula in L−

∀S.

Definition 7 (Testing Properties). Let ϕ be a formula in L∀S, and consider
a test automaton Tϕ = 〈Actτ , N,NT ,m0, C, C0, E〉. For every extended state
〈s, u〉 of a TLTS T , we say that 〈s, u〉 passes the test Tϕ iff no reject node of Tϕ
is reachable from the state (s ‖ (m0, [C0 → 0](u � C)))\Act.

The test automaton Tϕ tests for the formula ϕ (and we say that ϕ is testable)
iff the following holds: for every TLTS T and every extended state 〈s, u〉 of T ,

〈s, u〉 |= ϕ iff 〈s, u〉 passes the test Tϕ . (1)

If (1) holds for arbitrary states of timed automata then we say that the test
automaton Tϕ tests for the formula ϕ (and that ϕ is testable) over states of
timed automata.

Adapting constructions first developed in [2], we can now prove that:

Theorem 1. Every formula in L−
∀S is testable, and every formula in L∀S is

testable over states of timed automata.

We remark here that the property languages SBLL and L∀S are not testable
because there is no test automaton for the formula 〈a〉tt. On the other hand, the
languages L∀S and L−

∀S are equally expressive over states of timed automata.
We refer the interested reader to the full version of this work [1] for more details.
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5 Compositionality and Expressive Completeness

We have previously shown that every property ϕ which can be expressed in the
language L∀S (and, a fortiori, in SBLL) is testable over states of timed automata,
and that L−

∀S is testable over states of TLTSs, in the sense of Defn. 7. We now
address the problem of the expressive completeness of these property languages
with respect to test automata and (reachability) testing. More precisely, we study
whether all properties that are testable over TLTSs can be expressed in the prop-
erty languages SBLL and L−

∀S—in the sense that, for every test automaton T ,
there exists a formula ψT such that every extended state of a TLTS passes the
test T if and only if it satisfies ψT . Indeed, we have already enough information to
claim that the language SBLL is strictly less expressive than the formalism of test
automata. In fact, the automaton depicted in Fig. 3 is nothing but a test automa-
ton for the formula ∀∀{a}[b]ff, which cannot be expressed in SBLL. Our aim in this
section is to argue that, unlike SBLL, the language L−

∀S is expressive complete,
in the sense that every test automaton T may be expressed as a property in the
language L−

∀S in the precise technical sense outlined above. In the proof of this ex-
pressive completeness result, we shall follow an indirect approach by focusing on
the compositionality of a property language L with respect to test automata and
the parallel composition operator ‖. As we shall see (cf. Propn. 1), if a property
language L is compositional with respect to timed automata and ‖ (cf. Defn. 9)
then it is complete with respect to test automata and reachability testing
(cf. Defn. 8). We begin with some preliminary definitions, introducing the key
concepts of compositionality and (expressive) completeness.

Definition 8 (Expressive completeness). A property language L over the set
of clocks K is (expressive) complete (with respect to test automata and testing)
if for every test automaton T there exists a formula ϕT ∈ L such that, for every
extended state 〈s, u〉 of a TLTS, 〈s, u〉 |= ϕT iff 〈s, u〉 passes the test T .

Compositionality, on the other hand, is formally defined as follows [6]:

Definition 9 (Compositionality). A property language L over the set of
clocks K is compositional (with respect to test automata and ‖) if, for every
ϕ ∈ L and every test automaton T = 〈Actτ , N,NT , n0, C, C0, E〉 (with C dis-
joint from clocks(ϕ)), there exists a formula ϕ/T ∈ L over the set of clocks
C ∪ clocks(ϕ) such that, for every state s of a TLTS and every valuation u
for K,

〈s ‖ (n0, [C0 → 0](u � C)), u〉 |= ϕ ⇔ 〈s, [C0 → 0]u〉 |= ϕ/T .

Our interest in compositionality stems from the following result that links it to
the notion of completeness. In the sequel, we use Lbad to denote the property
language that only consists of the formula ∀∀∅[fail]ff, where fail is a fresh
action not contained in Act.

Proposition 1. Let L be a property language (over a set of clocks K) that
includes Lbad. Suppose that L is compositional with respect to test automata
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and the parallel composition operator ‖. Then L is complete with respect to test
automata and testing.

Since L−
∀S is an extension of Lbad, in light of the above proposition an approach

to proving that it is expressive complete is to establish that it is compositional
with respect to test automata and ‖. This is the import of the following stronger
result:

Theorem 2. The property language L−
∀S is the least expressive extension of

Lbad that is compositional with respect to test automata and ‖.
In light of Propn. 1, we may finally obtain that:

Theorem 3. The property language L−
∀S is complete with respect to test au-

tomata and testing.

For example, the properties tested by the test automata in Figs. 2(a) and 3 may
be expressed in L−

∀S as k in ∀∀{a}(k = 0) and ∀∀{a}[b]ff, respectively.
It is interesting to remark here that the property language L−

∀S is testable also
over timed automata with invariants and committed nodes, which are precisely
those used in Uppaal. Moreover, Thm. 3 also holds for the model of timed
automata with invariants. We refer the interested reader to [4] for details on
these results.
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Abstract. The Mean-Value Calculus, MV C, of Zhou and Li [19] is
extended with the least and the greatest fixed point operators. The re-
sulting logic is called µMV C. Timed behaviours with naturally recursive
structure can be elegantly specified in this logic. Some examples of such
usage are given. The expressive power of the logic is also studied. It is
shown that the propositional fragment of the logic, even with discrete
time, is powerful enough to encode the computations of nondeterministic
turing machines. Hence, the satisfiability of propositional µMV C over
both dense and discrete times is undecidedable.

1 Introduction

The Mean-Value Calculus [19] and its antecedent Duration Calculus [18] provide
an elegant and powerful logic for the specification of real-time systems. This logic
has been used in a number of applications including the requirement capture of
real-time systems, giving semantics to real-time and distributed programming
notations and capturing circuit behaviour (see the recent survey by Hansen and
Zhou [6]).
Mean-Value Calculus, MVC, is an interval based logic of time. It uses the

notion of mean-value of a predicate representing the fraction of the time for
which the predicate holds in a bounded closed time interval. This allows real-
time properties to be stated. The logical foundations ofMVC have been studied
by Hansen, Zhou, Sestoft and Li (see [6]).
As in most computational systems, repetitive-recursive behaviours occur fre-

quently in real-time systems too. Logics for real-time systems are required to
specify such behaviours. It is usually cumbersome to specify recursive behaviours
in MVC. To overcome this limitation, in this paper we extend MVC with the
least and the greatest fixed point operators which allow natural recursive de-
scriptions. The resulting logic is called µMV C.
Consider the following specification of a phase of real-time system: “Signal p

is sampled at least once every second till its value is found to be true. (Note
that the value of p can be arbitrary between sampling points. We exclude the
behaviour where p is never detected to be true.)” This can be captured by the
following recursive formula.

µX. (EP (�p�0) ∧ (0 < � ≤ 1)) ∨ (EP (�¬p�0) ∧ (0 < � ≤ 1))�X

V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 257–269,
1998.
c© Springer-Verlag Berlin Heidelberg 1998
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Intuitively, this formula states the following: (A precise meaning of the operators
used will be given later in the paper.) Let the formula µX be satisfied by a system
behaviour in a time interval [b, e]. Then, the first disjunct (EP (�p�0)∧(0<�≤1))
states that the interval [b, e] is such that p (is sampled and it) holds at the
end-point. Moreover the length of the interval is nonzero and at most 1 time
unit. The second disjunct, EP (�¬p�0) ∧ (0 < � ≤ 1))�X , states that there is
an initial subinterval [b,m] of [b, e] with length nonzero but at most 1 and at
its endpoint (a sampling of p occurs and) the value of p is false. Moreover, the
rest of the interval [m, e] recursively satisfies the same formula µX . The least
fixed point operator µX ensures that the recursion terminates eventually with
the first disjunct being true.
In this paper, we shall formally define the meaning of such recursive formulae.

We will also give some proof rules for reasoning about the fixed point operators.
Several examples of the use of recursive formulae will be given. The main example
that we shall consider is the recursive formulation of the famous car-bee puz-
zle [5], and a correctness proof of its solution using the laws of µMV C. We will
also encode the runs of non-deterministic 2-counter machine within the propo-
sitional fragment of the logic µMV C. This shows that even the propositional
fragment of µMV C is highly expressive. Unfortunately, this also implies that the
propositional fragment is undecidable and unsuitable for automatic verification.
The idea of extending modal logics with fixed point operators is not new.

Temporal mu-calculus has been studied by Emerson and Clarke [4] and Ban-
ieqbal and Barringer [2]. Modal mu-calculus has been studied by Kozen [7].
Emerson has argued in favour of using recursive formulae for the specification
of real-time properties [3]. Stirling [16] provides a recent overview of this topic.
The rest of the paper is organised as follows. A brief overview of the Mean-

Value calculus together with its relational semantics is given in Section 2. The
fixed point operators are introduced in Section 3. Section 4 gives examples of
the use of these fixed point operators. The paper ends with a brief discussion.

2 Mean-Value Calculus: A Relational Semantics

The Mean-Value Calculus is an extension of the first-order real arithmetic and
propositional interval temporal logic [9], where the formulae are interpreted over
bounded closed intervals.
A state in MVC is a boolean ({0, 1} valued) function of time, representing

some observable time variant property of a system. Let Svar (with typical el-
ements p, q) be the set of state variables. States are boolean combinations of
such variables. We use constants 0, 1 for states which are everywhere 0 and
everywhere 1, respectively. Let P range over states.
For any time interval [b, e], a term evaluates to a real value measuring some

aspect of the system behaviour in the interval [b, e]. The term P denotes the
mean-value of the state P in interval [b, e], whereas symbol � is a term denoting
the length of the interval. Let Gvar (with typical elements x, y) be the set of



Recursive Mean-Value Calculus 259

global (or rigid) variables. Let r range over real constants. A term t has the form

P | � | x | r | t1 op t2 where op ∈ {+,−, ∗}
For any time interval [b, e], a formula of MVC evaluates to true or false in

a given behaviour. Atomic formulae have the form t1 = t2 and t1 < t2. Formulae
are constructed from these using the usual connectives of first-order logic. The
formula D1

�D2, using the modality �, is satisfied by an interval if it can be
chopped into two subintervals such that the first part satisfies D1 and the second
part satisfies D2. A formula of MVC has the form:

t1 = t2 | t1 < t2 | D1 ∧D2 | ¬D | ∃x.D | D1
�D2

Semantics Let T be the set of time points. We will only consider the following two
cases. In dense-time interpretation, T is taken to be �0, the set of non-negative
reals. In discrete-time interpretation, T is taken to be ω, the set of natural
numbers. MVC(T ) will denote MVC interpreted over the time domain T .
Let Intv be the set of bounded time intervals {[b, e] | b, e ∈ T, b ≤ e}.

Notation 2Intv denotes the power set of Intv. We shall treat its elements as
relations over T . Let ◦ denote the relation composition symbol.
A structure (or behaviour) θ assigns a finitely variable boolean function of

time to each state variable p. Such a function changes its value only finitely
often in any finite time interval. The structure θ also assigns a real-number to
each global variable x. Let Θ denote the space of all structures. A structure θ′

is called p-variant of θ if for all q ∈ Svar ∪ Gvar, q �= p, we have θ′(q) = θ(q).
Notation θ[r/x] denotes x-variant of θ such that θ[r/x](x) = r.
The value of a term t in structure θ and interval [b, e] is denoted by

θ̂(t)[b, e] ∈ �. Let P denote the mean-value of P in the interval, i.e.

θ̂(P )[b, e] def=

{∫ e

b
θ(P )(t)dt / (e− b) if e− b > 0

θ(P )(b) if e− b = 0

In the discrete time domain
∫ e

b θ(P )(t)dt means Σ
e−1
t=b θ(P )(t). Also,

θ̂(�)[b, e] def= e− b θ̂(x) def= θ(x)

The real constants and operators of arithmetic have their usual meaning. The
duration (integral) of P can be defined as

∫
P

def= P ∗ �.
The semantics of a formula D in a structure θ is denoted by Mθ(D) and

defined inductively as follows. Note that Mθ(D) ∈ 2Intv. Recall that ◦ is the
relation composition operator.

Mθ(t1 = t2)
def= {[b, e] | θ̂(t1)[b, e] = θ̂(t2)[b, e]}

Mθ(t1 < t2)
def= {[b, e] | θ̂(t1)[b, e] < θ̂(t2)[b, e]}

Mθ(D1 ∧D2)
def= Mθ(D1) ∩Mθ(D2) Mθ(¬D) def= Intv − Mθ(D)

Mθ(D1
�D2)

def= Mθ(D1) ◦Mθ(D2) Mθ(∃x.D) def= ∪r∈� Mθ[r/x](D)
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Derived Operators We define some useful abbreviations.

– �P �0 def= � = 0 ∧ P = 1 holds for all point intervals where P is true.
�P � def= (� > 0) ∧ ¬(� > 0��¬P �0 �� > 0) states that P is true everywhere
inside the extended interval. Formula ��P � def= �P �0 ��P � additionally re-
quires that P holds at the beginning point, and ��P �� def= �P �0 ��P ���P �0
requires P to hold at both the end-points.

– Modalities “for some subinterval” D and “for all subintervals” D can be
defined respectively by ✸D

def= true�D�true and ✷D
def= ¬✸¬D.

– EP (D) def= true�(� = 0 ∧ D) states that D holds at the end-point of the
interval.

– Unit
def= � > 0 ∧ ¬(� > 0�� > 0) holds for indivisible extended intervals.

There are no such intervals in dense-time (due to density property). In dis-
crete time, exactly the intervals of the form [b, b+ 1] satisfy Unit.

We refer the reader to [19,8] for the proof rules ofMVC. The following rules
will be used later in the paper.

(A0) (
∫
P = r)�(

∫
P = s) ⇔ (

∫
P = r + s) wherer, s ∈ �0

(A1) 0 ≤ ∫
P ≤ �

(A2) �P � =>
∫
P = �

(A3)
∫
P +

∫¬P = �

Propositional MVC The following subset of MVC will be called Propositional
MVC. Note that is fragment does not require the notion of mean-value.

�P �0 | D1 ∧D2 | ¬D | D1
�D2

Li [8] has shown that the satisfiability of both PMV C(�0) and PMV C(ω)
formulae is decidable.

3 Open Formulae and Fixed Point Operators

We now consider MVC formulae F (X) which additionally contain variables
in the list X as atomic formulae. Such formulae are called open formulae and
variables X are called formula variables. For example, �P �0 �Unit�X is an
open formula.
The relational semantics of open formulae can be defined as follows. Let

σ : Fvar → 2Intv denote a valuation giving the set of intervals σ(X) for which X
is true. Then, the meaning of F (X) is inductively given by extension EMσ

θ ofMθ

as follows.
EMσ

θ (X)
def= σ(X)

In all other cases, EM is defined like M. We omit these clauses.
Let Σ = (Fvar → 2Intv) be the set of all valuations. For χ ∈ 2Intv, notation

σ[χ/X ] denotes a valuation which is like σ except that σ(X) = χ. For an open
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formula, substitution F [D/X ] gives the formula obtained by replacing every free
occurrence of X by the formula D. As a notational convenience, we emphasize
the appearance of X in F by writing F (X). In this case, notation F (D) abbrevi-
ates F [D/X ]

Fixed point operators Consider the recursive equation X = F (X). Then,
χ ∈ 2Intv is called a solution in X with respect to given θ and σ if

EMσ[χ/X]
θ (F ) = χ

Such a solution is also called a fixed point of F (X) with respect to θ and σ.
A formula F (X) may have zero, one or more fixed points. We are especially

interested in the least and the greatest fixed points (when they exist) and we
designate these by the formulae µX.F and νX.F , respectively. In the rest of this
section, we investigate the conditions for the existence of these fixed points and
give some proof rules governing them.
Let σ ≤X σ′ iff σ(X) ⊆ σ′(X) and σ(Y ) = σ′(Y ) for all Y �= X . An open

formula F is called monotonic in X if (σ ≤X σ′ ⇒ EMσ
θ (F ) ⊆ EMσ′

θ (F )) for
all θ, σ, σ′.

Theorem 1 (Knaster-Tarski). If f(x) is a monotonic function over a com-
plete lattice (S,≤) then the set of fixed points (i.e. solutions of x = f(x)) form a
complete sub-lattice of (S,≤). The least fixed point, µf , is given by �{x |f(x)≤x},
and the greatest fixed point, νf , is given by �{x |x≤f(x)}. ��

Proposition 1. – (2Intv,⊂) is a complete lattice.
– ((Σ → 2Intv),�) is a complete lattice where f � g iff f(σ) ⊆ g(σ) for all
σ ∈ Σ.

– (Θ → Σ → 2Intv,≤) is a complete lattice where f ≤ g iff f(θ) � g(θ) for all
θ ∈ Θ. ��

Theorem 2. Let F be monotonic in X. Then the semantics of the least and the
greatest fixed point formulae µX.F (X) and νX.F (X) is given respectively by

EMσ
θ (µX.F ) = ∩{ χ ∈ 2Intv | EMσ[χ/X]

θ (F ) ⊆ χ }

EMσ
θ (νX.F ) = ∪{χ ∈ 2Intv | χ ⊆ EMσ

θ [χ/X ](F ) }

��

The following proposition gives sufficient conditions for F (X) to be monotonic.

Proposition 2. Let F be such that every occurrence of X in F is in the scope
of an even number of ¬. Such an F will be called evenly-negated in X. Then, F
is monotonic in X.
Proof sketch Note that the operators ∧,∨, � are all monotonic whereas ¬ is
anti-monotonic. The result follows from this by structural induction on F . ��
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Because of the above theorems, we extend the syntax ofMVC to include formu-
lae µX.F (X) and νX.F (X) where F (X) is evenly negated. The resulting logic is
called Recursive Mean-Value Calculus, or µMV C. The propositional frag-
ment of µMV C (i.e. logic PMV C extended with fixed point operators) will
be denoted by µPMV C. The following proof rules allow reasoning about fixed
point operators.

(R1) µX.F (X) ⇔ F (µX.F (X)) (R2) νX.F (X) ⇔ F (νX.F (X))

(R3) F (D) ⇒ D
µX.F (X) ⇒ D

(R4) D ⇒ F (D)
D ⇒ νX.F (X)

(R5) νXF (X) ⇔ ¬νX. ¬F (¬X)

4 Examples and Expressiveness

In this section, we give some examples of the use of the fixed point operators.
One of the main uses of fixed point operators is in giving compositional semantics
of the iteration and recursion constructs of real-time programming languages.
Several cases of such use are listed in Section 5. Here, we consider some other
examples. Many of these point to the expressive power of the logic.

Iteration Let F (X) def= (D1 ∨D2
�X) ∧D3. Then the formula µX.F (X) holds

for an interval [b, e] provided there is a finite non-decreasing sequence of points
m0,m1, . . . ,mn+1 with m0 = b, mn+1 = e such that [mi,mi+1] satisfy D2 and
[mi, e] satisfy D3 for 0 ≤ i ≤ n− 1, and [mn,mn+1] satisfies D1 ∧D3.
Let D∗ def= µX.(� = 0∨D�X). This states that the interval is either a point

interval, or it can be partitioned into a finite sequence of subintervals each of
which satisfies D. Moskowski [9] has made considerable use of this operator in
the context of interval temporal logic.

Palindromes and Context-Free Grammars Palindromes over an alphabet Σ are
defined by the grammar S ::= ai | aiSai where ai ∈ Σ. This set of palindromes
can be specified by the µPMV C(ω) formula

Excl ∧ µX.(�ai�0 �Unit ∨ �ai�0 �Unit�X ��ai�0 �Unit)

where Excl def= (∨a∈Σ ��a��) ∧ (∧a,b∈Σ,a�=b ��¬(a ∧ b)��).
A variant of the above encoding also allow us to specify palindromes in

µPMV C(�0) (see [12]). It is easy to see that the technique used in the above
example can be generalised to give a formula D(G) specifying the language of
any context-free grammar G (see [12] for details). Equality of two context-free
grammars G, G′ can be reduced to the validity of the formula D(G)⇔ D(G′).
Since the equality of two context-free grammars is undecidable, we have the
following result.

Proposition 3. The validity (satisfiability) of µPMV C(ω) and µPMV C(�0)
formulae is undecidable. ��
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4.1 The Car-Bee Problem

The original MVC requires a structure θ to assign a finitely variable boolean
functions of time to each state variable.MVC can be generalised to allow struc-
tures where each state variable is assigned any arbitrary integrable boolean func-
tion of time (see [5] for details). Note that these functions can be finitely di-
vergent, i.e. they may change their values infinitely often within a finite time
interval. The following Car-Bee puzzle illustrates such a behaviour.

Car-Bee Problem Car E and Car W move towards each other at uniform and
equal speed till they collide after r time units. A bee starts from car E and flies
towards car W at twice the speed of a car. On reaching car W the bee instantly
reverses its direction and flies towards car E at the same speed till car E is
reached. This behaviour is repeated endlessly (thus exhibiting finite divergence)
till the cars collide. What is the quantum of time (out of r) spent by the bee in
flying towards car W?
We specify the behaviour of the bee using a µMV C(�0) formula and prove

the correctness of a solution to this problem using the proof rules of the logic. The
readers must compare the simplicity of this proof with the previous formulation
using MVC without fixed point opeators [5].
Let a state variable B take value 1 when the bee is flying towards the carW ,

and be 0 at other times. The problem is to compute the value of
∫ r

0
B(t)dt. The

specification of B is based on the following analysis. If the velocity of a car is v
then the relative speed of a car w.r.t. the other car is 2v whereas that of the bee
w.r.t. the other car is 3v. Assuming that the bee is at car E, if the cars take x
time units to collide then the bee reaches the car W in 2x/3 time. From this
point the situation is symmetric and the bee reaches the car E again after 2/3
of the remaining time i.e. after 2x/9 time units. Now the bee is at car E and the
above behaviour repeats within the remaining time x/9. This gives the following
recursive formulation of the car-bee problem. Let

F (X) def= ∃x. � = x ∧ ((�B� ∧ � = 2x/3)�(�¬B� ∧ � = 2x/9)�(� = x/9 ∧X))
Bee def= � = r ∧ νX.F (X).
The greatest fixed point captures the fact that there are infinitely many repeti-
tions. Observe that µX.F (X) ⇔ false.

Theorem 3. Bee ⇒ (
∫
B = 3r/4)

Its proof is based on the following lemma.

Lemma 1. Let H(n) def= ∃y. � = y ∧ ((∫B = 3y
4 (1 − 1

9n ))�(� = y
9n )). Then, for

all n ∈ ω, we have νX.F (X) ⇒ H(n).
Proof (by indunction on n)
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Base case

νX.F (X)
⇒ ∃y. � = y { Tautology of MVC }
⇒ ∃y. � = 0�� = y { Rule A0 }
⇒ ∃y.∫B = 0�� = y { Rule A1 }
⇔ ∃y. (∫B = 3y

4 (1− 1
90 ))�(� = y

90 )
⇔ H(0)

Induction Step

νX.F (X)
⇔ F (νX.F (X)) { Rule R2 }
⇒ F (H(n))

{ By Ind. Hypothesis and Monotonicity of F (X) }
⇒ ∃y. � = y ∧ ((�B� ∧ � = 2y

3 )
�(�¬B� ∧ � = 2y

9 )
�(� = y

9 ∧H(n)))
{ Definition of F (X) }

⇒ ∃y. � = y ∧ ((∫B = 2y
3 )

�(� = y
9 ∧H(n)))

{ Rules A2, A3 and A0 }
⇒ ∃y. � = y ∧ ((∫B = 2y

3 )
�(

∫
B = 3(y/9)

4 (1− 1
9n ))�(� = y/9

9n ))
{ Definition of H(n) }

⇔ ∃y. � = y ∧ ((∫B = 2y
3 +

3(y/9)
4 (1− 1

9n ))�(� = y/9
9n ))

{ Rule A0 }
⇔ ∃y. � = y ∧ ((∫B = 3y

4 (1 − 1
9n+1 ))�(� = y

9n+1 ))
{ Real arithmetic }

⇒ H(n+ 1) { Definition of H(n+1) }
��

Proof of Theorem 3 From the above lemma we get that for all n ∈ ω,

(� = y ∧ νX.F (X)) ⇒ 3y
4
(1− 1

9n
) ≤ ∫

B ≤ 3y
4
(1− 1

9n
) +

Y

9n

By real arithmetic, for all n ∈ ω,

(� = y ∧ νX.F (X)) ⇒ 3y
4
(1− 1

9n
) ≤ ∫

B ≤ 3y
4
(1 +

1
4 ∗ 9n

)

Thus, by the completeness of real numbers,

(� = y ∧ νX.F (X)) ⇒ ∫
B = 3y/4

��

4.2 Representing Runs of a 2-Counter Machine

A nondeterministic 2-counter machine M consists of two counters C and D and
a sequence of n instructions with labels 0, . . . , n− 1. The instructions are of the
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following form where E ranges over the counters C, D and j, k range over the
instruction labels 0, . . . , n.

increment(E) then jump to j or k
decrement(E) then jump to j or k
if E=0 then jump to j else jump to k

After executing an increment or decrement instruction, the machine non-
deterministically jumps to one of the two labels j or k. By convention, the
instruction with label n is the halt instruction. Thus, execution may be termi-
nated by jumping to label n. A configuration of M is a triple (i,m1,m2) where i
is the label of the instruction to be executed, and m1, m2 are the current values
of the counters C, D respectively. The transition relation between the configu-
rations is defined in the obvious way. A run starts with the initial configuration
(0, 0, 0) and is a finite sequence of configurations where successive configurations
are related by the transition relation. A halting run is a run which ends with
label n.

Theorem 4. The problem of determining whether a machine M has a halting
run is undecidable.

We shall encode runs of M in µPMV C. The encoding is sound for both dis-
crete and dense time domains. We use the following state variables p, s0, s1, s2, s3,
a, c and li for 0 ≤ i ≤ n. All these states are mutually exclusive and at least
one of them must be true at each time point; we shall designate this property
by MUTEX (we omit the obvious MVC definition).
Let [b) denote a left-closed right open extended time interval in which state b

is true. Then, a natural number m is denoted by the behaviour fragment

[b) [p)[b) . . . [p)[b)︸ ︷︷ ︸
m times

We shall denote this fragment by abbreviation COUNT (m). A configuration
(i,m1,m2) is denoted by the following behaviour fragment.

[s0)[li)[s1)COUNT (m1)[s2)COUNT (m2)[s3)

A run is represented by a sequence of such configurations.
The following µMV C formula CONF holds precisely for time intervals rep-

resenting a configuration (recall the definition of D∗ given at the beginning of
Section 4).

COUNTER
def= ��b��(��p����b�)∗

CONF
def= (��s0��(∨i:0≤i≤n ��li�)���s1��COUNTER�

��s2��COUNTER���s3�) ∧ MUTEX

We define some auxiliary formulae

label(i) def= CONF ∧ (��s0����li��true)
iszero(C) def= CONF ∧ (true���s1����b����s2��true)
INITCONF

def= CONF ∧ label(0) ∧ iszero(C) ∧ iszero(D)
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where iszero(D) is defined similarly. Formula label(i) holds exactly for config-
urations with instruction label i. Formula iszero(C) holds for configurations
where the value of counter C is 0.
A transition is represented by a pair of configurations occuring consecutively

in time; i.e. by intervals satisfying CONF �CONF . Formula Inc(C) holds for
a transition provided the value of counter C has incremented by 1. This formula
is central to encoding runs, and should be understood carefully.

MATCH(C) def= µX.

( ��b����s2���¬s1����s1����b�
∨ ��b����p��X ���p����b�

)

Inc(C) def=
(CONF �CONF ) ∧
(�¬s1����s1��MATCH(C)���p����b����s2��true)

Similarly, we can define Dec(C), which encodes the fact that the value of counter
has decremented, and Unchange(C) which encodes the fact that counter C has
not changed. Similarly, also Inc(D), Dec(D) and Unchange(D). We omit these
details.
Execution of an instruction with label i is represented by a formula D(i). Let

the instruction with label i be increment C then jump to j or k. Then,

D(i) def=
((CONF ∧ label(i))�(CONF ∧ (label(j) ∨ label(k))))
∧ Inc(C) ∧ Unchange(D)

Let the instruction with label i be if C=0 then jump to j else jump to k.
Then,

D(i) def=

(
(CONF ∧ label(i) ∧ iszero(C))�(CONF ∧ label(j))

∨ (CONF ∧ label(i) ∧ ¬iszero(C))�(CONF ∧ label(k))
)

∧ Unchange(C) ∧ Unchange(D)

A finite halting run of M is encoded by the formula

HALT (M) def=
(INITCONF �true) ∧ CONF ∗

∧ ✷(CONF �CONF ⇒ (∨i:0≤i<n D(i)))
∧ true�(CONF ∧ label(n))

Then it is easy to verify that every model (θ, [b, e]) |= HALT (M) corresponds
to a halting run of M .

Proposition 4. HALT (M) is satisfiable if and only if M has a halting run. ��

Theorem 5. The satisfiability of µPMV C is undecidable. ��

MVC can be extended with an outward looking modality
→
✸ D to get a more

powerful logic where liveness properties can be specified (see Pandya [10]).

(θ, [b, e]) |=→
✸ D iff for some m : e ≤ m, (θ, [b,m]) |= D
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Let µPMV C−1 denote the Proposition MVC with the fixed point operators
and the additional modality

→
✸ D.

It is easy to construct a formula RECUR(M) in µPMV C−1 such that
(θ, [b, e]) |= RECUR(M) if and only if the behaviour θ in interval [b,∞] cor-
responds to an infinite run of M in which the label 0 occurs infinitely often
(see [12] for details). It is known that the problem of determining whether M
has such a run is highly undecidable. Hence we get the following result [12].

Theorem 6. Satisfiability of µPMV C−1 formulae is Σ1
1 hard. ��

5 Discussion

We have extended MVC with the least and the greatest fixed point operators
to give a logic µMV C. We have given some examples of the use of fixed point
operators in naturally specifying the recursive behaviour of timed systems.
A major motivation for introducing fixed point operators has been to cap-

ture the semantics of recursion in timed langauges. Duration Calculus has been
extensively used to give logical semantics of many real-time programming no-
tations. This includes Timed CSP [11], the synchronous programming language
Esterel [13], Sequential Hybrid Programs [14] and Verilog [17]. In each of these
languages, the formalisation of the iteration and recursion constructs can be el-
egantly achieved using the fixed point operators. For example, the semantics of
the loop construct in Esterel has been given [13] by the formula

D(loop S end) def= µX.D(S); X

The semantics of recursion in Timed CSP has been given [11] by the formula

D(recX.F (X)) def= νX.D(F (X))

Schneider and Xu [17] have also used the fixed point operators to capture the
semantics of iteration constructs of Verilog. A novel semantics of the while
construct for sequential hybrid pograms using a combination of least and greatest
fixed points can be found in [14]. In aid of brevity, we just list these uses here
without giving details.
In order to evaluate the expressive power of the fixed point operators in in-

terval logics, we have encoded finite runs of nondeterministic 2-counter machines
within PropositionalMVC, or µPMV C. This shows that µPMV C is powerful
enough to specify all turing computable langauges. Because of this expressive
power, it is immediate that the satisfiability of µPMV C formulae is undecid-
able. This makes µPMV C quite unsuitable for automatic verification and model
checking.
We believe that logics like MVC and µMV C are suitable for requirement

capture of real-time systems, where richness rather than decidability is im-
portant. They may be used for the verification of real-time systems using the
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theorem-proving approach [15]. It seems improbable that problems like the car-
bee problem (Section 4.1) can be handled within simpler decidable logics. At
the same time, existence of reasonably rich subsets of µMV C which are decid-
able remains an open question and a topic of further study. In this context, we
conjecture that µPMV C formulae with tail recursion are decidable.
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Model checking is emerging as a practical tool for detecting logical errors in
early stages of system design. We investigate the model checking of hierarchical
(nested) systems, i.e. finite state machines whose states themselves can be other
machines. This nesting ability is common in various software design methodolo-
gies and is available in several commercial modeling tools. The straightforward
way to analyze a hierarchical machine is to flatten it (thus, incurring an expo-
nential blow up) and apply a model checking tool on the resulting ordinary FSM.

First, we show that this flattening is not necessary in the case of sequen-
tial hierarchical state machines. We develop algorithms for verifying linear time
requirements whose complexity is polynomial in the size of the hierarchical ma-
chine. We address also the verification of branching time requirements and pro-
vide efficient algorithms and matching lower bounds.

Next, we report on the ongoing research on the analysis of communicating
hierarchical state machines, and the application of our algorithms to the analysis
the ITU standard Z.120 (MSC’96) for message sequence charts.
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Abstract. Model checking is an automated technique for verifying tem-
poral properties of finite-state systems. The technique can be used, for
example, to verify the finite control parts of computer hardware designs
and communication protocols. However, because it requires exhaustively
searching the state space of a system to be verified, it cannot generally be
applied directly to systems manipulating data, even if the data types are
finite. For unbounded or uninterpreted data types, the model checking
problem becomes undecidable.
Nonetheless, reductions akin to “program slicing” can be used to reduce
the verification of large systems with unbounded data to model checking
problems over tractably small models with finite data types. Such a re-
duction can be obtained, for example, by enumerating the possible paths
of a data item through a system. Symmetry can then be exploited to re-
duce the cases to a tractable number. Use of model checking in this way
can greatly simplify proofs by eliminating the need for global invariants.
This talk will show how a system of three inference rules – circular as-
sume/guarantee, temporal case splitting, and symmetry reduction – can
be used in conjunction with model checking to yield quite concise proofs
of systems that manipulate data.
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Abstract. Partial order methods have been introduced to avoid the
state explosion problem in verification resulting from the representation
of multiple interleavings of concurrent transitions. The basic idea is to
build a reduced state space on which certain properties hold if and only
if they hold for the full state space. Most often, the considered properties
are linear-time properties. In this paper we suggest novel branching time
reduction techniques which allow checking bisimulation equivalence on
reduced state spaces. Our reduction takes place on bisimulation game
graphs, thus jointly treating the systems under consideration. We show
that reduction preserves winning strategies of the two players in the
bisimulation game.

1 Introduction

Automatic verification of finite state systems is successfully applied in many ar-
eas to check that systems satisfy their specifications. However, these techniques
all suffer from the so-called state explosion problem which often forbids verifica-
tion because of complexity. One source of state explosion is the representation
of multiple interleavings of concurrent transitions. In the worst case, the state
space grows exponentially in the number of components of a parallel system.

The approach to (partially) overcome state explosion we present here belongs
to the class of partial order methods (PO-methods, for an overview see [Pom96]).
The general idea behind PO-methods is the fact that the result of many ver-
ification tasks is insensitive to the order in which concurrent transitions are
executed by the system. Thus automatic verification can take place on a reduced
state space which contains just some of a number of different interleavings of
� This work was partially supported with funds of the DFG within the priority program
“Design and design methodology of embedded systems”.
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concurrent transitions. Based on a notion of independence of transitions, PO-
techniques incrementally construct this reduced state space by choosing in every
explored state only a subset of the enabled transitions for further expansion.

Various conditions on the expansion set guarantee the correctness of the tech-
nique, i.e. that the result of verification on the reduced state space is the same as
that on the full one. This idea has been successfully applied in many areas, with
reductions preserving deadlock-freedom, (Mazurkiewicz) trace equivalence, next-
free linear time temporal logic (LTL-X) formulas, failure equivalences or non-
emptiness of asynchronous automata These properties are all linear time proper-
ties. Recently, there has also been some work on extending reductions to branch-
ing time properties, especially branching time logics, e.g. [GKPP95,WW96].

In the area of process algebras, verification often proceeds by comparing the
system and its specification by means of an equivalence relation. A whole bunch
of equivalence relations has been suggested for this purpose, the most often used
one being bisimulation equivalence of Park and Milner [Mil89]. Bisimulation is a
strong branching time equivalence since it precisely distinguishes the moments
of choice. In this paper we develop a new reduction technique for bisimulation
checking for systems with an independence relation on actions [Maz95].

Preservation of branching time equivalence relations by partial order methods
has been studied by De Souza and De Simone [dSdS95] and by Gerth, Kuiper,
Peled and Penzcek [GKPP95]. Like us, De Souza and De Simone aim for partial
order reductions for the verification task of (strong) bisimilarity checks. They
show that bisimilarity of two reduced systems implies bisimilarity of the full sys-
tems. For this purpose, they study so-called partial automata in which states are
attached with information about omitted transitions, which may either already
have occurred or will occur later, and define a notion of bisimulation on partial
automata. They discuss a number of critical examples and show their result for a
restricted class of partial automata. However, the reverse direction (bisimilarity
of full automata implying bisimilarity of partial automata) is not shown.

[GKPP95] focus on model-checking of CTL∗-X properties. They justify their
approach by proving that their partial order reductions preserve branching bisim-
ulation, a weak equivalence abstracting from so-called silent actions which does
not change atomic propositions. Thus with respect to the equivalence check,
they prove the full and the reduced system to be branching bisimilar. Techni-
cally, Gerth et.al. achieve their goal by adding a further condition to linear-time
reduction conditions: The expansion set may either contain one or all enabled
transitions, and in case of one, the transition must not change atomic proposi-
tions.

Starting point for our partial order reductions for bisimilarity are the lin-
ear time reduction conditions by Peled and Penzcek [PP95]. We introduce two
branching time conditions which ensure a faithful representation of the branching
structure in the reduced systems. One of them is in analogy to that
from [GKPP95], but for our purposes there are also other cases allowing re-
ductions (see C3 in Section 4). Moreover, since the developed condition is not
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efficiently computable in general, we develop a strengthening which can be easily
determined during the exploration of the state space.

Our goal is to show strong bisimilarity of two reduced systems; hence one
must be able to also delay some actions visible with respect to the equivalence
check while expanding others. This is in difference to [GKPP95].

�
�
�
�

�
�
�
�

�
�
�
�

��

�
�
�
�

��
��
��
��

����

�
�
�
�

�
�
�
�

�
�
�
�

b a

a b

a

b

b

a

An additional difficulty occurs in
the comparison of two reduced sys-
tems: Either the bisimulation check
has to be modified, or it must be guar-
anteed that in corresponding states, the same expansion sets are chosen. Oth-
erwise a bisimulation check on the reduced systems may fail just because acci-
dentally – as in the picture – different expansion sets were chosen. We solve the
problem by jointly treating both systems. This can quite elegantly be presented
by using the characterisation of bisimulation as a two player game [Sti93]. Tran-
sition systems are bisimilar if and only if a specific player of the bisimulation
game has a winning strategy. Instead of reducing transition systems, we reduce
bisimulation game graphs and show preservation of winning strategies for the
two players. For application purposes, the reductions on the game graph can be
directly transferred to the joint treatment of both systems in “on-the-fly” algo-
rithms for bisimulation like [FM90]. However, the game characterisation can be
used to achieve an asymptotic worst case complexity equal to that of partition
refinement algorithms [KS90] for bisimulation, improving the result in [FM90].

The paper is structured as follows: In Section 2 we introduce the basic no-
tions of bisimulation and global independence relation on actions. Section 3 is
concerned with the game characterisation of bisimulation. In Section 4 we give
our partial order reductions for bisimulations and the main result.

2 Definitions

In this section, we introduce our models and define bisimulation equivalence.
Partial order reductions require a notion of independence on executed actions

or transitions of the system. The intuition of independence of actions is that these
can be performed in any order with the same effect.

Let Act be a finite or infinite set of actions and I ⊆ Act × Act a symmetric
and irreflexive relation called independency.

Definition 1. A labelled transition system is a tuple T = 〈S,−→, s0〉, where S
is a set of states, −→ ⊆ S × Act × S a transition relation and s0 ∈ S an initial
state. A transition system 〈S,−→, s0〉 is I-consistent if the following holds:

– if s −a→ s1, s −b→ s2, a I b, then ∃s′ . s1 −b→ s′, s2 −a→ s′,
– if s −a→ s1 −b→ s′, a I b, then ∃s2 . s −b→ s2 −a→ s′ and
– s −a→ s1 �
 s −a→ s2 ⇒ s1 = s2, where the event equivalence �
 ⊆→ × → is
defined as the least equivalence relation including the relation � with s −a→
s1 � s2 −a→ s′ ⇔ ∃b ∈ Act . s −b→ s2, s1 −b→ s′ ∧ a I b.
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The first two properties are known as I-diamond-properties. The third prop-
erty is in analogy to the event equivalence condition in transition systems with
independence [SNW93] and has to be added because we extend trace systems
by non-determinism. I-consistent transition systems can be seen as a specific
type of transition systems with independence in which the independencies are
generated by a global relation on actions. They naturally arise as the result of
a parallel composition of sequential components, each system executing actions
out of a local alphabet (in which all actions are dependent), with synchronisa-
tion on common actions. However, in the following we will not refer to a concrete
distributed model, but assume I-consistency with respect to a given I.

We aim to check strong bisimulation equivalence [Mil89].

Definition 2. Let Ti = 〈Si,−→i, s
0
i 〉, i = 1, 2, be transition systems. A relation

R ⊆ S1 × S2 is a bisimulation relation if (s1, s2) ∈ R implies

– if s1 −a→1 s
′
1, then there exists s′2 with s2 −a→2 s

′
2 and (s′1, s

′
2) ∈ R and

– vice versa, if s2 −a→2 s
′
2, then there exists s′1 with s1 −a→1 s

′
1 and (s

′
1, s

′
2) ∈ R.

States s1 and s2 are bisimilar (s1 ∼ s2), if there exists a bisimulation relation
relating them, and T1 and T2 are bisimilar (T1 ∼ T2) if s01 ∼ s02.

3 Bisimulation Games

As suggested by Stirling [Sti93], an alternative formulation of bisimulation equiv-
alence can be given in terms of games, here given in the style of Gale-Stewart
games [Tho94]. These are two player games with two different roles, “Control”
(player C) and “Disturbance” (player D), who alternately make a move out of
a set of possibilities.

We first generally introduce games and strategies as needed. Then we spe-
cialise to games characterising bisimulation.

Definition 3 (Game graph, game).
A game graph is a bipartite graph G = (V, VC , VD,−→) with

– V = VC �VD, sets of vertices reflecting game situations, where VC is the set
of vertices where it is C’s turn, and similarly VD reflects situations where it
is D’s turn (and it is always unambiguously C’s or D’s turn).

– −→⊆ VC × VD ∪ VD × VC , the set of possible moves (arcs).

A game over G starting at v0 ∈ V is a finite or infinite sequence of vertices
(v0, v1, ..., vn) or (v0, v1, ...), such that vi −→ vi+1 and in the finite case there
exists no vn+1 ∈ V with vn −→ vn+1. Thus a game ends if the player taking the
turn has no possible move.

A finite game (v0, ..., vn) is won by player D if vn ∈ VC , in the converse
case it is won by player C. Infinite games are won by player C.

The expressive power of the game formalism relies on strategies. For the sake of
this paper we can restrict ourselves to history free winning strategies, where the
player takes her decision solely on the ground of the current game situation:
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Definition 4 (Strategy, winning strategy).
A (history free) strategy for player C at v0 ∈ V is a function σC : VC −→ VD

defined on situations where it is C’s turn. Moreover, σC must always choose a
legal move, i.e. we require v −→ σC(vC). Similarly, a (history free) strategy for
player D at v0 ∈ V is a function σD : VD −→ VC . Since we only consider history
free strategies we will simply call them strategies.

A game (v0, ...) obeys a strategy σC for player C at v0, if for every vk ∈ VC ,
such that the game also includes a vertex vk+1 ∈ VD, we have vk+1 = σC(vk).
Games obeying a strategy σD for player D are defined accordingly.

A strategy σC for player C at v0 is a winning strategy iff C wins every game
starting at v0 obeying this strategy. Similarly, a strategy σD for player D at v0

is a winning strategy iff D wins every game obeying this strategy.
We call the set of vertices v′0, where C has a winning strategy at v′0 the

winning set WC of C, and also define the winning set WD of D in the obvious
way. Observe that in general WC ∩ VD (WD ∩ VC resp.) may be non-empty.

PlayerD can only have a winning strategy if she can force the game to terminate.
A technical tool for the analysis of (history free!) winning strategies for player D
are progress measures [Kla94].

Definition 5 (Progress measure for a region).
Let G = (V, VC , VD,−→) be a game graph. V ′ ⊆ V is called a region if v ∈
V ′ ∩ VC implies that all v′ ∈ V with v −→ v′ also satisfy v′ ∈ V ′.

A progress measure for player D at V ′ is a function m : V ′ −→ O assigning
ordinal numbers to vertices, such that

– for v ∈ V ′ ∩ VD there exists v′ ∈ V ′ with v −→ v′ and m(v′) < m(v);
– for v ∈ V ′ ∩ VC and for every v′ with v −→ v′ we also have m(v′) ≤ m(v).

A region is a part of the game graph which player C – once entered – cannot
leave. Progress measures characterise winning strategies. A progress measure
for player D on a region V ′ guarantees that in all games starting at a vertex
of V ′ player D may force the game to end in a winning position for herself. We
formalise this idea in the following proposition:

Proposition 1. 1. At all vertices v′0 ∈ V ′ of a region V ′ with a progress mea-
sure m there exists a winning strategy for D.

2. WD is a region that has a progress measure. The games are determined,
i.e. V = WC �WD.

3. If V is finite then (2) holds even when restricted to progress measures as-
signing only finite ordinals (i.e. natural numbers). Furthermore, WD can be
computed in time O(|V |+ | −→ |), and checking v0 ∈ WD for a single vertex
v0 can be done with the same complexity using an on-the-fly algorithm.

The proof combines ideas from [Tho94] and [Kla94], for details see [HWN98].
A progress measure of particular interest is the rank :

Definition 6. Let v be a vertex of a game graph G = (V, VC , VD,−→), such
that D has a winning strategy at v. Then the rank r(v) of v is the least ordinal
assigned to v by any progress measure for the region WD.
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Proposition 2. Let G = (V, VC , VD,−→) be a game graph, WD ⊆ V the win-
ning set for D. Then the rank function r is a progress measure for the re-
gion WD. Moreover, for r(v) we have r(v) = sup{r(v′) | v −→ v′} if v ∈ VC

and r(v) = inf {r(v′) | v −→ v′}+ 1 if v ∈ VD.

Observe that r(v) never is a limit ordinal if v ∈ VD. In the finite case, the rank
of a vertex v ∈ VD is the length of the shortest path (of rounds consisting of a D
and a C move) in the game graph from v to a winning position for D. Now we
will specialise to games characterising strong bisimulation (c.f. [Sti93]).

Definition 7 (Bisimulation game).
Let T1 = (S1,−→1, s

0
1) and T2 = (S2,−→2, s

0
2), as above. The bisimulation game

graph G(T1, T2) = (V, VC , VD,−→) for T1 and T2 is given by

– V = VD � VC with VD = (S1 × S2) and VC = S1 × S2 ×Act× {1, 2}.
– −→ contains exactly the following transitions:

(s′1, s2) −→ (s1, s2, a, 1) iff s′1 −a→1 s1; (s1, s
′
2) −→ (s1, s2, a, 2) iff s′2 −a→2 s2;

(s1, s′2, a, 1) −→ (s1, s2) iff s′2 −a→2 s2; (s
′
1, s2, a, 2) −→ (s1, s2) iff s′1 −a→1 s1.

A VC vertex (s1, s2, a, 1) “means” that the preceding move of player D was to
take an a move in T1 from some state s′1 to s1.

Proposition 3. A pair of states (s1, s2) is bisimilar iff player C has a winning
strategy at (s1, s2) in the bisimulation game for T1 and T2.

Note that the game characterisation allows to apply the on-the-fly algorithm
from Proposition 1 (3) to the bisimulation problem. Moreover, the analysis shows
that the resulting algorithm has a better asymptotic complexity than the algo-
rithm given in [FM90], which is quadratic in the size of the game graph, whereas
the method described here is linear.

4 Partial Order Reduction

Partial order reduction methods generate reduced state spaces by exploiting the
independencies among transitions in order to avoid generating multiple interleav-
ings of the same partial order. The algorithms usually proceed by a depth-first
search of the state space starting with the initial state. For every reached state
an expansion set is computed (a subset of outgoing transitions) and the transi-
tion system is thereby further expanded. A number of conditions on the choice of
expansion sets guarantees preservation of certain properties. However, reduction
conditions for preserving linear time properties are in general not sufficient for
branching time. Additional conditions are needed to ensure that the branching
structure of a system is faithfully represented in the reduced system. The follow-
ing two transition systems serve as our running example (taken from [dSdS95]).
We have chosen to give the transition systems here and not the game graph since
the former are easier to understand. The full transition systems are given in the
picture where a I c and b I c.
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The full systems are obviously not bisimilar. A pair of linear time reductions
(e.g. by the ample set method [PP95]) is shown below. The reduction exploits
the independency between c and a, b, retaining one representative of every trace.
The reduced systems are now bisimilar.

The problem in this example is the delay of a non-deterministic choice (two c-
transitions) to a point at which some of the possible behaviour after the choice
has already been discarded (by the earlier choice between a and b). A reduction
selecting both c-transitions for expansion in the initial states (omitting a and b
instead) preserves non-bisimilarity of the transition systems. A non-deterministic
choice may only be delayed if the expansion set contains a single transition only,
not resolving any choices possible now or later.

We will now formulate the reduction conditions on game graphs. The first
two conditions are linear time conditions taken from [PP95], the third condition
is the new branching time condition.

Reduction algorithm: Let T1, T2 be I-diamond-closed transition systems with
bisimulation game graph G(T1, T2) = (V, VC , VD,−→). Starting at the pair of
roots (s01, s

0
2), by a depth-first search (DFS) of the game graph we incrementally

construct a reduced game graph Gred(T1, T2) by choosing only a part of D’s
possible moves. At the reachable vertices of player C in the reduced game graph
all possible moves are kept. For a state si in a transition system (Ti,−→, s0i ),
i = 1, 2, let eni(si) = {a | si −a→} denote the set of labellings of enabled actions
at si. Similarly, we set en(v) = en1(s1)∪ en2(s2) for v = (s1, s2). We say a node
v = (s1, s2) allows for a non-deterministic choice on a in Ti if |{si −a→ s′i}| > 1.
When reaching a vertex v = (s1, s2) ∈ VD, we select a set of actions E(v) ⊆ en(v)
for expansion satisfying the following three conditions:

C1 In neither transition systems T1 and T2, an action a ∈ Act\E(v) dependent
on E(v) can be executed after s1, s2 resp., before some action of E(v) is
executed.

C2 If E(v) is a proper subset of en(v), then the expansion of v by all moves
corresponding to transitions labelled with actions from E(v) does not lead
to a vertex on the current search stack (of the DFS algorithm).

C3 Either (C3a) E(v) contains a single action a and, moreover, in both tran-
sition systems T1, T2 at most one a-transition is enabled at s1, s2., resp.,
or (C3b) there is no node v′ = (s′1, s

′
2) ∈ VD reachable from v without exe-

cuting actions of E(v) such that v′ allows for a non-deterministic choice on
some action a ∈ Act \ E(v) in both T1 and T2.

Moreover, E(v) may only be empty if en(v) is.
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Condition C1 ensures that we cannot completely cut off a move, may it be one
possible now or possible after some successor states which are not yet generated.
In the linear time setting, C1 guarantees that the expansion set is an ample
set [Pel93]. Condition C2 is a fairness condition and ensures that no D-move
can be indefinitely postponed along a path generated by a cycle. This must
be ruled out since it could cut off a path leading to a winning position for D
(remember that C wins all infinite games, thus D must eventually leave all
cycles). Condition C3 guarantees that the reduction does not cut off a temporal
ordering of choices possible for D on the full graph. In fact, C3 consists of two
independent parts: If a singleton satisfies C1 (and C2) and in both transition
systems no choice on that action is possible, then executing this action does not
influence any choice possible elsewhere in the system in future. C3a is in analogy
with branching time PO-reductions given in [GKPP95]. Alternatively, we may
keep all actions in the expansion set for which non-deterministic choices in both
systems are enabled. In terms of the game, this part of the condition means
that such a situation is not under the control of D alone, therefore it may be
necessary for D’s strategy to enforce the choices at the current node.

At the end of the section we comment on the computation of expansion sets
satisfying conditions C1 to C3. These three conditions on the expansion sets
guarantee preservation of winning strategies by the reduction.

Theorem 1. Let T1, T2 be finite transition systems. Player C has a winning
strategy at v in the reduced game graph Gred(T1, T2) iff C has a winning strategy
at v in the full graph G(T1, T2).

This theorem yields an efficient algorithm for bisimulation checking in two steps:
first construct the reduced game graph Gred(T1, T2), then check for a winning
strategy for player C at the root. Note that these two phases can also be executed
simultaneously if the algorithm deciding the existence of a winning strategy for C
is modified to proceed on-the-fly with the same complexity (see Section 3).

Proof. Let Vred denote the set of vertices in the reduced game graph.
Clearly, C has a winning strategy at all vertices v ∈ WC ∩Vred in the reduced

game graph, because the reductions only occur at vertices v ∈ VD. Consequently,
any game obeying the original winning strategy of C in the full graph also leads
to a game won by C in the reduced graph.

Player D cannot be guaranteed to inherit a particular winning strategy, be-
cause some of her moves might have been eliminated by the reduction. Thus, the
difficult part is to show thatD has a winning strategy at all vertices v ∈ WD∩Vred

in the reduced graph. For this we define a progress measure at WD ∩ Vred .
Let O be the image of the rank function r on WD, so that (O,≤) is the

corresponding well-ordering.
Moreover, let (Vred ,≤dfs) be the well-order in which the vertices of Vred are

finished during the depth-first-search (generation) of Vred . We define a lexico-
graphical ordering on pairs fromO×Vred , such that (κ1, v1) ≤ (κ2, v2) iff κ1 < κ2,
or κ1 = κ2 and v1 ≤dfs v2. The order defined in this way is a well-order and
thus the elements (κ, v) of O × Vred correspond to ordinals o(κ, v). These are
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the ordinals to define a progress measure by setting m(v) = o(r(v), v) at ver-
tices v ∈ WD ∩ Vred . What remains to be shown is that m indeed satisfies the
properties of progress measures.

So let v = (s1, s2) ∈ WD ∩ Vred . Then m is defined and we have to show that
there exists a move v −→ v′ ∈ Vred such that m(v′) < m(v). There are two cases:

(1) At v no outgoing transitions are removed, i.e., all successors v′ of v occur
also in the reduced graph. But then there must exist v −→ v′ with r(v′) < r(v),
and thus m(v′) < m(v). In particular, this holds for all v ∈ WD ∩ VC ∩ Vred .

(2) At v, the set E(v) is a proper subset of en(v), and because of (C2)
expanding E(v) at v does not lead to a vertex on the current search stack. This
means that v′ <dfs v for all v −→ v′ ∈ Vred . As a consequence, it is sufficient to
show r(v′) ≤ r(v) to obtain m(v′) < m(v) at one of these vertices. This is shown
separately in Lemma 1 which gives the technical reason for the correctness of
the reduction.

Lemma 1. Let v = (s1, s2) ∈ WD ∩ VD be a vertex of the bisimulation game
graph, and E(v) be a proper, non-empty subset of en(v) which satisfies the con-
ditions (C1) and (C3). Then there exists a vertex v′1 = (s′1, s

′
2, b, k), k ∈ {1, 2}

with v −→ v′1 and b ∈ E(v), such that v′1 ∈ WD and r(v′1) ≤ r(v).

Proof. The proof relies on induction on r(v). Since v = (s1, s2) ∈ WD, there
exists a vertex v1 with v −→ v1 and r(v1) < r(v) (due to the properties of
progress measures). If v1 ∈ Vred we are done. The interesting case is that the
transitions corresponding to rank decreasing moves v −→ v1 are labelled with
actions a /∈ E(v), i.e., the move to a vertex with a properly smaller rank is cut
off by the reduction.
In case there is some b ∈ E(v) such that in just one of the transition systems Ti

a b-transition is enabled at si, D wins immediately after a b-move (to a vertex
with rank zero) and we are done. Thus, if v = (s1, s2), one can assume that
E(v) ∩ en1(s1) = E(v) ∩ en2(s2).
(1) r(v) = 1. Thus, after the move v −→ v1, C is blocked. Assume this move
corresponds to an a-transition in T1. From C1 it follows that a I b for all
b ∈ E(v). Now choose a vertex v′1 such that v −→ v′1 corresponds to some b-
transition, b ∈ E(v). Then for all vertices v′2 = (s′1, s′2) with v′1 −→ v′2 (C-move
of a b-transition), the a-transition is enabled at the state s′1 in T1. Hence D
can now take the a-transition and wins; thus r(v′2) = 1 for all such v′2, hence
r(v′1) = 1 ≤ r(v).
(2) r(v) > 1. After the D-move v −→ v1 corresponding to, say, an a-transition
in T1, C answers with a move v1 −→ v2 and r(v2) ≤ r(v1) < r(v). Now we
distinguish whether the selected set E(v) satisfies the first or the second part of
C3 - for both parts look at the illustration on page 280.
(2.1) E(v) = {b} and in both systems exactly one b-transition is currently en-
abled. C may have several possibilities for answering the move v −→ v1 by
moves v1 −→ v2. At each possible v2 the set {b} can be selected as expan-
sion set satisfying C1 and C3a. This follows from the third condition of I-
consistency. By induction, D may move to a vertex u′1 via a b-transition and
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r(u′1) ≤ r(v2) and u′1 ∈ WD. C has to answer deterministically with the only en-
abled b-transition in the other system by going to some vertex u′2. Summarising,
at all thus reachable vertices u′2 we have: r(u′2) ≤ r(u′1) ≤ r(v2) < r(v).
Now we show that selecting a b-transition at v does not increase the rank: Af-
ter D’s and C’s move via a b-transition we end up at a fixed vertex v′2 (fixed
since in both transition systems just one b-transition is enabled). Now D may
again take the a-transition that belongs to the diamond of a and b-transition
in T1 and move to a vertex v′3. C may answer with all moves corresponding to
transitions taken in v1 leading to some vertex u′2 again. Next we calculate the
rank: By the properties of the rank we get: r(v′3) = r(u′2) for the vertex u′2 with
maximal rank and furthermore r(u′2) = r(v′3) ≤ r(v′2)− 1 = r(v′1)− 1.
Since the rank assigns the minimal progress measure, we have r(v′1) = r(u′2) + 1
and with r(u′2) < r(v) we get r(v′1) ≤ r(v).
(2.2) At v2 we may select E(v2) = E(v) because E(v) satisfies the conditions
C1 and C3b at v2. By induction, D may move to a vertex u′1 via a transition
labelled with b ∈ E(v) such that r(u′1) ≤ r(v2). Let us assume this b-transition
belongs to T1. Moreover, u′1 ∈ WD, i.e. for the vertex u′2 with maximal rank
reachable by a C-move we have r(u′1) = r(u′2).
Now we consider the b-transition at v that belongs to the diamond in T1. This
move is answered by C with a move v′1 −→ v′2. Now we remember the a-transition
at v = (s1, s2) which was used in the full game graph but cut off by selecting
E(v). Since E(v) satisfies C3b at v, we know that more than one a-transition
can only be enabled in at most one of the transition systems. From the third
property of I-consistency we deduce that the same holds in all such vertices v′2.
In case there is a non-deterministic choice on a somewhere, say in T1, D takes
the a-transition in T1 which corresponds to v −→ v1 or v1 −→ v2 leading to
a vertex v′3. In T2 exactly one a-transition is enabled, i.e. the C-move leads to
some vertex u′2. From u′2 ∈ WD we know v′1 ∈ WD. Now again at the vertex u′2
with maximal rank we get r(u′2) = r(v′3) ≤ r(v′2)− 1 = r(v′1)− 1.
Thus, we have r(v′1) = r(u′2) + 1 and from r(u′2) < r(v) we get r(v′1) ≤ r(v).
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corresponding transitions
in case 2.1b ∈ E in case 2.2

no choice for C in case 2.1

Computing expansion sets. As Peled [Pel93] has shown, computing optimal
ample sets is already NP-hard, thus we cannot hope for an efficient algorithm
which computes optimal expansion sets satisfying conditions C1 to C3. Instead
useful heuristics have to be found. An algorithm for computing expansion sets
satisfying condition C1 is developed in [PP95]. In a location-based setting like
asynchronous automata or product systems, a strengthening of condition C1 can
be locally checked: A chosen set of actions E determines a set of locations loc(E)
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participating in the execution of these actions. Then it can be checked whether a
state1 exists which coincides with the current state in all locations of loc(E) and
which allows for the execution of an action dependent on E. Checking condition
C3a is straightforward; for C3b we give an alternative condition C3b′ which is
sufficient for ensuring C3b.

C3b′ There is no action a ∈ Act \E(v) such that in both transition systems Ti,
i = 1, 2, a state with a non-deterministic choice on a is reachable from si

before some action of E(v) is executed.

Condition C3b′ is easier to check than C3b because the transition systems are
treated separately. In a location-based setting, C3b′ can be checked similarly
to C1: Look at states which coincide with the current state in all locations of
loc(E) and check for a non-deterministic choice on an action not in E.

Infinite transition systems. Theorem 1 is restricted to finite transition sys-
tems and thus to finite game graphs. While this matches the practical needs in
the desired application domain, the theory does not really depend on it: The
finiteness restriction is enforced by the choice of condition C2, a fairness condi-
tion: Expansion of transitions may not be indefinitely delayed. In the finite case
this is guaranteed by condition C2 since eventually we reach a vertex on the
search stack and then the complete set of enabled actions has to be expanded.
For infinite game graphs different fairness conditions have to be used. However,
the proof of Theorem 1 remains valid since a fairness condition can similarly
to winning strategies for D be represented by a progress measure mfair, which
measures the “maximal” distance to the next vertices where all transitions are
expanded. Then, in the proof of Theorem 1, this progress measure mfair can be
used to replace the order ≤dfs.

5 Conclusions

We have given a partial order reduction scheme for checking strong bisimilarity
of two transition systems with the same global dependency relation. The scheme
relies on a simultaneous reduction in both systems by applying the reductions
to the game graph of the bisimulation game. We believe to have thus provided a
more transparent explanation, why the reductions are correct. Furthermore, the
approach is compatible with on-the-fly algorithms.

Previous approaches were either limited to weak bisimulation relations
(c.f. [GKPP95]), or, as in the case of [dSdS95], on the reduced systems only
bisimilarity but not non-bisimilarity can be checked. Furthermore, compared
to [GKPP95] we allow for stronger reductions.
The practical experience gathered with other partial order approaches suggests
that the reductions resulting from our scheme will often be good. However, only
practical experimentation can give an answer here.
1 This is stronger than condition C1, because reachability of the state is not considered.
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The option, to check also preorders and weak relations more efficiently with
our method using similar game representations, is an interesting and practically
important research topic. Moreover, it should be investigated which of the many
partial order reduction approaches different from the on we used can be similarly
applied to game graphs as we have done with the ample-set-method.
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Abstract. This work presents a first-order model checking procedure that veri-
fies systems with large or even infinite data spaces with respect to first-order CTL
specifications. The procedure relies on a partition of the system variables into
control and data. While control values are expanded into BDD-representations,
data values enter in form of their properties relevant to the verification task. The
algorithm is completely automatic. If the algorithm terminates, it has generated
a first-order verification condition on the data space which characterizes the sys-
tem’s correctness. Termination can be guaranteed for a class that properly in-
cludes the data-independent systems, defined in [10].
This work improves [5], where we extended explicit model checking algorithms.
Here, both the control part and the first-order conditions are represented by BDDs,
providing the full power of symbolic model checking for control aspects of the
design.

1 Introduction

Symbolic model checking is currently one of the most successful formal methods for
hardware verification. It can be applied to verify or debug designs from industrial prac-
tice, in particular when it is combined with techniques for abstraction and composi-
tional reasoning. However, the majority of designs will escape even those combined
approaches if detailed reasoning about the data path is required. This is because the
data part is often too large (or even infinite) and too complicated.

To reduce the data-induced complexity, we combine symbolic model checking for
the control part of a design with a generation of first-order verification conditions on
data in an algorithm we call first-order model checking. Thereby, we achieve a sepa-
ration of the verification task, where the verification conditions on the data which are
computed by our algorithm may be handled afterwards by any appropriate means, for
instance by a theorem prover. The algorithm behaves like a symbolic model checker if
all system variables are treated as control variables, offering the verification condition
generation as an option if the data complexity turns out to be too high.

The algorithm is intended to be applied to a class of applications which permit a
clear separation between control and data. Examples of such systems are embedded
control applications, where the control part governs the interaction between the con-
troller and the controlled system, depending in its actions only on some flags derived
from the data, and generating data output by finitely many computations. Others are
processors with nontrivial data paths.

For such applications, the algorithm will terminate, while in general it will not.
The class of systems for which it works properly includes Wolper’s data-independent

V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 283–295, 1998.
c© Springer-Verlag Berlin Heidelberg 1998
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systems [10], where there is neither testing nor computing on data values. Either testing
or computing can be permitted, but unrestricted use of both may lead to nontermination
of our procedure. Due to space limitations, an extensive discussion of the termination
issue is not given in this paper.

On a technical level, we take FO-CTL, a first-order version of CTL, as our specifi-
cation logic. Programs appear in an abstract representation as first-order Kripke struc-
tures. These extend ”ordinary” Kripke structures by transitions with conditional assign-
ments, capturing the effect of taking a transition on an underlying possibly infinite state
space induced from a set of typed variables.

Our algorithm incrementally computes for each state of the first-order Kripke struc-
ture and each control valuation a first-order predicate over the data variables which
characterizes validity of the FO-CTL formula to be proven. The algorithm is developed
from a standard CTL symbolic model-checking procedure, not the automata-theoretic
approach from [2], as that one does not permit an extension which generates the anno-
tations along the way.

The work presented here extends the previous paper [5] in two respects. First, we
now represent and generate first-order annotations symbolically as BDDs. Due to this
representation, we can avoid intermediate calls to a theorem prover, as we get, for in-
stance, propositional simplifications ”for free”. Also, the control valuations are not ex-
panded explicitly, enabling us to cope with much larger control parts. Second, the pro-
cedure can now cope with unboundedly many inputs. The addition necessary for that
will be pointed out during the description of the algorithm in Sec. 3.

The paper contains a description of our core algorithm, and demonstrates its oper-
ation for a simple example problem. There are extensions and optimizations of which
we present only one, control pruning, which is one of the most important amendments.

Related work: Approaches based on abstraction like the ones in [4,7] and, to some
extent, in [6] try to reduce the state space to a small, resp., finite one, where the proof
engineer is required to find suitable abstractions for program variables. In our approach,
the verifier’s main involvement is in deciding which variables to consider as control.

Using uninterpreted functions in order to model non-finite aspects of the system is
more closely related to our work. In such approaches, uninterpreted functions represent
terms or quantifier-free first-order formulas, whereas in our work a notion similar to
uninterpreted functions represents first-order formulas with quantification.

In [8], systems with infinite memory are verified. States are represented as a com-
bination of an explicit part for data variables and a symbolic part for control variables.
Their algorithm, if it terminates, computes the set of reachable states. Thus, they can
check only safety properties.

In [9], designs are described by quantifier-free formulas with equality, over uninter-
preted functions. A BDD representation of the formulas enables symbolic satisfiability
checking. This approach is used for checking design equivalence. No temporal spec-
ification logic is considered. There are similar approaches to check the uninterpreted
equivalence step functions, e.g. [3].

In [11], data operations on abstract data variables are represented by uninterpreted
functions. They check a restricted subset of a first-order linear-time temporal logic with
fairness. Their logic allows limited nesting of temporal operators, thus, it is incompa-
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rable to our FO-CTL. FO-CTL, on the other hand, allows any nesting of CTL operators,
and includes both existential and universal path quantifiers.

In [1], symbolic model checking with uninterpreted functions is used to verify an
algorithm for out-of-order execution. They use a reference file (which is similar to
our proposition table) to represent system behaviors. Their method is aimed at prov-
ing partial and total correctness of out-of-order executions while we verify general
FO-CTLproperties.

2 Semantical Foundation

2.1 First-Order Kripke Structures

The basic semantical domain is a Kripke structure, although we will assume that the
programming language has its semantics in the more abstract domain of first-order
Kripke structures.

A Kripke structure is a quintuple (S,R,A, L, I) where S is a not necessarily finite
set of states, R ⊆ S × S is the transition relation, A is a set of atoms, L : S → P(A)
is the labeling function and I ⊆ S is the set of initial states.

We write s → s′ for (s, s′) ∈ R. Ks is the structure with the set of initial states set
to {s} . The set Tr(K) of paths of a Kripke structure is the set of maximal sequences
π = (s0, s1, . . .) with s0 ∈ I and si → si+1. We use πi to denote si. |π| will denote
the number of states in the path π, if π is finite. It will be ∞ otherwise.

We now prepare the definition of first-order Kripke structures. A data structure on
which a program operates is given by a signature S, which introduces typed symbols
for constants and functions, and by an interpretation I which assigns a meaning to
symbols, based on an interpretation I(τ) of types τ by domains. We assume that the set
of types include type bool and that there is an equality symbol “=τ ” for each type τ .

For a signature S and a typed set of variables V, we denote by T(V) the set of terms
and by B(V) the set of boolean expressions over V. If we enrich the set T(V) with a
specific constant ?τ for each type τ , we get the set of random terms T+(V). For each
set V of typed variables a set of type-respecting valuations V(V) is defined. If σ ∈ V(V)
and an interpretation I are given, we get interpretations σ(t) of terms.

To model inputs we consider random (or nondeterministic) assignments of the form
v:=?, and call v:=t with t�=? regular assignments. Let I(v:=t) be the semantics of
an assignment as a binary relation on V(V) , i.e.,

(σ, σ′) ∈ I(v := t) ⇔df



σ′(v) = σ(t), t ∈ T(V)
σ′(v) ∈ I(τ), t = ?τ

σ′(w) = σ(w), w �= v

A set of assignments is well-formed, if the variables on the left-hand sides are pair-
wise distinct. The semantics of a well-formed set of assignments is the parallel execu-
tion of the single assignments. Let WFA(V) denote the set of well-formed assignment
sets over a set of variables V. For a pair (b,a) of a condition b ∈ B(V) and a well-
formed assignment set a ∈ WFA(V), we set
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I(b,a) =df ({ σ | σ(b) = tt } × V(V)) ∩ I(a). (1)

A first-order Kripke structure over a signature S is a tuple K = (S, V, R,A, L, I)
where S is a finite set of states, V is a set of typed variables,R ⊆ S×B(V)×WFA(V)×S
is the transition relation, A is a set of atoms, L : S → P(A) is the labeling function,
and I ⊆ S × B(V) is the set of initial states.

In this paper we use first-order Kripke structures as our programming language.
Intuitively, S is used to describe the (rather small set of) program locations, while the
valuations V(V) might become rather big, or even infinite. For example, the following
first-order structure K describes a controller that sets an alarm if a frequently read input
value grows too fast.

S =df {s1, s2}
V =df {alarm:bool, k,l:int}
R =df {(s1, tt, {alarm:=ff, k:=l, l:=?}, s2),

(s2, l-k>80, {alarm:=tt}, s1),
(s2,¬l-k>80, {}, s1)}

A =df {in}
L(s) =df

{{in} if s = s1

{ } if s = s2

I =df {(s1, alarm=ff)}
✑

✏✛�

✒✲ ✢

✜✛
s1

s2 in

alarm:=tt
l-k>80 →alarm:=ff

k:=l

l:=? → skip
l-k≤80

A first-order structure is called finite if all its components are finite sets. Finiteness
of a first-order structure does not imply that it necessarily represents a finite Kripke
structure. Depending on the interpretation, data domains may be infinite, in which case
we have a finite description of an infinite-state Kripke structure. We define the semantics
of a first-order Kripke structure by means of a regular Kripke structure.

Given an interpretation I of S, a first-order structure K over S induces the Kripke
structure K ′ = I(K) with the components

S′ =df S × V(V)

(s1, σ1) → (s2, σ2) ⇔df s1
b,a−→ s2 ∧ (σ1, σ2) ∈ I(b,a)

A′ =df A ∪ { v=d | v ∈ V, d ∈ I(τ(v)) }
L′(s, σ) =df L(s) ∪ { v = σ(v) | v ∈ V }

I ′ =df I(I)=df { (s, σ) ∈ S × V(V) | (s, b) ∈ I ∧ σ(b) = tt }

By K ↑ x we denote the first-order structure resulting from K if the variable x is added
to the variable set, after renaming a possibly already present x ∈ V. Since the added x
does not appear in conditions or assignments, its value is arbitrary in initial states and
never gets changed.
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2.2 First-Order Temporal Logic

To specify properties of first-order structures, we use first-order computation tree logic,
FO-CTL. It has the following negation-free syntax.

φ ::= A | A | b | φ ∧ φ | φ ∨ φ | q x. φ | Qψ

ψ ::= Xφ | φ Uφ | φ Wφ

where A∈A, b∈B(V), x∈V, q∈ {∀, ∃} and Q ∈ {A,E}.
First-order quantifiers are interpreted rigidly, i.e. the value is fixed for the evaluation

of the formula in its scope, it does not change over time.
The semantics of a formula φ depends on an interpretation I of S and a first-order

Kripke structure whose variables include all free variables of φ . The formula is inter-
preted over a pair (s, σ) ∈ I(K). For example, we define

(s, σ) |=I(K) A/A ⇔df A ∈ L(s, σ)/A �∈ L(s, σ)
(s, σ) |=I(K) b ⇔df σ(b) = tt

(s, σ) |=I(K) qx.φ ⇔df qd ∈ I(τ(x)). (s, σ{d/x}) |=I(K↑x) φ q ∈ {∀, ∃}
(s, σ) |=I(K) Aψ ⇔df ∀π ∈ Tr(I(K)(s,σ)). π |=I(K) ψ

π |=I(K) Xφ ⇔df |π| > 1 ∧ π1 |=I(K) φ

π |=I(K) φ1 Wφ2 ⇔df for all i < |π|, πi |=I(K) φ1, or there is j < |π|,
πj |=I(K) φ2, and for all i < j, πi |=I(K) φ1

If σ ∈ V(V), we denote by σ{d/x} the valuation of V ∪ {x} which maps x to d and
agrees further with σ on the valuation of V\{x}. Formally, we lift the standard definition
of correctness of a Kripke structure wrt. a CTL formula to the first-order case :

Given an interpretation I of S, a first-order structure K satisfies a FO-CTL formula
φ, denoted K |= φ, if for every (s, σ) ∈ I(I), (s, σ) |=I(K) φ.

As in the following example φ, we use standard abbreviations in specifications. Ex-
panding logical implication requires moving negation through a formula down to atoms.
AGφ1 is defined by A[φ1 W ff ] as in CTL.

φ =df ∀x AG (in ∧ l = x → AX AX (in ∧ l-x > 100 → AX (alarm=tt)))

Note that we use the first-order variable x to “store” the value of l through two next-
steps such that a comparison between new and old input values becomes possible. In
Section 4.3 we check the previously introduced first-order structure against this φ.

3 First-Order Model Checking

Model checking of FO-CTL formulas can be described as an iterative computation on
the cross product of the first-order Kripke structure with a tableau of the formula. After
defining this product structure, we will first describe a semantical version of this com-
putation. Afterwards, we will define a syntactic procedure, and finally show how it may
be realized by a symbolic, i.e., BDD-based, model checker.
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3.1 The Product Structure

The model checking algorithm operates on a product of a first-order Kripke structure
with a tableau Tabφ of a FO-CTL formula φ . Tabφ captures the dependencies between
the validity of subformulas of φ as known from CTL. In the first-order case here, the
subformulas are accompanied by the set of variables which are quantified within the
context in φ .

Formally, let Tabφ be the smallest set of nodesN which contains (φ, ∅) and is closed
with respect to the relations →= { ((QXφ1, W), (φ1, W)) } and �→ defined by

– If n = (φ1 ∧ / ∨ φ2, W), then n �→ (φ1, W) and n �→ (φ2, W).
– If n = (Q[φ1 U/ Wφ2], W), then n �→ (φ2, W) , n �→ (φ1, W) and

n �→ QX Q[φ1 U/ Wφ2]), W) .
– If n = (qx. φ1, W) , then n �→ (φ1, W ∪ {x}) .

Given a finite first-order structure K = (S, V, R,A, L, I) and a FO-CTL formula φ with
tableau Tabφ = (N, �→,→), we build the product structure K×Tabφ = (M, �→′,→′)
as follows. We are assuming w.l.o.g. that no variable from V gets quantified within φ.

M =df S ×N
(s, n) �→′ (s, n′) ⇔df n �→ n′

(s, n) b,a−→′
(s′, n′) ⇔df n → n′

and s
b,a−→ s′

Let φ be the example specification from
Sec. 2.2, φ = ∀x AG (φ1), with subspeci-
fications

φ1 =df φ1,1 → φ1,2

φ1,1 =df in ∧ l=x
φ1,2 =df AX AX (φ2,1 → φ2,2)
φ2,1 =df in ∧ l-x > 100
φ2,2 =df AX (alarm=tt)

A sketch of the product structure in our
example is given on the right. The re-
lation �→ is drawn as a line, the condi-
tional assignments labeling the arrows (→)
are missing, as well as the sets of quanti-
fied variables. Also, intermediate nodes have
been removed from the cycle induced by
AG (φ1) = A[φ1 W ff ] .

❄
�✎

✻✍ ✌
❝❝ �� ❝❝

✡
✡✢

✑✑






❅
❅

✡
✡✢

✏✏✏✏







❧
❧

✱
✱ ❄

s2 : AGφ1

s1 : φ

s1 : AGφ1

s1 : φ1 s2 : φ1

... ... s2 : φ1,2s1 : φ1,1

s1:l=x

s2 : φ2,1 → φ2,2

s2 : φ2,2s2 : φ2,1

s1:alarm=tts2:l-x>100s2:in

s1:in s1:AX (φ2,1 → φ2,2)

Our model-checking procedures will operate on such cross products. The reader
will note the similarity between cross products and the information flow in standard
CTL model checking, which is opposite to the direction of the arrows.

The nodes labeled by a W (or G , as in the example) formula are called maximal
nodes, those labeled by a U formula are minimal nodes. Nodes without successors are
called terminal nodes. We will say that a node m′ in the product structure is below

some m, if m′ is reachable from m via the union of the relations �→′ and
b,a−→′

.
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3.2 First-Order Model Checking, Semantically

Let the cross product between a first-order Kripke structure and the tableau of an
FO-CTL formula φ be given. To each pair (s, (φ1, W)) in the product structure the set
of valuations σ of V ∪ W can be assigned s.t. (s, σ) |=I(K) φ1 . Below, we describe a
model-checking like procedure which, if it terminates, annotates each node with the
correct set of variable valuations. The procedure works iteratively, starting with an ini-
tial annotation, and computing the new annotation of a node (s, n) from the annotations
of its successor nodes (s′, n′).

The process starts by initializing all pairs with minimal nodes to ∅ and all those with
maximal nodes (φ1, W) to V(V∪W). Pairs with terminal nodes are initialized with the set
of valuations satisfying the boolean formula after taking the state labeling into account,
i.e.: if n = (φ1, W) then

ann(s, n) =df { σ ∈ V(V ∪ W) | σ(φ′
1) = tt },

where φ′
1 results from φ1 by replacing atomic formulas A by tt iff A ∈ L(s) and by

ff otherwise. In our example this means that ann(s1, (in,x)) = ∅, ann(s2, (in,x)) =
V(V ∪ {x}), ann(si, (term,x)) = { σ | σ(term) = tt } for i = 1, 2 and term =
alarm=tt, l=x, l-x>100. Nodes which are neither terminal nor maximal or minimal
are not initialized.

After each step of the procedure, nodes for which the final annotation has been
computed are identified. Initially, this set of nodes consists of the terminal nodes. The
criterion for a node to have got its final annotation is that the annotations of all the nodes
below it have been stable in the previous step.

It is an invariant of the process of annotation computation, that each annotation
computed intermediately, satisfies that for maximal nodes it stays above the semanti-
cally correct annotation, and for minimal nodes, it stays below.

A step of the computation consists of updating the annotation of each node which
has not yet got its final annotation. No update is done if some direct successor of a node
is not yet annotated or if it is of a different mode (maximal/minimal) and not yet finally
annotated. Otherwise, the update ann′(s, n) is computed from the current annotations
ann(s′, n′) of the successors as follows (n = (EXφ1, W) omitted).

– If n = (φ1 ∧ /∨ φ2, W), then ann′(s, n) =df ann(s, (φ1, W)) ∩ / ∪ ann(s, (φ2, W)).
– If n = (AXφ1, W), then

ann′(s, n) =df

⋂
(s,n)

b,a−→
′
(s′,n′)

{ σ | ∀σ′.(σ, σ′) ∈ I(b,a) ⇒ σ′ ∈ ann(s′, n′) }.
– If n = (Q[φ1 U/ Wφ2], W) , and (s, n′) is the successor node of (s, n) , then

ann′(s, n) =df ann(s, n′) .
– If n = (∀/∃x. φ1, W), and (s, n′) is the successor node of (s, n) , then

ann′(s, n) =df { σ ∈ V(V ∪ W) | ∀/∃d. σ{x/d} ∈ ann(s, n′) } .

Proposition 1 states that this (semantical) annotation process is semantically sound.

Proposition 1. If the annotation computation for K×Tabφ terminates, each node is
annotated with the correct valuations, i.e., σ∈ann(s, (φ1, W)) iff (s, σ) |=I(K↑W) φ1.
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Proof (Sketch). Correctness for nodes which do not lie on cycles, i.e., ones which are
neither minimal nor maximal, follows by induction (on the formula size, for instance).
Using the invariant that minimal nodes are approximated from below and maximal
nodes from above, we see that once a fixed point is reached for one such node, it is
the minimal, resp., max., fixed point as required by the characterization of the operator.

Note, however, that while the procedure is sound, it need not terminate if the data
domain is infinite. If the data domains are finite, though, it will terminate for the well-
known monotonicity reasons.

As a consequence of Proposition 1, we see that a terminating annotation process
yields a characterization of the correctness of the system.

Proposition 2. If the semantical annotation process terminates, then K |= φ if and
only if for every state s, if (s, σ) ∈ I(I) then σ ∈ ann(s, (φ, ∅)) (meaning, by Proposi-
tion 1 that (s, σ) |=I(K) φ).

3.3 First-Order Model Checking, Syntactically

To turn the semantic procedure described above into a syntactic one, we replace the
valuation sets ann(s, n) by first-order formulas fo-ann(s, n) describing them. We have
to check that indeed each step of the computation has a syntactic counterpart.

The initialization of terminal nodes with the formula in the node directly gives us
a first-order formula. In analogy to the semantical initialization, minimal nodes are
initialized to ff and maximal nodes are initialized to tt. Disjunction, conjunction and
first-order quantification are modeled by the respective formula operators. It remains
to define the next-step computations. Starting with a finite first-order Kripke structure,
we will have only finitely many successors to each (s, n) . Let n = (QXφ, W) and

(s, n) b,a−→′
(s′, n′) , where a = {vi1:=?, . . .vik

:=?, vj1:=tj1 , . . . vjl
:=tjl

} , and let
fo-ann(s′, n′) be a first-order description of ann(s′, n′). Then

p′ =df

{¬b ∨ (∀vi1 , . . . , vik
. fo-ann(s′, n′)) [tj1/vj1 , . . . , tjl

/vjl
] for Q = A

b ∧ (∃vi1 , . . . , vik
. fo-ann(s′, n′)) [tj1/vj1 , . . . , tjl

/vjl
] for Q = E

describes the contribution of that successor to fo-ann′(s, n) . Now, if Q = A then
fo-ann′(s, n) is the conjunction of all p′ and if Q = E then fo-ann′(s, n) is the dis-
junction of all p′. The quantification over the input values stored in the variables vim

enables us, differing from [5], to cope with verification tasks where unboundedly many
inputs are relevant.

The first-order description provides us with a syntactic procedure for first-order
model checking that performs the same steps as the semantical process, except that ter-
mination may be harder to detect. To detect stabilization, we permit any kind of formula
rewriting. If syntactic equality was the criterion for stabilization, a syntactic procedure
would not even terminate for trivial problem instances. On the other hand, capturing
propositional reasoning already seems to be sufficient for interesting applications. This
is the case in our example.
Proposition 3. If the syntactic model checking terminates then K |= φ if and only if
for every initial state (s, b) ∈ I , the condition b implies fo-ann(s, (φ, ∅)).
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Note that, Proposition 3 is independent of any particular interpretation I. We call the
generated result of the syntactic model checking for K and φ to be the verification
condition, which is

vc(K,φ)=df

∧
(s,b)∈I b ⇒ fo-ann(s, (φ, ∅)).

Thus, K |= φ iff |= vc(K,φ) . Termination of the syntactic annotation process is dif-
ficult to characterize. It depends on properties of the cycles in the product structure. In
case of a data-independent system, the procedure can easily be seen to behave well, but
there are far more interesting examples. If a cycle does not contain input, [5] provides
a sufficient criterion. Even inputs are not harmful if tests do not interfere unrestricted,
as for instance our running example shows. A more thorough treatment of this question
must be deferred to a full version of this paper.

4 First-Order Model Checking , BDD-Based

First-order explicit model checking is time-consuming and only partly automatic. Thus
the syntactic model-checking procedure above would not be terribly efficient if imple-
mented. Our approach is based on the idea of combining BDD procedures for finite
(small) data domains with first-order representations for infinite or large data domains.
We assume that the variables V of the Kripke structure and quantified variables W from
the FO-CTL specification are split accordingly into two classes : Control variables C
whose valuations will be represented by BDDs, and data variables D whose valuations
will be represented by first-order predicates.

First-order data predicates enter the BDD representation of an annotation in the
form of propositions, which are atomic for the BDD. I.e., the BDD refers via proposition
names to first-order formulas. Thus, one part of an annotation BDD B represents sets
of control valuations, as an ordinary BDD would do. The rest describes what is left of
fo-ann(s, n) after partial evaluation w.r.t. control values : first-order formulas, which are
viewed as boolean combinations of data propositions. The meaning of the proposition
names are kept in a separate proposition table. A more detailed description is given in
the following subsection.

✞✝ 
✆.................
.................

.................
..................................

..............................
...........................................................

.................
..................................

..................................

cj

qi

tt ff

To the left, the general BDD form with con-
trol variables and proposition variables is
depicted. A specific example BDD is shown
to the right. It represents the first-order for-
mula q1 → (q3 ∨ alarm=tt) that is the an-
notation of node s2 : φ2,1 → φ2,2 in our
example below.

1
☛✡ ✟✠q1

☛✡ ✟✠alarm

1
☛✡ ✟✠

✟✟

❍❍

❛❛❛

✚✚

✚✚ 
0 1

q3

4.1 Representing and Manipulating Data-Dependent Formulas

The proposition table includes, for each proposition variable qi, the syntactical descrip-
tion of the first-order formula it represents and the set of data variables appearing free in
that formula. Note that a proposition does not contain any control variables. The syntax
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of a proposition may include propositions which are defined earlier in the table. We say
that a set of propositions covers a first-order formula, if the formula can be written as a
boolean combination of these.

Operations : Assignments to be performed along transitions are reflected during model
checking by changes to the annotations fo-ann(s, n) . The effect of taking a transition
on control variables is captured canonically using (functional) BDDs.

Assignments of data terms affect the annotations and hence the proposition table.
Substitutions can be distributed to single propositions. They may lead to the introduc-
tion of new entries in the proposition table, if the result is not already covered by the
present set. In our example (see Section 4.3) we apply the data assignment k:=l and
the random assignment l:=? to a proposition q which represents l-k>80. Substituting
l’ for l and l for k yields the new proposition q′ ≡ l’-l>80. Quantifications have
to be applied to whole boolean combinations, and they may enforce new propositions,
too, e.g. q′′ ≡ ∀l’. l’-l>80. Technically, we maintain a substitution table to manage
the transformation which is induced on propositions by data assignments. E.g. it would
contain q′′/q to represent the substitution and quantification effect on q.

Restriction : separate control and data terms We will restrict ourselves to the simple
case of a restricted interaction between control and data. This restriction concerns terms
in the first-order Kripke structure and specification, but not the dynamically generated
formulas fo-ann(s, n). We say that control and data are separated, if

– right-hand sides of assignments to data variables depend only on data variables,
– right-hand sides of assignments to control variables, conditions and boolean sub-

formulas of the specification are control terms, which are generated by the rules :

ctrl ::= A ∈ A | c ∈ C | b(D) | f(ctrl,...,ctrl)
Intuitively, this means that we may derive a boolean value from data to influence control.
Similarly, control can of course influence data via conditions in the first-order structure
which enable or disable transitions. The restriction ensures that we are able to represent
formulas that are generated during the syntactic annotation process as described above.
We conjecture that it is not strictly necessary to impose that restriction. Removing it
would complicate our procedure, while its practical merits are debatable.

4.2 Execution

In this section we follow the syntactic model-checking procedure described in Sec-
tion 3.3, except that now the annotations fo-ann(s, n) are represented by BDDs and the
annotating process is done partially symbolically.

Initialization : As described in Section 3.3, terminal, minimal and maximal nodes of
the product structure are initialized. Node annotations that contain pure control terms
(without data variables) are stored as BDDs. In contrast, data dependencies are intro-
duced into the proposition table together with a name q and a link to a single BDD node.
This node represents the data proposition in the annotation.
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Executing a step : If the annotation fo-ann(s, n) that has to be computed for some
node (s, n) is a boolean combination of (already represented) subformulas then the
representation of fo-ann(s, n) is the result of standard operations on BDDs.

Next-step computations of the model checker can be represented as purely boolean
operations if no extensions to the proposition table are necessary and no quantifications
have to be performed. Otherwise, we can carry out the substitution step symbolically,
by enriching the proposition set on demand.

To compute the contribution of a transition s
b,a−→ s′ in an AX or EX evaluation we

proceed as follows : we check whether the substitution table is defined for all proposi-
tions occurring in the BDD for the successor state. If not, we extend the proposition and
substitution table accordingly. Also, there have to be propositions covering the boolean
data terms in b and in assignments to control variables. The control transformations are
captured in a second BDD, which has to be computed only once for the action.

Then, we compute the effect of the assignments as in a conventional symbolic model
checker. If random assignments to data do occur in a, we have to perform the quantifi-
cation afterwards. To that end, we extend, if necessary, the proposition table by new
propositions with quantified variables and replace the affected parts in the BDDs by the
new proposition variables. Finally, we can add the effect of the condition b. As a result,
we get a BDD which represents the first-order formula fo-ann(s, n) from the syntactic
model-checking procedure.

4.3 Application to the Example

In the running example, the only control variable is alarm, whereas k, l and x are data.
The proposition table is initialized by q1, q2 and q3 while the other rows in the table
below are filled during a run of the algorithm. Starting the model checking bottom-up
with the atomic propositions yields the annotation ff for node s1:in and therefore —
after some steps — the annotation tt for the left subtableau node s1:φ1. This annotation
can be found quickly by performing control pruning as described in Section 5.

The right side of the product structure (on page 288) needs some more attention. We
initialize the atoms s2 : in with tt, s2 : l-x > 100 with q1 and s1 : alarm=tt with
alarm=tt. The annotation of node s2 : φ2,2 is computed according to the definition in
Section 3.3 along both transitions s2 → s1. The first transition yields ¬q3 ∨ tt=tt and
the second one yields q3 ∨ alarm=tt. Their conjunction simplifies to q3 ∨ alarm=tt.
Quantification is not necessary here, because both assignments are regular. Thus we get
for the node s2 : φ2,1 → φ2,2 the annotation q1 → (q3 ∨ alarm=tt).

name proposition data var
q1 l-x>100 l
q2 l=x l
q3 l-k>80 l,k
q4 q1[l’/l] = l’-x>100 l’
q5 q3[(l’,l)/(l,k)] = l’-l>80 l’,l

name proposition data var
q6 ∀ l’. (q4 → q5) l
q7 q2[l’’/l’] = l’’=x l’’
q8 q6[l’’/l] l’’
q9 ∀ l’’. (q7 → q8)
q10 ∀ x. q9

In the next step of the algorithm the transition s1 → s2 is used to manipulate this
formula. alarm is replaced by ff. q1 and q3 depend on l that is substituted by the fresh
variable l′ while k is substituted by l. Afterwards l′ is quantified. Note how we omit
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name clashes when substituting and quantifying l. The generated terms are stored in the
proposition table, the substitutions are stored in the substitution table. Finally this step
yields q6 as annotation for node s1 : AX (φ2,1 → φ2,2). The formula q6 does not change
in the next bottom-up step of the model checking algorithm and also annotates s2 : φ1,2.
This yields q2 → q6 for the node s2 : φ1.

When we start the fixed point computation with annotations tt and q2 → q6 and
then step through both nodes in the loop we reach after some steps the stable description
(q2 → q6) ∧ q9 for node s2 : AGφ1 and q9 for node s1 : AGφ1.

The last step computes ∀x. q9 as proof obligation for node s : φ. Slightly simplified,
this obligation states ∀x, l. l−x > 100 → l−x > 80. Since this formula is a tautology,
the first-order Kripke structure fulfills the specification.

5 Optimization : Control Pruning

Control pruning is an optimization method that allows us to reduce the size of the prod-
uct structure before the annotation procedure is applied speeding up this procedure. To
this end, we will modify the procedure of computing annotations by permitting approx-
imate computations for nodes, whose descendants are not yet stable.

In the simple version discussed here, we introduce a specific proposition ”⊥” which
replaces all data conditions. ⊥ represents uncertainty. A BDD B depending on it yields
a lower approximation of the correct annotation for ⊥= ff (i.e., B[ff/ ⊥] implies the
annotation), and an upper approximation for ⊥= tt. In favorable cases, some annota-
tions can be computed to a value not depending on ⊥ even if some annotations below
still contain it. This permits us to reduce the size of the product structure to be annotated
in the accurate procedure, so it also helps to keep the number of propositions small. The
process of eliminating all irrelevant nodes after the simple approximation computation
where all data propositions are replaced by ⊥ is called control pruning, because it uses
only control information to simplify the verification problem.

The approximation of annotations of the left part of the product structure of our
example (the part below node s1 : AGφ1 in the picture on page 288) is presented
on the next page. The approximation proves that the annotations below node s1 : φ1

need not be considered again during a detailed model checking process, because the
annotation of this node already yields tt.

Applying approximation to the tree below the node s2 : φ1 (right side in the product
structure on page 288) yields ⊥ for this node. Thus no optimization is possible there.

6 Conclusion

The most attractive aspect of our procedure is its closeness to standard symbolic model
checking. It is an extension which permits to treat a selected set of variables differently.
In fact, the first-order properties can be viewed as abstractions of the data values which
are precise wrt. analysed property. In contrast to other frameworks of abstraction, they
are computed automatically. Furthermore, they are tailored to the specification to be
checked and allow partial evaluation of control to reduce the analysis effort. The method
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is currently implemented on top of a standard BDD package at OFFIS and will be
employed in the context of verification of hybrid ECUs in automotive applications.

ff ⊥ tt

tt

ff ff

alarm=tt⊥ff

ff tt

tt

❄

✟✟✟




❄✜✜

❄❚❚✜✜

✑✑ ❝❝

s1 :l=x s2 : AX (φ2,1 → φ2,2)s1 :in

s1 : φ2,1 → φ2,2

s1 : φ2,2s1 : φ2,1

s1:in s1:l-x>100 s2:alarm=tt

s1 : φ1,2s1 : φ1,1

. . .

s1 : φ1
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Abstract. We consider the problem of deciding whether a given graph G
has an automorphism which moves at least k vertices (where k is a func-
tion of |V (G)|), a question originally posed by Lubiw (1981). Here we
show that this problem is equivalent to the one of deciding whether a
graph has a nontrivial automorphism, for k ∈ O(log n/ log log n).
It is commonly believed that deciding isomorphism between two graphs is
strictly harder than deciding whether a graph has a nontrivial automor-
phism. Indeed, we show that an isomorphism oracle would improve the
above result slightly—using such an oracle, one can decide whether there
is an automorphism which moves at least k′ vertices, where k′ ∈ O(log n).
If P �= NP and Graph Isomorphism is not NP-complete, the above results
are fairly tight, since it is known that deciding if there is an automor-
phism which moves at least nε vertices, for any fixed ε ∈ (0, 1), is NP-
complete. In other words, a substantial improvement of our result would
settle some fundamental open problems about Graph Isomorphism.

1 Introduction

The Graph Isomorphism problem (or simply GI) is one of the most famous
problems in NP, the reasons being both practical—it is used in such different
disciplines as combinatorial designs and organic chemistry—and theoretical. In
the latter category, we can point to the fact that GI is still a prime candidate
for being an NP-intermediate problem, i.e., one of the kind of problems that
Ladner [7] proved must exist in NP which are neither in P nor NP-complete,
under the hypothesis that P �= NP.

One of the most successful approaches for studying GI has been the group
theoretical one [5]. The essential starting point here is the observation that many
interesting properties of a given graph are revealed by a study of its group of
automorphisms, i.e., the set of vertex permutations which preserve adjacency.
The consideration of concepts from elementary group theory sheds light on re-
lated problems and allows us to gain insight into the complexity and properties
of GI itself. A simple question one can ask about the automorphism group of
V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 295–306,
1998.
c© Springer-Verlag Berlin Heidelberg 1998
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a given graph is what its size (or order) is. Perhaps an even simpler question
from the group-theoretical point of view is whether the automorphism group is
nontrivial, i.e., does the group have any permutation other than the identity?
This is precisely one of the best-known open problems related to GI: Graph
Automorphism (GA). A many-one reduction is known from GA to GI [8] but
not even a Turing reduction is known in the other direction; GA is, therefore, a
candidate for an NP-intermediate problem potentially simpler than GI.

Most of the variations of GI considered in the literature turn out to be equiva-
lent to known problems. Some happen to be NP-complete [9] or have polynomial-
time algorithms (for example, when the graphs considered have bounded de-
gree [10], which is one of the successes of the group-theoretical approach). Some
other variations are equivalent either to GI or to GA. An example of the former
kind is the above-mentioned problem of finding the order of the automorphism
group of a given graph, which was proved to be GI-equivalent [11]. An example
of the latter kind is the following problem posed by Lubiw [9], recently shown to
be GA-equivalent by Agrawal and Arvind [1]: given two graphs and k distinct
isomorphisms between them, decide if they have yet another isomorphism.

The variations of GI which are not known to be equivalent to known prob-
lems are more rare but they are key problems if we wish to understand the rel-
ative complexities of GA and GI. For instance, checking, for a fixed constant k,
whether the order of the automorphism group of a graph is divisible by k is one
such problem, known to be between GA and GI for many-one reductions [2].
The problem we study in this paper, which we call MovkGA, was also posed by
Lubiw: given a graph G of n vertices, decide whether G has an automorphism
which moves at least k(n) vertices. She observed that MovkGA is at least as
easy as GI and at least as hard as GA when k is any constant function (in fact,
it is trivial for k = 0 and coincides with GA for k = 1). On the other extreme,
when k is a linear function of n and even for k ∈ Ω(nε), where ε ∈ (0, 1), Lubiw
shows that MovkGA is NP-complete. The principal open question in this line
of attack is, therefore: what is the complexity of MovkGA when k is a func-
tion which grows more slowly than k(n) = nε, for example, a function such as
k(n) = logn? This range would appear to be rich in NP-intermediate problems,
given the behavior at the extremes, and therefore a good area for careful study.

Here we partially answer the above questions We show in Section 3 that
when k ∈ O(log n/ log log n), MovkGA is still Turing equivalent to GA. We also
classify more accurately the case when k is a constant function, where MovkGA
is shown to be in fact truth-table equivalent to GA. For k ∈ O(log n), we prove
in Section 4 that MovkGA is Turing reducible to GI 1.

The remainder of the paper is organized as follows. Section 2 has definitions
of concepts used in the rest of the paper. Section 3 has our results on using a GA
oracle to solve MovkGA, while Section 4 is concerned with the more powerful
GI oracle. We conclude with some open problems in Section 5.

1 In fact, our result goes in a direction contrary to the intuitive one for Anna Lubiw,
who says “The problem [Movlog nGA] would seem to be at least as hard as ISOMOR-
PHISM but it is not obviously ISOMORPHISM-complete or NP-complete” [9].
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2 Preliminaries

The following definitions of group-theoretical concepts may be found in any
elementary textbook (for example, [4]).

Let [n] denote the set {1, 2, . . . , n} and Sn the symmetric group of n elements.
Let id denote the identity permutation of any permutation group. If φ1, φ2 ∈ Sn

then the product φ = φ1φ2 is defined by φ(i) = φ1(φ2(i)). If G 2 and H are
groups then G ≤ H denotes that G is a subgroup of H .

Let G ≤ Sn and X ⊆ [n]. Then the point-wise stabilizer of X in G is

G(X) = {φ ∈ G | ∀x ∈ X φ(x) = x}.

Let ϕ be a permutation and G a subgroup of Sn. We define the support of ϕ
and G as follows

supp(ϕ) = {i ∈ [n] | ϕ(i) �= i}

supp(G) = {i ∈ [n] | ∃ϕ ∈ G ϕ(i) �= i}
If i∈supp(ϕ) then we say that ϕ moves i and if i �∈ supp(ϕ) then we say that ϕ
fixes i (or that i is a fix-point of ϕ). The set of fix-points of ϕ, denoted fix(ϕ), is
the set [n]− supp(ϕ).

All graphs considered in this paper may be assumed to be labeled and di-
rected. This does not limit the scope of the results so obtained since all the
versions of graph isomorphism for graphs are polynomial-time equivalent, irre-
spective of whether the graphs are undirected or directed, labeled or not [6]. The
same comment applies to graph automorphism as well [6].

For any graph G on n vertices, we denote by Aut(G) the group of automor-
phisms of G. That Aut(G) is a subgroup of Sn easy to see [6]. Moreover, for any
X ⊆ [n], the point-wise stabilizer of X in Aut(G), i.e., Aut(G)(X), is a subgroup
of Aut(G).

The main problem considered in this paper is that of deciding whether a
graph contains an automorphism which moves at least k vertices, where k may be
a function of the number of vertices. This problem was called k-FIXED-POINT-
FREE AUTOMORPHISM in [9]. It is convenient to cast this as a standard
decision problem of deciding membership in a set.

Definition 1. Let Gn denote the set of all graphs on n vertices. Let k be any
integer function3. Then,

MovkGA =
⋃
n≥1

{G ∈ Gn | ∃ϕ ∈ Aut(G) |supp(ϕ)| ≥ k(n)}.

2 We use the letter G to denote graphs as well as groups. However, no confusion is
likely to arise from this “abuse” since the context always clarifies the issue.

3 We will implicitly add the modest requirement of polynomial-time computability
of k to ensure that MovkGA is in NP.
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An automorphism of a graph G is an automorphism of the complement G
as well. Moreover, since either G or G is (weakly) connected, there is no loss of
generality in assuming, as we do henceforth in studying MovkGA, that we deal
only with connected graphs.

Given an initially unlabeled graphG on n vertices, and a setX ⊆ [n] = V (G),
we denote by G[X] the graph obtained by labeling the vertices in X with distinct
colors. A labeled vertex is essentially distinguished from the remaining (labeled
and unlabeled) vertices of the graph for the purpose of automorphism. In other
words, the automorphisms of the graph G[X] are only those automorphisms of
Aut(G) which fix X , so that Aut(G[X]) is isomorphic to Aut(G)(X), the point-
wise stabilizer of X in Aut(G) [11,6].

A standard “trick of the trade” is the following. Let G be an initially unla-
beled graph on n vertices and let Y = 〈y1, y2, . . . , yr〉 and Z = 〈z1, z2, . . . , zr〉
both be sequences of r distinct vertices of G. Borrowing the notation of [1] with
a slight alteration, the graph G[Y ]�G[Z] is obtained from G by making copies G1

and G2 of G and then labeling vertices yi in G1 and zi in G2, 1 ≤ i ≤ r, with
the same color. If G is originally weakly connected (as will happen in all our ap-
plications) then G[Y ] �G[Z] may have the following two kinds of automorphisms
only [11,6]:

– Automorphisms which move vertices in G1 to vertices in G1 and vertices
in G2 to vertices in G2. Such automorphisms fix vertices in Y and Z and
may be seen to be in 1-1 correspondence with the cross-product of Aut(G)(Y )

and Aut(G)(Z).
– Automorphisms which move all the vertices of G1 to vertices in G2 in
such a way that each vertex yi in G1 is mapped to the vertex zi in G2,
1 ≤ i ≤ r. Such automorphisms are in 1-1 correspondence with the set of
automorphisms of Aut(G) which map yi to zi, 1 ≤ i ≤ r.

3 Using a GA Oracle to Decide if a few Vertices Are
Moved

The main result of this section is that for k ∈ O( log n
log log n ), MovkGA is equivalent

to GA. The following overview of the technique we use in this section may help.
First, we show (Corollary 1) that the size of the support of any group G ≤ Sn in
which all automorphisms move at most k elements is at most 2k. Consequently,
we can immediately derive (Corollary 3) that MovkGA is truth-table reducible
to GA, for any constant k.

Next, we consider nonconstant functions k(n). Here, the picture is not as
clear even if k(n) is a very slowly growing function of n, since one must avoid
having to test all possible subsets of [n] of size at most 2k. To attack this prob-
lem, we introduce the notions of a “partial” permutation and consistency of a
permutation with a partial specification. Then we show (Lemma 3) that for any
permutation group G ≤ Sn and any X ⊆ [n], testing whether G �= G(X) can be
done by checking if G contains a permutation φ which is distinguishable from all



On the Complexity of Counting the Number of Vertices 299

the permutations in G(X) solely by its behavior on X ⊇ supp(G(X)). The crucial
point here is that this enables us to generate the automorphism group of a graph
by fixing most of the elements and gradually increasing the support. As long as
the current support is not too large, one can check if a partial permutation which
is distinguishable from all currently generated automorphisms can be extended
to a new automorphism.

We start with the following lemma.

Lemma 1. Let G ≤ Sn. If A1, . . . , Ar ⊆ [n] are pairwise disjoint and
φ1, . . . , φr ∈ G satisfy

– Ai ⊆ supp(φi) for 1 ≤ i ≤ r and
– φi ∈ G

(
⋃

i−1

j=1
Aj)

for 1 < i ≤ r

then there exists a permutation φ in G such that

|supp(φ) ∩
r⋃

i=1

Ai| ≥
r∑

i=1

⌈ |Ai|
2

⌉
.

Proof. We proceed by induction on r. For r = 1, the statement is trivial.
Suppose the lemma holds for r − 1 ≥ 1 and assume that the antecedent of the
lemma holds for r. Let φ be the permutation given by the induction hypothesis
such that |supp(φ) ∩ ⋃r−1

i=1 Ai| ≥
∑r−1

i=1

⌈
|Ai|
2

⌉
holds.

Now, either |Ar ∩ supp(φrφ)| ≥
⌈
|Ar|

2

⌉
, or not. Since supp(φrφ) ⊇ supp(φ)∩⋃r−1

i=1 Ai, in the former case the induction hypothesis guarantees that φrφ pro-
vides the permutation which satisfies the lemma. In the latter case, it must be
true that |Ar ∩ supp(φ)| ≥

⌈
|Ar|

2

⌉
and consequently φ itself satisfies the lemma.

Corollary 1. Let G ≤ Sn. Then |supp(G)| ≤ 2 ·maxφ∈G |supp(φ)|.
Proof. Let φ1, φ2, . . . , φ|G| be an enumeration of G in any order and define
the sets Ai, 1 ≤ i ≤ |G|, by Ai = supp(φi) −

⋃
j>i supp(φj). Then the sets Ai

are pairwise disjoint and
⋃|G|

i=1 Ai = supp(G). The corollary now follows directly
from Lemma 1.

Comment 1 The constant 2 in Corollary 1 may not be the best possible. How-
ever, one can construct examples to show that the best value is not smaller
than 3/2.

Corollary 2. Let G ≤ Sn and let k = maxφ∈G |supp(φ)|. Then, |G| ≤ (2k)!.

Proof. Follows from Corollary 1.

Now, we can reduce MovkGA to GA when k is a constant.
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Corollary 3. For any constant k ≥ 1, MovkGA is ≤p
tt-reducible to GA.

Proof. The following algorithm can be used to decide MovkGA using GA for
a particular graph G. Generate up to r = (2k)! automorphisms of G in lexico-
graphical order. Using the algorithm in [1], this can be done in time nO(log(r)).
If |Aut(G)| < r, then we can check all the automorphisms to see if there is one
of support at least k. If not, Corollary 2 guarantees us that there will be an
automorphism in Aut(G) which moves at least k vertices.

Since the algorithm in [1] makes the queries to GA nonadaptively, we obtain
a ≤p

tt reduction to GA.

In the following, we need the notion of a “partial” permutation. Let φ ∈ Sn

and Y ⊆ [n]. The partial permutation φY is defined as follows:

φY (i) =
{
φ(i), if i ∈ Y and φ(i) ∈ Y
undefined, otherwise

We say that a permutation φ is a pseudo-extension of ρY if either φ is an
extension of ρY or Dom(ρY ) ⊆ fix(φ).

Let G ≤ Sn. The set of permutations consistent with ρY in G is:

C(G, ρY ) = {φ ∈ G | φ is a pseudo-extension of ρY or (ρ−1)Y }.

The set C(G, ρY ) will be used in the main theorem of this section. The following
lemma, implicit in [1], motivates this idea in conjunction with a GA oracle.

Lemma 2. Let G be any graph on n vertices, ρ ∈ Sn, and X ⊆ [n]. Let
Y = 〈y1, y2, . . .〉 be any enumeration of Dom(ρX) and let Z = 〈ρ(y1), ρ(y2), . . .〉.
Then, G[Y ] � G[Z] has a nontrivial automorphism if and only if
C(Aut(G), ρX) �= {id}.
Proof. First, note that Dom((ρ−1)X) = Im(ρX) and Im((ρ−1)X) = Dom(ρX).
As mentioned at the end of Section 2, any nontrivial automorphism φ in a graph
consisting of two connected components, such as G[Y ] �G[Z] can only be of two
forms:

– φ is comprised of two automorphisms: φ1, which is an automorphism of G[Y ]

alone, and φ2, which is an automorphism of G[Z] alone, and at least one of
these is nontrivial, say φ1. Now φ1 is an automorphism of G which fixes all
the vertices in Y and therefore, Dom(ρX) ⊆ fix(φ1).

– φ moves all the vertices of G[Y ] to vertices in G[Z] and corresponds to an
automorphism φ′ ofAut(G) which maps vertex y ∈ Y to vertex z = ρ(y) ∈ Z.
That is, φ′ is an extension of ρX .

In either case we get a nontrivial automorphism in C(Aut(G), ρX). Observe, for
the converse, that the above proof can be followed backwards if
C(Aut(G), ρX) �= {id}.
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Lemma 3. Let G < Sn be a group and X ⊆ [n]. Then, G(X) �= G if and only if
there exists a permutation φ ∈ G−G(X) such that C(G(X), φX) = {id}.
Proof. Suppose G(X) �= G. Let φ be a permutation of minimal support in
G−G(X). We will show that C(G(X), φX) = {id}, proving the lemma.

Suppose, to the contrary, that C(G(X), φX) �= {id}. Assume that φ′ is a
nontrivial pseudo-extension of φX in G(X) (the proof for φ′ being a pseudo-
extension of (φ−1)X is identical since supp(φ−1) = supp(φ)). Consider any ele-
ment a ∈ supp(φ′). Now, a ∈ supp(φ) (otherwise φ′ cannot be a pseudo-extension
of φX by definition).

– If φX(a) = b, then φ′(a) = b (again by the definition of C(G(X), φX)), but
then φ′−1φ fixes a but no element in supp(φ)∩X . However, this contradicts
the minimality of φ.

– If φX(a) is undefined, let x = φ(a), y = φ−1(a), and let b = φ′(a). Observe
that:
1. x belongs to X (otherwise, φX(a) would not be undefined).
2. φ′(y) = y. Otherwise, suppose that φ′(y) = z �= y. Then, y ∈ X and

φX(y) = a imply that z = φ′(y) = a. However, this in turn implies
that φ′−1φ is a permutation of smaller support than φ in G − G(X), a
contradiction.

Consider φ′′ = φφ′φ−1. Now,

φ′′(x) = φφ′φ−1(x) = φφ′(a) = φ(b) �= x (1)

because φ(a) = x and a �= b. Also,

φ′′(a) = φφ′φ−1(a) = φφ′(y) = φ(y) = a. (2)

From Equation 1, φ′′ is a permutation in G − G(X). But the facts that
supp(φ′′) ⊆ supp(φ) and that a is a fix-point of φ′′ (by Equation 2) contradict
the minimality of φ.

Now we are ready for the main result of this section.

Theorem 2. MovkGA can be decided in time O(kO(k) + kn2), for any func-
tion k, with GA as oracle.

Proof. Consider the algorithm in Figure 1 for deciding MovkGA.
We first discuss the correctness of the approach in the algorithm and then

show how all the steps can be implemented within the claimed time bounds by
using GA as an oracle.

The correctness of the algorithm is relatively straightforward. The set X
maintains the current subset of supp(Aut(G)) that we are considering and the
set H maintains the current Aut(G)(X). Initially, X contains no vertex and H
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Input: Graph G, a positive integer k.
Assume that the vertices are numbered 1, 2, . . . , n = |V (G)|.
1. X ← ∅; H ← {id}
2. while Aut(G) �= H do
3. Find an automorphism φ ∈ Aut(G)−H
4. X ← X ∪ supp(φ)
5. if |X| ≥ 2k then
6. Halt and answer “Yes”
7. endif
8. H ← Aut(G)

(X)

9. if ∃φ ∈ H : |supp(φ)| ≥ k then
10. Halt and answer “Yes”
11. endif
12. endwhile
13. Answer “No.”

Fig. 1. Algorithm for Deciding MovkGA

contains id only. Each iteration through the while loop discovers a new auto-
morphism φ in Aut(G) − Aut(G)(X), causing X to increase. If now |X | ≥ 2k,
then Corollary 1 guarantees us that Aut(G) contains at least one automorphism
of support at least k. So we can halt and answer “yes” in this case (line 6).
Otherwise, as long as |X | < 2k, we simply enumerate all the automorphisms in
Aut(G)(X) and check whether any of them has support at least k. If so, we can
again halt and answer “yes” immediately (line 10); if not, we test if there are
more automorphisms to be found (i.e., if Aut(G)(X) �= Aut(G)) and continue
through the while loop.

The heart of the algorithm lies in testing Aut(G)(X) �= Aut(G) of line 2 and
if so, finding some automorphism φ in Aut(G)− Aut(G)(X). We now show how
these steps can be accomplished using GA. (These are the only steps of the
algorithm which use GA.)

To test if Aut(G)(X) �= Aut(G), we generate all partial permutations ρX :
X −→ X and check whether they satisfy the “filtering” condition
C(Aut(G)(X), ρX) = {id}. Note that the filtering condition, for a given ρX , can
be tested in time linear in |Aut(G)(X)| · |X |. For each partial permutation ρX

which satisfies the filtering condition, ask GA if G[Y ]�G[Z] has a nontrivial auto-
morphism, where Y = 〈y1, y2, . . . , 〉 and each yi is a distinct element of Dom(ρX)
and Z = 〈ρ(y1), ρ(y2), . . .〉.

From Lemma 2, it follows that if GA answers “yes” in the above procedure
then we must have a nontrivial automorphism φ in C(Aut(G), ρX). Since the
filtering condition ensures that C(Aut(G)(X), ρX) does not contain a nontrivial
automorphism, it follows that φ must be in Aut(G) − Aut(G)(X), enabling one
to decide that Aut(G)(X) �= Aut(G) Finally, note that Lemma 3 guarantees
that if Aut(G)(X) �= Aut(G), then indeed there will be a permutation φ such
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that C(Aut(G)(X), φX) = {id}. Hence, at least when we consider the partial
permutation ρX = φX , GA is bound to answer “yes.” In other words, one can
decide that Aut(G)(X) = Aut(G) if GA answers “no” to all the questions in this
procedure. Therefore, the above procedure is also correct whenever it concludes
that there is no automorphism in Aut(G)− Aut(G)(X).

Assuming that we have tested and found that Aut(G)(X) �= Aut(G), finding
an automorphism in line 3 of the algorithm in Figure 1 can be achieved by using
a standard trick. We adaptively add labels to vertices in whichever graph GA
answered “yes” until all mappings of an automorphism in Aut(G)− Aut(G)(X)

are found. It is easy to see that a mapping can be found in O(n2) time, starting
from the initial graph.

We now estimate the time complexity of the entire algorithm. Thewhile loop
is entered at most 2k times, since each iteration increases the number of vertices
found to be in supp(Aut(G)) and the algorithm stops if at least 2k vertices are
found in the support. In each iteration, there are two “expensive” steps. The
first one is in doing the test in line 2 and then finding an automorphism in
line 3, as explained above. The second one is in line 8, when all automorphisms
in Aut(G)(X) are to be assigned to the set H .

The former step is bounded by O(kn2 + km), where m is the total number
of partial permutations. Now m may be bounded by

∑2k
r=0

(
2k
r

) (2k)!
(2k−r)! since the

size of the set X is at most 2k. In turn, this expression is seen to be less than
(2k + 1)22k(2k)2k ∈ kO(k).

The latter step is implemented as follows. In a preprocessing step, the set X
is partitioned into equivalence classes of vertices based on the following relation:
u ≡ v if and only if u and v have the same neighbors (both in-neighbors and out-
neighbors) in X . These equivalence classes can be found in O(n2) time. Clearly,
an automorphism in Aut(G)(X) can move a vertex u to a vertex v only if u ≡ v.
Moreover, a permutation φ of vertices in X is an automorphism in Aut(G)(X) if
and only if both the following conditions hold:

– If φ(u) = v then u ≡ v, and
– φ is an automorphism of the subgraph of G induced by X .

For a given permutation φ, these checks can be carried out in O(k2) time, given
the preprocessed equivalence classes and an O(1) test for equivalence. Therefore,
the entire step, which can be repeated at most O(k) times in the loop, can be
implemented in O(n2 + k2 · (2k)!) = O(n2 + kO(k)) time by checking all possible
permutations φ of vertices in X by “brute force,” i.e., without using the GA
oracle. (Indeed, the algorithm in [1] which uses GA to generate automorphisms
may be used instead, but this would yield the inferior O(n2 + kO(k log k)) bound
for this step.) Putting these facts together gives the claimed time bounds of the
theorem.

This leads to our equivalence result between GA and MovkGA when k is a
slow-growing function of n.
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Corollary 4. MovkGA is polynomial-time Turing equivalent to GA for k ∈
O( log n

log log n ).

Proof. That MovkGA ≤p
T GA follows from the above theorem by noting

that kO(k) is at most a polynomial in n when k ∈ O( log n
log log n ).

The proof in the other direction is more straightforward. In order to decide if
a given graph G has a nontrivial automorphism using a MovkGA oracle, use the
following procedure. Let Ci be a directed cycle on i vertices. If G is isomorphic
to Ck(n)−1 then clearly G has a nontrivial automorphism. Otherwise, G is in GA
if and only if the disjoint union of G and Ck(n)−1 is in MovkGA.

4 Using a GI Oracle to Deciding if more Vertices Are
Moved

The results of the previous section can be improved a little when one has access
to the more powerful GI oracle instead of the GA oracle. The key idea here is that
instead of generating all the automorphisms of a graph G (as in the previous
section) one can decide MovkGA by simply checking, for every subset X of
supp(Aut(G)) of size at least k, whether there is an automorphism which has
support precisely X .

Theorem 3. MovkGA can be decided in time O(2O(k)n2), for any function k,
with GI as oracle.

Proof. The following algorithm can be used to decide MovkGA using GI as an
oracle.

Given a graph G, we can find S = supp(G) easily using GI as an oracle (see,
for example, [11]). If |S| ≥ 2k, then we are done: by Corollary 1, there must be
a permutation with support at least k. Otherwise, suppose that |S| < 2k and
define, for each X ⊆ S, the following quantities:

1. qX , the number of permutations in Aut(G) with support exactly X , i.e.,

qX = |{φ ∈ Aut(G) | supp(φ) = X}| , and
2. rX , the number of permutations in Aut(G) with support a subset of X , i.e.,

rX = |{φ ∈ Aut(G) | supp(φ) ⊆ X}|.
For each setX ⊆ S, the quantity rX can be found by using Mathon’s result on

counting the number of automorphisms with a GI oracle [11]. This is because rX

is precisely |Aut(G)(X)|, the size of the point-wise stabilizer of X in G. Next,
the quantities qX can then be found by a dynamic programming approach using
the identities:

q∅ = |{id}| = 1 and ∀X �= ∅, qX = rX −
∑

Y ⊂X

qY .
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Now, there exists a permutation with support at least k if and only if there exists
some set X of at least k elements for which qX is nonzero.

The time complexity of this procedure is dominated by the 2|S| = 2O(k) calls
to Mathon’s procedure for counting automorphisms, which takes O(n2) time.

Corollary 5. MovkGA ≤p
T GI for k ∈ O(log n).

5 Conclusions

Deciding whether a graph on n vertices has an automorphism which moves at
least k(n) vertices is:

– Equivalent to Graph Automorphism, when k ∈ O( log n
log log n ).

– No harder than Graph Isomorphism, when k ∈ O(log n).
– NP-complete, when k ∈ Ω(nε), for any fixed ε ∈ (0, 1).

(The first two items are shown in this paper. The last item is a result of Lu-
biw [9].)

This raises a few questions, which we leave as open problems:

1. Is there some function k ∈ o(nε), for every fixed ε ∈ (0, 1), such that
GI ≤p

T MovkGA?
A positive answer to this question would shed some more light on the
relative complexity of GI and GA, by the above results. Specifically, if
GI ≤p

T MovkGA for k ∈ O(log n) then by Theorem 2, GI has at most
a quasi-polynomial factor of n (i.e., nO(log n)) larger time complexity than
GA.

2. Does MovkGA have efficient program checkers? Does it have efficient parallel
program checkers?
It is known that GA has efficient parallel program checkers4 while the checker
known for GI is not parallel. Thus, proving a parallel checker for a problem
like Movlog nGA would tell us about its similarity to GA rather than to GI. To
start with, it is easy to observe that MovkGA, for k ∈ O( log n

log log n ), has indeed
efficient program checkers5 while MovkGA, for any constant function k, has
efficient parallel checkers6.

4 In the sense of Blum and Kannan [3], who define the concept as an algorithmic
alternative to program verification.

5 By using the so called Beigel’s trick for program checking [3], which shows that if
problem π1 has efficient program checkers and problem π2 is Turing-equivalent to
π1 then π2 has efficient program checkers.

6 As observed in [1], Beigel’s trick can be redeployed for parallel program checkers by
requiring truth-table equivalence instead of Turing equivalence.
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3. Is there a GA-oracle based algorithm for enumerating Aut(G) for a graph G
on n vertices, in time polynomial in n and |Aut(G)|?
This question is motivated by the way the GA-equivalence result was ob-
tained in the paper. Agrawal and Arvind [1] give a quasi-polynomial time al-
gorithm for enumerating Aut(G) (their algorithm has complexity
nlog(|Aut(G)|) and makes the queries to GA nonadaptively).

A final open question, perhaps of interest mainly to group-theoreticians, is
whether the constant 2 in Lemma 1 can be improved.
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Abstract. We revisit the notion of graph complexity introduced by
Pudlák, Rödl, and Savický [PRS]. Using their framework, we show that
sufficiently strong superlinear monotone lower bounds for the very spe-
cial class of 2-slice functions would imply superpolynomial lower bounds
for some other functions. Given an n-vertex graph G, the corresponding
2-slice function fG on n variables evaluates to zero on inputs with less
than two 1’s and evaluates to one on inputs with more than two 1’s. On
inputs with exactly two 1’s, fG evaluates to 1 exactly when the pair of
variables set to 1 corresponds to an edge in G. Combining our obser-
vations with those from [PRS], we can show, for instance, that a lower
bound of n1+Ω(1) on the (monotone) formula size of an explicit 2-slice
function f on n variables would imply a 2Ω(l) lower bound on the formula
size of another explicit function g on l variables, where l = Θ(log n).
We consider lower bound questions for depth-3 bipartite graph complex-
ity. We prove some weak lower bounds on this measure using algebraic
methods. For instance, our results give a lower bound
of Ω((logn/ log log n)2) for bipartite graphs arising from Hadamard ma-
trices, such as the Paley-type bipartite graphs. A lower bound of nΩ(1)

on the depth-3 complexity of an explicit bipartite graph would give su-
perlinear size lower bounds on log-depth boolean circuits for an explicit

function. Similarly, a lower bound of 2(log n)Ω(1)
would give an explicit

language outside the class Σcc
2 of the two-party communication complex-

ity.

1 Introduction and Overview

Proving superlinear (superpolynomial) lower bounds on the circuit size (for-
mula size) of an explicit boolean function is a major challenge in theoretical
computer science. On the other hand, remarkable results have been proved in
restricted models such as constant depth circuits [Ha,Ra2,Sm], monotone cir-
cuits [AB,Ra3], and monotone formulas [RW,KaWi,RM]. In general, techniques
from these results on restricted models are considered unlikely to be useful to
� Part of the work done while the author was a postdoctoral fellow at University of
Toronto.
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attack the general question. In fact, there are functions with exponential lower
bounds on the monotone complexity, but with polynomial upper bounds on
their complexity over a complete basis [Ta]. However, for the special class of
slice functions, monotone complexity and general complexity differ only by a
small polynomial amount [Be]. An n-variable boolean function f is called a k-
slice function if f(x) = 1 whenever |x| > k and f(x) = 0 whenever |x| < k,
where |x| denotes the number of 1’s in the input assignment x. When |x| = k,
f(x) may be nontrivially defined. A function is called a slice function if it is
a k-slice function for some 0 ≤ k ≤ n. There are NP-complete languages whose
characteristic functions are slice functions [Du]. Hence, assuming P �= NP, it is
conceivable that superpolynomial size lower bounds over a complete basis may
be provable by proving superpolynomial size monotone lower bounds for such
slice functions.

For the approach via slice functions described above to yield superpolynomial
lower bounds, we must consider a nonconstant k, because a k-slice function has
complexity at most O(nk). But we will show in this paper that for constant k, in
fact for k = 2, sufficiently strong superlinear lower bounds on k-slice functions
would already imply superpolynomial lower bounds for some other functions
derived from the 2-slice functions. More specifically, a lower bound of n1+Ω(1)

on (even monotone) formula size of an n-variable 2-slice function f implies a
lower bound of 2Ω(l) on the formula size of an l-variable function g. We show
this using the framework of graph complexity introduced by Pudlák, Rödl, and
Savický [PRS].

Note that the nontrivial part (for |x| = 2) of a 2-slice function is essentially
a (labeled) graph. Conversely, with every n-vertex graph G we can associate
an n-variable 2-slice function fG (see Definition 4).

The model of graph complexity [PRS] is a common generalization of the
models of boolean circuits and two-party communication complexity. Measures
of graph complexity such as affine dimension and projective dimension of graphs
have been proposed and studied in [PR2,Ra1,PR1] as criteria for lower bounds
on formula size and branching program size of boolean functions. Separation
questions about classes of two-party communication complexity [Yao,BFS] can
be reformulated as lower bound questions about bipartite graph complexity as
studied in [PRS].

In graph complexity, an n-vertex graph G is constructed or computed as
follows. We are given a set of atomic n-vertex graphs (these are analogous to the
input variables in a circuit or a formula), called generators. In each step of the
computation, we can perform a set-operation on the sets of edges of graphs we
have constructed so far. Starting with the generators and performing the allowed
operations on intermediate graphs, we would like to obtain G as the result of the
computation. Complexity of G is the minimum cost of such a computation to
construct G. By stipulating the structure of the computation (such as circuits),
the set of generators (such as complete bipartite graphs), and the allowed set-
operations (such as union and intersection), we get various measures of the cost
of the computation and a corresponding definition of the complexity of G.



Remarks on Graph Complexity 309

With a boolean function f on 2l variables, we can naturally associate a bi-
partite graph Gf with color classes {0, 1}l such that (x, y) is an edge of Gf iff
f(x, y) = 1. Let n = 2l, so that G is an n × n bipartite graph. In [PRS], it is
shown that a lower bound of ψ(logn) on the circuit size (formula size) complexity
of Gf , with complete bipartite graphs as generators and union and intersection
as operators, would imply a lower bound of ψ(l) on the boolean circuit size (for-
mula size) of f . Hence superlogarithmic (superpolylogarithmic) lower bounds on
the complexity of some explicit bipartite graphs would yield superlinear (super-
polynomial) lower bounds on the circuit size (formula size) of explicit boolean
functions, resolving long-standing open questions in computational complexity.

In this paper, we make the simple observation that lower bounds on graph
complexity are implied by lower bounds on 2-slice functions. We prove that a
lower bound of n logn·β(n), for any β(n) = ω(1), on the monotone formula size of
a 2-slice function implies a lower bound of β(n) on the formula complexity of the
corresponding graph. Similar results hold for circuit size. Combining this relation
with the results from [PRS] we prove that sufficiently strong lower bounds on
the monotone complexity of the very special class of 2-slice functions imply lower
bounds on the complexity of general boolean functions.

Next, we consider lower bounds on graph complexity. As mentioned above,
the model of graph complexity is more general than the models of boolean cir-
cuits and two-party communication complexity. Thus, proving lower bounds on
graph complexity is even harder. However, studying the graph-theoretic struc-
ture of boolean functions may provide insights into their complexity. Under-
standing the properties of graphs that imply high graph complexity may suggest
candidate functions with high boolean complexity. Lower bound arguments for
such boolean functions may in turn exploit tools from the well-studied area of
graph theory.

Pudlák, Rödl, and Savický [PRS] prove some nontrivial formula size lower
bounds in graph complexity. Their lower bounds are on star-formula complexity
of graphs. A star-formula for a graph is a formula with union and intersection op-
erators and “stars” as the generators, where a star is a complete bipartite graph
with a single vertex on one side and all other vertices on the other side. In this
paper, we focus on the bipartite-formula complexity of graphs. Here the genera-
tors are complete bipartite graphs, and the operators are union and intersection.
Results in this more general model translate more readily into the frameworks
of boolean function complexity and two-party communication complexity.

In [PRS], a lower bound of Ω(n logn) is proved for the star-formula complex-
ity of some bipartite graphs. This immediately implies a lower bound of Ω(log n)
on the bipartite-formula complexity. To get any new lower bounds on boolean
formula complexity, this needs to be improved to at least Ω(log3 n). The meth-
ods used in [PRS] cannot give bounds beyond Ω(log n). Furthermore, [PRS] also
show that certain Ramsey type properties of graphs (absence of large cliques and
independent sets) do not imply strong enough lower bounds on graph complexity
to give new results in boolean function complexity.
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We prove lower bounds on depth-3 bipartite-formula complexity of some bi-
partite graphs. Our results give a lower bound of Ω((log n/ log logn)2) for bi-
partite graphs arising from Hadamard matrices such as the Paley-type bipartite
graphs. In fact, our lower bounds are expressed in terms of the spectrum of
the ±1 incidence matrix associated with the bipartite graph. Our methods are
based on approximating polynomials for boolean functions [NS] and rank lower
bounds on real matrices under sign-preserving perturbations [KW].

Our lower bounds are still too weak to imply any new results in boolean cir-
cuit or communication complexity. We will note that depth-3 bipartite-formula
complexity is related to depth-3 boolean formulas and the class Σcc

2 of the
two-party communication complexity model [BFS]. Lower bounds on depth-3
boolean circuits have been pursued in much of recent research [HJP,PPZ,PSZ].
One motivation for “strongly” exponential depth-3 lower bounds comes from
Valiant’s [Va] result that depth-3 lower bounds of 2ω(l/ log log l) for an l-variable
boolean function would imply superlinear size lower bounds on log-depth circuits
computing that function. Currently, the best known lower bound on depth-3 cir-
cuits is Ω(l1/42

√
l) for the parity function [PPZ]. One approach to develop tools

for depth-3 lower bounds in boolean complexity is to understand the correspond-
ing (more general) question in graph complexity. Such an approach might lead
to graph-theoretic criteria for depth-3 lower bounds in boolean complexity (just
as it lead to the notions of affine and projective dimensions as criteria for unre-
stricted boolean complexity).

A lower bound of nΩ(1) on the depth-3 bipartite-formula complexity of an
explicit bipartite graph would give the “strongly” exponential lower bounds
mentioned above and hence would imply superlinear size lower bounds on log-
depth circuits for an explicit function. But the current lower bounds on depth-3
bipartite-formulas are too weak even to give (the current best) 2

√
l lower bound

on depth-3 boolean formulas. In fact, generalizing the best known 2
√

l lower
bound (or even the weaker bound of 2lΩ(1)

) on depth-3 boolean complexity to
the framework of graph complexity would resolve a long-standing open question
in communication complexity: a lower bound of 2log nΩ(1)

on depth-3 bipartite-
formula complexity of an explicit bipartite graph gives an explicit language
outside the class Σcc

2 of the two-party communication complexity. Such strong
bounds on graph complexity, however, remain as interesting open questions in
this area.

2 Models of Graph Complexity

The complexity of a graph measures the difficulty of constructing a target graph
using a given collection of primitive graphs, called generators, and a given basis
of operations on sets of edges. All the graphs involved are assumed to have the
same set of vertices, typically V = {1, . . . , n}. A set operation on graphs refers to
the operation on the corresponding edge sets. For instance, the result of G1∪G2

on graphs G1 = (V,E1) and G2 = (V,E2) is the graph G = (V,E1 ∪E2). Models
of graph complexity are defined analogous to the standard models of circuits and
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formulas where the generator graphs play the role of input variables and the set
operations play the role of gates. We now give some formal definitions, most of
which are based on [PRS].

Fix a set of generator graphs G with vertex set V and a basis O of set oper-
ations. A graph circuit with generators G and basis O is a sequence of equations
or gates g1, . . . , gs such that each gi, for i = 1, . . . , s, is of the form

Gi = H for some H ∈ G,

or
Gi = Gj ◦Gk where ◦ ∈ O and j, k < i.

(Here we are assuming for simplicity that ◦ is binary; analogous equations can
be written for operations of other arities.) The output graph Gs of the last gate
is the graph computed by the circuit. The circuit complexity of a graph G, with
respect to generators G and basis O, is the smallest s for which there exists a
circuit that computes G.

As usual, we can imagine a circuit to be a directed acyclic graph (DAG) with
the input nodes (of in-degree 0) labeled by the generator graphs and the internal
nodes (gates) labeled by set operations from the basis. The target graph appears
at the root (of out-degree 0) of this DAG. The length of the longest path in the
DAG is the depth of the circuit. Number of nodes is its size.

A graph formula is a graph circuit in which the out-degree of each gate is
at most one. Thus a graph formula can be represented as a tree with the leaves
labeled by generator graphs and the internal nodes labeled by operations from
the basis. The size of a formula is the number of leaves in its tree. The formula
complexity of a graph is the smallest size of a formula that computes the graph
(with respect to a fixed set of generators and a basis).

We can also define the natural restricted models such as constant depth graph
circuits and formulas. In these models, we allow unbounded fanin and assume
that the operations from the basis are naturally extendable to an unbounded
number of operands (for example, union, intersection, and symmetric difference
of sets have this property).

In what follows, we concentrate on formula complexity. Similar defintions
and results can be stated for circuit complexity.

In this paper, we will consider graph complexity with the set operations of
union and intersection only. We will naturally want the sets of generators
to be complete in the sense that every graph should be constructible from these
generators and using ∩ and ∪ operators in a circuit or a formula. Definitions 1
and 2 below give two such sets of generators.

Definition 1 Fix the vertex set V where |V | = n. The set of stars is defined to
be S = {G ⊆ (

V
2

)
: G ∼= K1,n−1}.

For a graph G on V , the star-formula complexity of G, denoted LS(G), is the
smallest size of a graph formula computing G using the stars S as the set of
generators and ∪ and ∩ as the basis.
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A standard counting argument shows that LS(G) = Ω(n2/ logn) for most
graphsG. It is also known [Bu,PRS] that for all graphsG, LS(G) = O(n2/ logn).
Pudlák et al. [PRS] show that the star-formula complexity of the complement
of a graph can be substantially larger than the complexity of the graph itself.

We are especially interested in the complexity of bipartite graphs because of
their direct relevance to lower bounds on boolean circuits and communication
complexity.

Definition 2 Fix the color classes U and V . Let B denote the following set of
complete bipartite graphs:

B = {A× V : A ⊆ U} ∪ {U ×B : B ⊆ V }.
For a bipartite graph G ⊆ U × V , the bipartite-formula complexity of G is the
smallest size of a graph formula computing G using B as the set of generators
and ∪ and ∩ as the basis. Bipartite-formula complexity of G is denoted by LB(G).

The following relation holds between bipartite complexity and star complex-
ity.

Proposition 1 (PRS) Let G ⊆ U × V be a bipartite graph, |U | = |V | = n.
Then LS(G) ≤ LB(G) · n+ 2n, where the stars are on the vertex set U ∪ V .

Another observation of [PRS] is useful to translate a lower bound on star-
complexity of general, i.e. not necessarily bipartite, graphs to a lower bound on
bipartite graphs:

Proposition 2 (PRS) Let G be a graph on W , |W | = 2n. Then there exists a
partition W = U ∪ V , |U | = |V | = n, such that the bipartite graph G ∩ U × V
satisfies

LS(G ∩ U × V ) ≥ LS(G)
�log2 2n�

.

Definition 3 Let f be a boolean function on 2l variables, written as f : {0, 1}l×
{0, 1}l −→ {0, 1}. Let n := 2l. The n × n bipartite graph Gf ⊆ {0, 1}l × {0, 1}l

is defined by including the edge (x, y) in Gf iff f(x, y) = 1, where x, y ∈ {0, 1}l.

Note that the and and or operations on boolean functions correspond to
union and intersection operations on the edge sets of their corresponding
graphs. In other words, Gf1∧f2 = Gf1 ∩ Gf2 and Gf1∨f2 = Gf1 ∪ Gf2 . This
suggests a syntactic transformation of a boolean formula (assuming all negations
are pushed to the leaves) into a graph formula. But what about the input literals
of the boolean formula? The literals are simply the projection functions and
the graphs corresponding to projection functions are complete bipartite graphs
isomorphic to Kn/2,n and Kn,n/2. For instance, Gxi is the complete bipartite
graph {x ∈ {0, 1}l : xi = 1} × {0, 1}l. Thus each literal can be translated into
a generator in B. With this transformation of a boolean formula for f into a
bipartite-formula for Gf , it follows that

LB(Gf ) ≤ L(f), (1)
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where L(f) is the minimum size formula (with tight negations) computing f .
Given an n × n bipartite graph G, where n is a power of 2, we can clearly

define a function f such that Gf = G. Thus we get the following criterion for
lower bounds on boolean formula size:

Proposition 3 (PRS) An explicit n× n bipartite graph G, where n = 2l, with
lower bound of LB(G) ≥ ψ(log n) would give an explicit function f on l variables
with formula size lower bound L(f) ≥ ψ(l).

Since the proof of this proposition is essentially syntactic, similar relations
hold for several restricted models of formulas and circuits as well.

Note, however, that graph complexity of Gf could be much smaller than the
boolean complexity of f . This is because in a bipartite-formula we have access
to an exponential (in n) number of generators B, whereas the transformation
above uses only the 2 logn “canonical” generators corresponding to the projec-
tion functions. In fact, the generators in B, in case of graphsG ⊆ {0, 1}l×{0, 1}l,
can be viewed as defining (arbitrary) boolean functions of either the first l or
the last l variables. This interpretation captures the connection between two-
party communication complexity and graph complexity. In particular, bounded
depth bipartite formulas of size 2(log log n)c

define the complexity classes of the
“polynomial hierarchy” of the two-party communication model [BFS].

3 2-Slice Functions

In this section, we relate graph complexity to the boolean complexity of 2-slice
functions.

Definition 4 A boolean function f : {0, 1}n −→ {0, 1} is a 2-slice function if
f(x) = 0 for all x with |x| < 2 and f(x) = 1 for all x with |x| > 2. On inputs x
with |x| = 2, f may be nontrivially defined. The inputs x such that |x| = 2 and
f(x) = 1 can be identified with the edges of a graph G with vertex set {1, . . . , n}
in an obvious way.

Conversely, every graph G on n vertices gives rise to a 2-slice function fG
on n variables: Given a graph G = ([n], E), we define the function fG by

fG(x) =




1 if |x| > 2,
0 if |x| < 2,
1 if |x| = 2 and X ∈ E(G),
0 if |x| = 2 and X �∈E(G).

Here X denotes the set with characteristic vector x, i.e., X = {i : xi = 1, 1 ≤
i ≤ n} for x ∈ {0, 1}n.

Recall that for 1 ≤ i ≤ n, the star Si is defined as the graph with vertex set
V (Si) = {1, . . . , n} and edge set E(Si) = {{i, j} : j �= i}.
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Lemma 1. Let Tg be a star-formula computing the graph G = ([n], E). Let Tb

be the boolean formula obtained from Tg by replacing ∪’s by ∨’s and ∩’s by ∧’s
and the star Si by the variable xi. Let f : {0, 1}n −→ {0, 1} be the function
computed by Tb. Then,∀x with |x| = 2, f(x) = 1 iff X ∈ E.
Proof : By induction on the number of operators in Tg that computes G.

In the base case we have zero operators in Tg and this computes a single
star Si for some i, 1 ≤ i ≤ n. The corresponding Tb is xi. Clearly the inputs X
of size 2 such that f(x) = 1 are exactly the edges of Si.

For the inductive step, first consider the case when the top gate of Tg is ∪.
Let Tg = Tg1 ∪ Tg2 , and let Tgi compute Gi for i = 1, 2, so that G = G1 ∪ G2.
Correspondingly, we get Tb = Tb1 ∨ Tb2 and f = f1 ∨ f2, where Tbi computes fi.
If X ∈ G, then X ∈ Gi for i = 1 or i = 2. By induction hypothesis fi(x) = 1
and therefore f(x) = 1. Conversely, suppose f(x) = 1 and |x| = 2. Then for at
least one i ∈ {1, 2}, we have fi(x) = 1. By induction hypothesis fi(x) = 1 iff
X ∈ Gi when |x| = 2. Thus X ∈ Gi and therefore X ∈ G.

The proof when the top gate of Tg is ∩ is similar.

Theorem 1 Let G be an n-vertex graph and fG be the associated 2-slice function
on n variables. Let Lmon(fG) be the {and, or} (monotone) formula complexity
of fG and let LS(G) be the star-formula complexity of the graph G. Then,

Lmon(fG) ≤ LS(G) +O(n log n).

Proof : Let f be the function from Lemma 1 obtained from an optimal star-
formula for G. Note that fG ≡ f ∧ Thn

2 ∨ Thn
3 , where Th

n
k denotes the k-th

threshold function on n variables. Now we use the fact that for constant k there
are monotone formulas of size O(n logn) to compute Thn

k [Fr].

Theorem 2 Let f : {0, 1}n −→ {0, 1} be a 2-slice function where n = 2l.
Suppose that Lmon(f) ≥ n logn · β(log n), for some β(logn) = ω(1). Then there
exists a function g : {0, 1}m −→ {0, 1} such that L(g) = Ω(β(m)).

Proof : Let f be a 2-slice function on n variables where n = 2l, and let G
be the associated graph. From Theorem 1, LS(G) ≥ Lmon(f)− O(n log n). Us-
ing Proposition 2, there exists an n/2 × n/2 bipartite subgraph H of G such
that LS(H) ≥ LS(G)/O(log n). From Proposition 1, LB(H) ≥ LS(H)/n − 2.
Combining the three inequalities, we have LB(H) ≥ Ω (Lmon(f)/n logn).

Since H is a bipartite graph with n/2 = 2l−1 vertices on each side, we can
identify its color classes with {0, 1}l−1 and define a function g on m = 2l − 2
variables such that the Gg = H (as defined in Section 2) and from Inequality 1 in
Section 2, we get L(g) ≥ LB(H) ≥ Ω (Lmon(f)/n logn) . It follows that a lower
bound of n logn · β(logn) on Lmon(f) would give a lower bound of Ω(β(m)) on
L(g), since m = O(log n).

Corollary 1 An explicit n-variable 2-slice function f with Lmon(f) ≥ n1+ε,
for a constant ε > 0, would give an explicit m-variable function g such that
L(g) = 2Ω(m).
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4 Depth-3 Lower Bounds

In this section, we consider lower bounds on depth-3 bipartite formulas comput-
ing bipartite graphs G ⊆ U × V , |U | = |V | = n. Recall that the leaves of the
formula are graphs from B = {A× V : A ⊆ U} ∪ {U ×B : B ⊆ V }.

Let us first observe that the bottom gates of a bipartite formula need not
have fan-in more than 2: if the bottom gate is an ∩, then it actually computes
a complete bipartite graph A × B, where A ⊆ U and B ⊆ V , and this can be
written as the intersection of at most two graphs from B; if the bottom gate
is a ∪, then it is easy to see that it computes the complement of a complete
bipartite graph A×B, and again the complement of a complete bipartite graph
can be written as a union of at most two graphs from B.

Without loss of generality, we consider ∪∩∪ formulas. By the remark above,
we can write such a formula as G = ∪i ∩j Gij , where Gij is the complement of
a complete bipartite graph, i.e., Aij ×Bij for some Aij ⊆ U and Bij ⊆ V .

Our lower bound proof is based on approximating polynomials for the or
function [NS] and variation ranks under sign-preserving changes [KW].

Nisan and Szegedy [NS] give the following construction of ε-approximating
polynomials for the or function. They assume a constant ε. The refined analysis
to bring out the dependence on ε is due to Hayes and Kutin [HK]. Proof is
omitted from this extended abstract.

Lemma 2 (NS,HK). The or-function of n boolean variables can be
ε-approximated by a real polynomial of degree at most O(

√
n log(2/ε)). More

precisely, for every 0 < ε < 1/2, there is a real polynomial p of degree at most
O(

√
n log(2/ε)) such that for every x ∈ {0, 1}n, |or(x) − p(x)| ≤ ε.
In the following, we will use the notation exp(x) to denote cx for some con-

stant c > 1 (c may depend on the context). For a bipartite graph G ⊆ U × V ,
we will let G(x, y) = 1 if (x, y) ∈ G and G(x, y) = 0 if (x, y) �∈G.
Lemma 3. Suppose the n× n bipartite graph H ⊆ U × V is written as a union
of d complete bipartite graphs:

H =
d⋃

i=1

(Ai ×Bi), where Ai ⊆ U, Bi ⊆ V.

Then, for every ε, where 0 < ε < 1/2, there is a real matrix MH such that

• For all (x, y) ∈ U × V , |MH(x, y)−H(x, y)| ≤ ε,
• rank(MH) ≤ exp(

√
d log(2/ε) log d).

Proof : LetR be the incidence matrix ofH , and similarly let Ri be the incidence
matrices of the complete bipartite graphs Ai ×Bi, 1 ≤ i ≤ d, covering H . Note
that R is simply the entry-wise or of the Ri. Furthermore, each Ri is of rank one
as a real matrix. We obtain MH from R using the approximating polynomials
for the or-function given by Lemma 2.
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Suppose p(z1, . . . , zd) is an ε-approximating polynomial of degree
k := c · √d log(2/ε) for the or-function of d boolean variables. Syntactically
substitute the matrix Ri for zi in this polynomial, but interpret the product
as entry-wise product of matrices, i.e., a monomial zizj is replaced by Ri ◦ Rj ,
where for matrices A and B, (A ◦ B)(x, y) := A(x, y)B(x, y). Note that if A
and B are rank-1 matrices, then A ◦ B is also a rank-1 matrix. Thus, a mono-
mial zi1 · · · zit is replaced by the rank-1 0-1 matrix Ri1 ◦ · · · ◦ Rit . The matrix
obtained by computing the polynomial p(R1, . . . , Rd) in this way gives us the
desired matrix MH .

It is clear that MH(x, y) = p(R1(x, y), . . . , Rd(x, y)). From the properties
of p, it is easy to see that for all x, y, |MH(x, y) − H(x, y)| ≤ ε. Since MH is
a linear combination of rank-1 matrices, one for each monomial, it follows that
rank of MH is at most the number of monomials in p which is bounded by∑k

j=0

(
d
j

) ≤ exp(k log d).

Lemma 4. Let G be an n× n bipartite graph G ⊆ U × V . If G is realized by a
depth-3 bipartite formula L i.e.,

G =
t⋃

i=1

di⋂
j=1

(Aij ×Bij), where Aij ⊆ U,Bij ⊆ V,

then there exists a matrix M such that

i) If G(x, y) = 0, then |M(x, y)| ≤ 1/3,
ii) If G(x, y) = 1, then 2/3 ≤M(x, y) ≤ t+ 1/3,
iii) rank(M) ≤ texp(√L log√L), where L =

∑t
i=1 di denotes the length of the

formula L.

Proof : Let G1, . . . , Gt be the input graphs to the top gate, i.e., G = ∪t
i=1Gi.

Since each Gi, i = 1, . . . , t, is an intersection of complements of complete bipar-
tite graphs, its complement, Gi is computed by a union of complete bipartite
graphs. Thus we can apply Lemma 3 to these complements Gi. Let M ′

i be the
real matrix given by Lemma 3 that εi-approximates Gi, where εi := di/3L.

LetMi := J−M ′
i , where J is the n×n all-ones matrix. It is obvious thatMi

εi-approximates Gi. Furthermore,
rank(Mi) ≤ 1 + rank(M ′

i) ≤ exp(
√
di log(L/di) log di) ≤ exp(

√
L log

√
L).

Let M :=M1 + · · ·+Mt. We want to see the relation between M and G:
If G(x, y) = 0, then ∀i, Gi(x, y) = 0, and hence ∀i, |Mi(x, y)| ≤ εi. It follows

that |M(x, y)| ≤ ∑t
i=1 εi = 1/3.

If G(x, y) = 1, then ∃i, Gi(x, y) = 1 and for this i, 1− εi ≤Mi(x, y) ≤ 1+ εi.
Hence, we have 1 − εi −

∑
j	=i εj ≤ M(x, y) ≤ ∑t

j=1(1 + εj). So, in this case,
2/3 ≤M(x, y) ≤ t+ 1/3.

Moreover, rank(M) ≤ ∑t
i=1 rank(Mi) ≤ texp(

√
L log

√
L).

We now show that for some ”interesting” graphs G any matrix satisfying (i)
and (ii) of Lemma 4 must have a large rank and hence conclude a lower bound
on the depth-3 complexity of G using (iii).
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Lemma 5 (KW). Let A be an n × n ±1 matrix and let B be a real matrix
such that 1 ≤ |bij | ≤ θ and sign(aij) = sign(bij) for all i, j. Then rank(B) ≥
n2/(θ‖A‖2), where ‖A‖2 is the largest eigenvalue of the matrix AA∗ and A∗ is
the conjugate transpose of A.

Theorem 3 Let G be an n× n bipartite graph and let AG be its ±1 incidence
matrix, i.e., AG(x, y) = −1 if (x, y) is an edge of G and AG(x, y) = +1 if (x, y)
is not an edge of G. Then any depth-3 bipartite formula for G must have size at
least a constant times

log2(n/‖AG‖)
log log2(n/‖AG‖)

.

Proof : Given a depth-3 formula for G of size L, let M be the matrix given
by Lemma 4. Define B := 3J − 6M , where J is the n× n all-ones matrix. Note
that if G(x, y) = 0, then B(x, y) ≥ 1, and if G(x, y) = 1, then B(x, y) ≤ −1 and
that |B(x, y)| is always at most 6t. Hence B is a sign-preserving variation of AG

and we can apply Lemma 5: rank(B) = Ω(n2/(t‖AG‖2)). On the other hand,
rank(B) ≤ rank(M) + 1. So, from Lemma 4, part iii), we get that rank(B) ≤
t · exp(√L log√L). Combining the two estimates on rank(B) and observing that
t ≤ L, we get

exp(
√
L log

√
L) = Ω(

n2

‖AG‖2 ).

Solving for L proves the theorem.
An n×n Hadamard matrix is a ±1 matrix such thatHH� = nI. It is obvious

that ‖H‖ = √
n.

Corollary 2 For any graph G such that AG is an Hadamard matrix, the depth-
3 bipartite formula complexity of G is at least Ω((log n/ log logn)2). An example
of such a graph is the Paley-type bipartite graph.

References

AB. Alon, N., Boppana, R. : The Monotone Circuit Complexity of Boolean Func-
tions, Combinatorica, 7(1) 1987, pp. 1 – 22. 307

BFS. Babai, L., Frankl, P., Simon, J. : Complexity classes in Communication Com-
plexity Theory, 26th IEEE FOCS, 1986, pp. 337 – 347. 308, 310, 313

Be. Berkowitz, S. : On some Relationships Between Monotone and Non-
monotone Circuit Complexity, Technical Report, University of Toronto,
1982. 308

Bu. Bublitz, S. : Decomposition of Graphs and Monotone Formula size of Homo-
geneous Functions, Acta Informatika, 23, 1986, pp. 689 – 696. 312

Du. Dunne, P. : The Complexity of Central Slice Functions, Theoretical Computer
Science, 44 (1986), pp. 247 – 257. 308

Fr. Friedman, J. : Constructing O(n log n) size Monotone Formulae for the k-th
Elementary Symmetric Polynomial of n Boolean Variables, SIAM jl. Comp.,
15(3) 1986, pp. 641 – 654. 314



318 Satyanarayana V. Lokam

Ha. H̊astad, J. : Almost Optimal Lower Bounds for Small Depth Circuits, in
S. Micali (ed), Advances in Computer Research, Vol 5: Randomness and
Computation, JAI Press, 1989. 307

HJP. H̊astad, J., Jukna, S., Pudlák, P.: Top-Down Lower Bounds for Depth-3
Circuits, 34th IEEE FOCS, pp. 124 – 129. 310

HK. Hayes, T., Kutin, S. : personal communication. 315

NS. Nisan, N., Szegedy, M. : On the degree of Boolean Functions as Real Poly-
nomials, 24th ACM STOC, 1991, pp. 462 – 467. 310, 315

KW. Krause, M., Waack, S. : Variation Ranks of Communication Matrices and
Lower Bounds for Depth-Two Circuits having Symmetric Gates with Un-
bounded fan-in, 32nd IEEE FOCS, 1991, pp. 777 – 782. 310, 315

KaWi. Karchmer, M., Wigderson, A. : Monotone Circuits for Connectivity require
Sper-Logarithmic Depth, SIAM jl. Disc. Math. 3(2) 1990, pp. 255 – 265.
307

PRS. Pudlák, P., Rödl, V., Savický, P. : Graph Complexity, Acta Informatica, 25
(1988), pp. 515 – 535. 307, 308, 309, 311, 312
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Abstract. In [NO88], a particular trace monoid M is constructed such
that for the class of length–reducing trace rewriting systems over M ,
confluence is undecidable. In this paper, we show that this result holds
for every trace monoid, which is neither free nor free commutative. Fur-
thermore we will present a new criterion for trace rewriting systems that
implies decidability of confluence.

1 Introduction

The theory of free partially commutative monoids generalizes both the theory of
free monoids and the theory of free commutative monoids. In computer science,
free partially commutative monoids are commonly called trace monoids and their
elements are called traces. Both notions are due to Mazurkiewicz [Maz77], who
recognized trace monoids as a model of concurrent processes. [DR95] gives an
extensive overview about current research trends in trace theory.

The relevance of trace theory for computer science can be explained as fol-
lows. Assume a finite alphabet Σ. An element of the free monoid over Σ, i.e.,
a finite word over Σ, may be viewed as the sequence of actions of a sequential
process. In addition to a finite alphabet Σ, the specification of a trace monoid
(over Σ) requires a binary and symmetric independence relation on Σ. If two
symbols a and b are independent then they are allowed to commute. Thus, the
two words sabt and sbat, where s and t are arbitrary words, denote the same
trace. This trace may be viewed as the sequence of actions of a concurrent pro-
cess where the two independent actions a and b may occur concurrently and thus
may be observed either in the order ab or in the order ba.

This point of view makes it interesting to consider trace rewriting systems,
see [Die90]. A trace rewriting system is a finite set of rules, where the left–hand
and right–hand side of each rule are traces. Trace rewriting systems generalize
both semi–Thue systems and vector replacement systems. Considered in the
above framework of concurrent processes, a trace rewriting systemmay be viewed
as a set of transformations that translate sequences of actions of one process into
sequences of actions of another process. Thus, trace rewriting systems may for
instance serve as a formal model of abstraction.

For all kinds of rewriting systems, the notion of a terminating system and
the notion of a confluent system are of central interest. Together, these two
properties guarantee the existence of unique normal forms. Unfortunately, both
V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 319–331,
1998.
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properties are undecidable even for the class of all semi–Thue systems. On the
other hand it is a classical result that for the class of terminating semi–Thue
systems, confluence is decidable. Unfortunately even this result does not hold in
general if trace rewriting systems are considered. More precisely, in [NO88] a con-
crete trace monoid is presented such that for the class of length–reducing trace
rewriting systems over this trace monoid, confluence is undecidable. Therefore
it remains the problem to determine those trace monoids for which confluence
is decidable for the class of terminating trace rewriting systems. This question
will be solved in Section 4, where we prove that confluence of length–reducing
systems is decidable only for free or free commutative monoids. This result will
be obtained by a reduction to the case of trace monoids with three generators,
see Section 3. This undecidability result leads to the question whether there ex-
ist (sufficiently large) subclasses of trace rewriting systems for which confluence
becomes decidable, see [Die90] for such a subclass. In Section 5 we present a new
criterion which implies decidability of confluence. Due to space limitations some
proofs are only sketched or completely omitted. They can be found in [Loh98].

2 Preliminaries

In this section we will introduce some notions concerning trace theory. For a
more detailed study, see [DR95]. The interval {1, . . . , n} of the natural numbers
is denoted by n. Given an alphabet Σ, the set of all finite words over Σ is
denoted by Σ∗. The empty word is denoted by 1. As usual, Σ+ = Σ∗\{1}. The
length of s ∈ Σ∗ is denoted by |s|. For Γ ⊆ Σ we define a projection morphism
πΓ : Σ∗ −→ Γ ∗ by πΓ (a) = a if a ∈ Γ and πΓ (a) = 1 otherwise. Given a word s
and factorizations s = tlu = vmw, we say that t is generated by the occurrences
of l and m in s (that are uniquely defined by the two factorizations above) if
t = 1 = u or v = 1 = w or (l 	= 1 	= m and (t = 1 = w or u = 1 = v)). A
deterministic finite automaton, briefly dfa, over Σ is a tuple A = (Q,Σ, δ, q0, F ),
whereQ is the finite set of states, δ : Q×Σ → Q is the transition function, q0 ∈ Q
is the initial state, and F ⊆ Q is the set of final states. The language L(A) ⊆ Σ∗

that is accepted by A is defined as usual.
An independence alphabet is an undirected graph (Σ, I), where Σ is a finite

alphabet and I ⊆ Σ×Σ is an irreflexive and symmetric relation, called indepen-
dence relation. The complement Ic = (Σ×Σ)\I is called a dependence relation.
The pair (Σ, Ic) is called a dependence alphabet. Given an independence alpha-
bet (Σ, I) we define the trace monoid M(Σ, I) as the quotient monoid Σ∗/≡I ,
where ≡I denotes the least equivalence relation that contains all pairs of the
form (sabt, sbat) for (a, b) ∈ I and s, t ∈ Σ∗. Elements of M(Σ, I), i.e., equiv-
alence classes of words, are called traces. The trace that contains the word s is
denoted by [s]≡I or briefly [s]. For the rest of this section let (Σ, I) be an arbi-
trary independence alphabet and letM = M(Σ, I). Since for all words s, t ∈ Σ∗,
s ≡I t implies |s| = |t|, we can define |[s]| = |s|. If Γ ⊆ Σ then the trace monoid
N = M(Γ, I∩Γ ×Γ ) is a submonoid ofM and we may view πΓ : Σ∗ −→ Γ ∗ as a
morphism πΓ :M −→ N between trace monoids. A clique covering of the depen-
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dence alphabet (Σ, Ic) is a sequence (Σi)i∈n of alphabets such that Σ =
⋃n

i=1Σi

and Ic =
⋃n

i=1Σi × Σi. Given a clique covering Π = (Σi)i∈n, we will use the
abbreviation πi = πΣi . Furthermore let πΠ : M −→ ∏n

i=1Σ
∗
i be the morphism

that is defined by πΠ(u) = (πi(u))i∈n. It is well–known that πΠ is injective.
Thus, M is isomorphic to its image under πΠ which we denote by 〈Π〉. Its el-
ements are also called reconstructible tuples, see [CM85] pp. 186. A necessary
but not sufficient condition for (si)i∈n ∈ 〈Π〉 is πi(sj) = πj(si) for all i, j ∈ n.
If the cliques Σ1, . . . , Σn are pairwise disjoint then πΠ is also surjective and
M �∏n

i=1Σ
∗
i . In the rest of this section let Π = (Σi)i∈n be an arbitrary clique

covering of the dependence alphabet (Σ, Ic) and let π = πΠ . Given a factoriza-
tion u = vw of u ∈M , we obtain a unique factorization π(u) = π(v)π(w) of the
reconstructible tuple π(u) (where concatenation of tuples is defined component
wise). But the converse is false. A factorization π(u) = (si)i∈n(ti)i∈n corresponds
to a factorization of u only if (si)i∈n ∈ 〈Π〉 (which implies (ti)i∈n ∈ 〈Π〉). Since
π(u) ∈ 〈Π〉, this already holds if the weaker condition πi(sj) = πj(si) holds for
all i, j ∈ n. Given a trace l ∈M and a factorization π(u) = (si)i∈n π(l)(ti)i∈n, we
say that the occurrence of π(l) in π(u) that is defined by this factorization is re-
constructible if πi(sj) = πj(si) for all i, j ∈ n. This implies (si)i∈n, (ti)i∈n ∈ 〈Π〉
and thus the factorization above defines a unique occurrence of the trace l in u.

In the following we introduce some notions concerning trace rewriting sys-
tems. For a more detailed study, see [Die90]. Let → be an arbitrary binary
relation (for which we use infix notation) on an arbitrary set A. The reflexive
and transitive closure of → is denoted by →∗. The inverse relation →−1 of →
is also denoted by ←. A →–merging for a, b ∈ A is a finite sequence of the form
a = a1 → . . .→ an = bm ← . . .← b1 = b. We say that the situation a ← c→ b
is →–confluent if there exists a →–merging for a and b. The notion of a termi-
nating (confluent, locally confluent) relation is defined as usual, see e.g. [BO93].
Newman’s lemma states that a terminating relation is confluent iff it is locally
confluent. A trace rewriting system, briefly TRS, over M is a finite subset of
M ×M . Let R be a TRS over M . An element (l, r) ∈ R is usually denoted by
l → r. Let c = (l → r) ∈ R. For u, u′ ∈ M , we write u →c u

′ if u = vlw and
u′ = vrw for some v, w ∈ M . We write u →R u′ if u →d u

′ for some d ∈ R.
We say that the TRS R is terminating (confluent, locally confluent) if →R is
terminating (confluent, locally confluent). For i ∈ n we define the rules πi(c)
and π(c) by πi(c) = (πi(l) → πi(r)) and π(c) = ((πi(l))i∈n → (πi(r))i∈n). The
TRSs πi(R) and π(R) are defined in the obvious way. Note that π(u)→π(c) π(v)
( π(u) →π(R) π(v) ) need not necessarily imply u →c v (u →R v). The reason
is that in the rewrite step π(u) →π(c) π(v) a non reconstructible occurrence
of π(l) may be replaced by π(r). We introduce the following notations. Given
(si)i∈n, (ti)i∈n ∈ 〈Π〉, we write (si)i∈n ⇒π(c) (ti)i∈n if for some (ui)i∈n, (vi)i∈n

it holds si = uiπi(l)vi, ti = uiπi(r)vi, and πi(uj) = πj(ui) for all i, j ∈ n.
We write (si)i∈n ⇒π(R) (ti)i∈n if (si)i∈n ⇒π(d) (ti)i∈n for some d ∈ R. With
these notations it is obvious that u →c v iff π(u) ⇒π(c) π(v) and u →R v iff
π(u) ⇒π(R) π(v). In particular, R is confluent iff ⇒π(R) is confluent on 〈Π〉.
R is called length–reducing if |l| > |r| for every (l → r) ∈ R. Obviously, if R
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Rules for the absorbing symbol 0:
(1a) (1, x0) → (1, 0) for x ∈ Γ
(1b) (1, 0x) → (1, 0) for x ∈ Γ
(1c) (c, 0) → (1, 0)

Main rules:

(3a) (c, �A|w|+2) → (1, �q0w
)
(3b) (c, B) → (1, 0)

Rules for simulating M: Let q, q′ ∈ Q and a′ ∈ Σ\{✷}.
(5a) (1, q 
 $$) → (1, a′q′
) if δ(q, ✷) = (q′, a′, R)
(5b) (1, bq 
 $$) → (1, q′ba′
) if δ(q, ✷) = (q′, a′, L)
(5c) (1, qa$$) → (1, a′q′) if δ(q, a) = (q′, a′, R)
(5d) (1, bqa$$) → (1, q′ba′) if δ(q, a) = (q′, a′, L)
(5e) (1, �qa$$) → (1, �q′✷a′) if δ(q, a) = (q′, a′, L)

Rules for deleting non well–formed words:
(2a) (1, 
y) → (1, 0) for y ∈ Γ\{$}
(2b) (1, 
$y) → (1, 0) for y ∈ Γ\{$}
(2c) (1, x�) → (1, 0) for x ∈ Γ

Rules for shifting $-symbols to the left:
(4a) (1, aβ$$) → (1, a$β) for β ∈ Σ ∪ {
}
(4b) (1, a$β$$) → (1, a$$β) for β ∈ Σ ∪ {
}

Fig. 1. The system Rw . Let a, b ∈ Σ be arbitrary.

is length–reducing, then R is also terminating. By the well–known critical pair
lemma it is possible to construct a finite set of critical pairs for a terminating
semi–Thue system, see [BO93] for more details. Therefore it is decidable whether
a terminating semi–Thue system is confluent. In [NO88], a trace monoid M is
presented such that even for the class of length–reducing TRSs over M , conflu-
ence is not decidable. This problem will be considered in the next section for
arbitrary trace monoids. More precisely, let CONFL(M) be the following com-
putational problem:
INPUT: A length–reducing TRS R over M QUESTION: Is R confluent ?
For technical reasons we will also consider the problem CONFL�=1(M) which is
defined in the same way, but where the input is a length–reducing TRS whose
right–hand sides are all different from the empty trace 1.

3 Independence Alphabets with Three Vertices

A trace monoid M = M(Σ, I) with |Σ| = 2 is either the free monoid {a, b}∗ or
the free commutative monoid {a}∗×{b}∗. In both cases CONFL(M) is decidable.
If |Σ| = 3 then there exist up to isomorphism two cases, whereM is neither free
nor free commutative. The first case arises from the independence alphabet that
is defined by the graph [a− c− b] and will be considered in this section. The
corresponding trace monoid is {a, b}∗ × {c}∗. The second case arises from the
independence alphabet [a−b c] and is considered in [Loh98].

Lemma 1. CONFL�=1({a, b}∗ × {c}∗) is undecidable.
Proof. First we prove the undecidability of CONFL�=1(Γ ∗ × {c}∗) for a finite
alphabet Γ = {a1, . . . , an} where n > 2. This alphabet Γ can be encoded
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into the alphabet {a, b} via the morphism φ : ai �→abai+1bn−i+2 for i ∈ n.
The following proof is a variant of a construction given in [NO88]. Let M =
(Q,Σ,✷, δ, q0, {qf}) be a deterministic one–tape Turing machine, where Q is
the finite set of states, Σ is the tape alphabet, ✷ ∈ Σ is the blank symbol,
δ : Q\{qf}×Σ → Q×(Σ\{✷})×{L,R} is the transition function, q0 is the initial
state and qf 	= q0 is the final state. We may assume that δ is a total function.
Thus, M terminates iff it reaches the final state qf . Assume that the problem
whetherM halts on a given input w ∈ (Σ\{✷})+ is undecidable. For instance,
M may be a universal Turing machine. Let Γ be the disjoint union Γ = Q∪Σ∪
{0, %, &, A,B, $}. For every w ∈ (Σ\{✷})+, we define a TRS Rw over {c}∗ × Γ ∗

by the rules of Figure 1. Note thatRw is length–reducing and that all right–hand
sides are non empty. Since we excluded the case w = 1, we do not have to consider
the pair (1, %q&$$) in the last group of rules. We claim thatRw is confluent iffM
does not halt on input w. Note that for every rule (l1, l2) → (r1, r2) ∈ Rw it
holds ri = 1 if li = 1 for i ∈ {1, 2}. This property assures that Rw is confluent iff
all situations (t1, t2) Rw← (s1, s2)→Rw (t1, t2) are confluent, where the replaced
occurrences of left–hand sides (l1, l2), (m1,m2) in (s1, s2) satisfy the following:
For every i ∈ {1, 2}, si is generated by the occurrences of li and mi in si and for
some i ∈ {1, 2} these two occurrences are non disjoint in si, i.e., have some letters
in common. Most of these situations are easily seen to be confluent. For instance,
in the situation (1, Bv%q0w&) (3a)← (c, Bv%A|w|+2)→(3b) (1, 0v%A|w|+2) (where
v ∈ Γ ∗ is arbitrary) both traces can be reduced to (1, 0) since the left trace
contains a factor of the form x% which may be rewritten to 0 with rule (2c). The
only difficult situation is (1, %q0w&vB) (3a)← (c, %AnvB)→(3b) (1, %Anv0), where
v ∈ Γ ∗ is arbitrary. Since (1, %Anv0)→∗

(1a) (1, 0), the truth of the following claim
proves the lemma.
Claim: M does not halt on input w iff ∀v ∈ Γ ∗ : (1, %q0w & vB)→∗

Rw
(1, 0).

Let RM be the subsystem that consists of the rules in group (4) and (5).
First assume that M halts on input w. Then there exists an m ≥ 1 such that
(1, %q0w & $mB)→∗

RM (1, %uqfv1$2v2$2 . . . vl−1$2vl$2 & $kB), where u ∈ Σ∗, l ≥
0, v1, . . . , vl ∈ Σ and k ≥ 2. Since M cannot move from the final state qf , the
last pair is irreducible. Now assume that M does not halt on input w. First
consider the case v = $m for m ≥ 0. We obtain

(1, %q0w & $mB)→∗
RM (1, %uqv1$α1v2$α2 . . . vl−1$αl−1vl$αl & $αl+1B),

where u ∈ Σ∗, l ≥ 0, v1, . . . , vl ∈ Σ, and α1, . . . , αl+1 ∈ {0, 1}. By rule (2a) or
rule (2b) the last pair can be rewritten to (1, %uqv1$α1v2$α2 . . . vl−1$αl−1vl$αl0)
which reduces to (1, 0) with the rules of group (1). Now assume v = $myv′, where
m ≥ 0, y ∈ Γ\{$} and v′ ∈ Γ ∗. Similarly to the derivation above, we obtain

(1, %q0w & $myv′B)→∗
RM (1, %uqv1$α1v2$α2 . . . vl−1$αl−1vl$αl & $αl+1yv′B),

where u ∈ Σ∗, l ≥ 0, v1, . . . , vl ∈ Σ, and α1, . . . , αl+1 ∈ {0, 1}. Since y ∈
Γ\{$} again either by rule (2a) or rule (2b) the last pair can be rewritten to
(1, %uqv1$α1v2$α2 . . . vl−1$αl−1vl$αl0v′B) which reduces to (1, 0) with the rules
of group (1). This concludes the proof.
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Note that the system Rw is not length–increasing in both components, i.e., for
all (l1, l2) → (r1, r2) ∈ Rw, |l1| ≥ |r1| and |l2| ≥ |r2|. Together with Theorem 2
of Section 5 this gives a very sharp borderline between decidability and unde-
cidability for the case of a direct product of free monoids. The following result
can be shown using similar techniques.

Lemma 2. CONFL�=1(M({a, b, c}, {(a, b), (b, a)})) is undecidable.

4 The General Case

A confluent semi–Thue system remains confluent if we add an additional symbol
(that does not appear in the rules) to the alphabet. This trivial fact becomes
wrong for TRSs, see [Die90], pp. 125 for an example. Thus, the following lemma
is not a triviality.

Lemma 3. Let (Σ, I) be an independence alphabet and let Γ ⊆ Σ. Let M =
M(Σ, I) and let N = M(Γ, I ∩ Γ × Γ ). Thus, N ⊆ M . If CONFL�=1(M) is
decidable then CONFL�=1(N) is also decidable.

Proof. Given a length–reducing TRS P over N whose right–hand sides are all
non empty, we will construct a length–reducing TRS R over M whose right–
hand sides are also all non empty such that P is confluent iff R is confluent. The
case Γ = Σ is trivial. Thus, let us assume that there exists a 0 ∈ Σ\Γ . Let R =
P∪{[ab]→ [0] | a ∈ Σ\Γ or b ∈ Σ\Γ}. Note that R is length–reducing. Assume
that P is confluent and consider a situation u1 R← u→R u2. If u ∈ N then we
must have u1 P← u →P u2. Confluence of P implies that u1 →∗

P v
∗
P← u2 for

some v ∈ N and thus u1 →∗
R v

∗
R← u2. If u 	∈N then umust contain some letter

from Σ\Γ . This must also hold for u1 and u2. Furthermore ui 	∈Σ\(Γ ∪{0}) for
i ∈ {1, 2}, which holds since all right–hand sides of P are non empty. Thus, u1

and u2 can both be reduced to [0]. Now assume that R is confluent and consider
a situation u1 P← u →P u2. Thus, u1 R← u →R u2 and confluence of R
implies u1 →∗

R v ∗
R← u2 for some v ∈ M . Since symbols from Σ\Γ do not

appear in u1 or u2 it follows u1 →∗
P v

∗
P← u2.

Now we are able to prove our first main result.

Theorem 1. CONFL(M) is decidable iff M is a free monoid or a free commu-
tative monoid.

Proof. The decidability of CONFL(M) in the case of a free or free commutative
monoid is well–known. Thus, assume that M = M(Σ, I) is neither free nor
free commutative. First note that M is a direct product of free monoids iff the
dependence alphabet (Σ, Ic) is a disjoint union of complete graphs iff (Σ, I)
does not contain an induced subgraph of the form [a−b c]. Thus, by Lemma 2
and Lemma 3, if M is not a direct product of free monoids then CONFL�=1(M)
(and thus also CONFL(M)) is undecidable. Thus, assume that M =

∏n
i=1Σ

∗
i .

Since M is neither free nor free commutative we have n > 1 and there exists
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an i ∈ n such that |Σi| > 1. But then [a− c− b] is an induced subgraph of
(Σ, I). Lemma 1 and Lemma 3 imply the undecidability of CONFL�=1(M) and
CONFL(M).

5 A Decidability Criterion

In this section we present a new and non trivial criterion that implies decidability
of confluence for terminating TRSs. For our considerations, we need the concept
of a recognizable trace language. For a more detailed introduction into this topic,
see for instance chapter 6 of [DR95]. One of the fundamental results about
recognizable trace languages states that a trace language is recognizable iff it
is recognized by a special kind of automaton, namely a so called asynchronous
automaton, see [Zie87]. Since we will need only this type of automata, we use it
for the definition of recognizable trace languages.

A (finite) asynchronous automaton A over the trace monoid M = M(Γ, I) is
a tuple A = (Q,Γ, (δa)a∈Γ , q0, F ), where

– Q =
∏m

i=1Qi is a direct product of finite sets of (local) states,
– for every symbol a ∈ Γ , there exists a non empty set dom(a) ⊆ m such that

for all (a, b) ∈ I it holds dom(a) ∩ dom(b) = ∅,
– for every symbol a ∈ Γ , δa is a (partially defined) local transition function
δa :

∏
i∈dom(a)Qi →

∏
i∈dom(a)Qi,

– q0 ∈ Q is the initial state, and F ⊆ Q is the set of final states.

The (partially defined) global transition function δ : Q× Γ → Q of A is defined
as follows. For (pi)i∈m ∈ Q and a ∈ Γ , δ((pi)i∈m, a) is defined iff δa((pi)i∈dom(a))
is defined. If this is the case it holds δ((pi)i∈m, a) = (qi)i∈m, where (i) qi = pi

for i 	∈dom(a) and (ii) (qi)i∈dom(a) = δa((pi)i∈dom(a)). For a word s ∈ Γ ∗,
δ((pi)i∈m, s) is then defined in the usual way. Note that for (a, b) ∈ I it holds
δ((pi)i∈m, ab) = δ((pi)i∈m, ba). Thus, it is possible to define δ((pi)i∈m, [s]) for
[s] ∈ M . The language accepted by A is L(A) = {u ∈ M | δ(q0, u) ∈ F}. A
trace language L ⊆ M is called recognizable iff there exists an asynchronous
automaton A overM with L = L(A). Since it holds L(A) =M iff A, considered
as a dfa over Γ , accepts Γ ∗ the following holds.

Fact 1 The following problem is decidable.
INPUT: An asynchronous automaton A over M QUESTION: L(A) =M?

Fact 2 IfK ⊆M is recognizable and L ⊆ N is recognizable thenK×L ⊆M×N
is also recognizable (use the well–known product construction).

The following lemma is crucial for the proof of the next theorem.

Lemma 4. Let R be a terminating TRS over M(Σ, I) and let Π = (Γi)i∈n be
a clique covering of (Σ, Ic) such that

– For all i ∈ n and all (l → r) ∈ R it holds πi(l) 	= 1.
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– For all i, j ∈ n and all (l→ r) ∈ R, if πi(πj(l)) = 1 then also πi(πj(r)) = 1.

Then ⇒πΠ(R) is confluent on 〈Π〉 (and thus →R is confluent) iff all situations

(t′i)i∈n = (siπi(p)s′i)i∈n πΠ(R)⇐ (siπi(l)s′i)i∈n = (ti)i∈n =
(uiπi(m)u′i)i∈n ⇒πΠ(R) (uiπi(r)u′i)i∈n = (t′′i )i∈n (1)

with the following properties are ⇒πΠ(R)–confluent.

– (l → p), (m→ r) ∈ R and (ti)i∈n, (si)i∈n, (ui)i∈n ∈ 〈Π〉.
– For all i ∈ n, the occurrences of πi(l) 	= 1 and πi(m) 	= 1 in ti generate ti.
– For some i ∈ n, the occurrences of πi(l) and πi(m) are non disjoint in ti.

The fact that the two replaced occurrences of π(l) and π(m) can be assumed to
generate ti is easy to see. Non–disjointness of the occurrences can be assumed
due to the two conditions imposed on R. These conditions assure that if two
disjoint and reconstructible occurrences of π(l) and π(m) exist in (ti)i∈n ∈ 〈Π〉
and (say) π(l) is replaced by π(p) then the occurrence of π(m) in the resulting
tuple is still reconstructible. Let us state now our second main result.

Theorem 2. The following problem is decidable.
INPUT: A TRS R over a trace monoid M = M(Σ, I) such that there exists a
clique covering (Σi)i∈n of the dependence alphabet (Σ, Ic) with the following
properties:

πi(R) is terminating for every i ∈ n and πi(πj(l)) = 1 implies πi(πj(r)) =
1 for all i, j ∈ n with i 	= j and all (l → r) ∈ R.

QUESTION: Is R confluent?

Note that for instance the second condition on R trivially holds ifM =
∏n

i=1Σ
∗
i

with the clique covering (Σi)i∈n. Another class to which the theorem may be
applied are special TRSs (i.e. every rule has the form l→ 1) such that for every
left–hand side l and every clique Σi it holds πi(l) 	= 1. On the other hand,
Theorem 2 cannot be applied to the system Rw from the proof of Lemma 1,
since for instance the projection onto the first component is not terminating.

Proof. Let Π = (Σi)i∈n be a clique covering of (Σ, Ic) such that πi(R) is termi-
nating for every i ∈ n and let π = πΠ . Thus, R must be terminating. Moreover,
there cannot exist a rule (1 → πi(r)) ∈ πi(R), i.e., for every (l → r) ∈ R and
every i ∈ n it holds πi(l) 	= 1 and therefore Lemma 4 applies to R. Fix two rules
(l → p), (m → r) ∈ R and let li = πi(l) and similarly for p, m, and r. Consider
the situation shown in (1) in Lemma 4. The conditions imposed on (1) imply
that for every i ∈ n either (1) ti = liwimi for some wi ∈ Σ∗

i or (2) ti = miwili
for some wi ∈ Σ∗

i or (3) li and mi are non disjoint and generate ti. Furthermore
there must exist at least one i ∈ n such that case (3) holds. Thus, for every
partition n = I1 ∪ I2 ∪ I3 with I3 	= ∅ we have to consider all (ti)i∈n ∈ 〈Π〉
such that for all i ∈ Ik case (k) holds. Fix such a partition n = I1 ∪ I2 ∪ I3 and
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let I1,2 = I1 ∪ I2, Σ(k) =
⋃

i∈Ik
Σi for k ∈ {1, 2, 3}. Moreover, since for every

i ∈ I3 there exist only finitely many possibilities for the string ti we may also
fix the tuple (ti)i∈I3 . After these two choices, the only unbounded component
in the tuple (ti)i∈n is the reconstructible factor (wi)i∈I1,2 . Since the occurrences
(li)i∈n and (mi)i∈n must be reconstructible in (ti)i∈n it is easy to see that
πj(ti) = πi(tj) = 1 for all i ∈ I1, j ∈ I2. Similarly for all i ∈ I3, j ∈ I1,2 it must
hold πi(wj) = 1. Thus, we have to consider all tuples (wi)i∈I1,2 ∈ M1 ×M2,
where M1 = 〈(Σi\(Σ(2) ∪ Σ(3)))i∈I1 〉 � M(Σ(1)\(Σ(2) ∪ Σ(3)), I) and M2 =
〈(Σi\(Σ(1) ∪Σ(3)))i∈I2 〉 �M(Σ(2)\(Σ(1) ∪Σ(3)), I). We will prove that the set
of all tuples (wi)i∈I1,2 ∈ M1 ×M2 for which there exists a ⇒π(R)–merging for
the corresponding tuples (t′i)i∈n and (t′′i )i∈n (that are uniquely determined by
the wi via the two choices made above) is a recognizable trace language, which
proves the theorem by Fact 1.

Let Rk = {(πi(l))i∈Ik
→ (πi(r))i∈Ik

| (l → r) ∈ R} for k ∈ {1, 2, 3} and
let R1,2 = {(πi(l))i∈I1,2 → (πi(r))i∈I1,2 | (l → r) ∈ R}. Obviously, there ex-
ists a ⇒π(R)–merging for (t′i)i∈n and (t′′i )i∈n iff there exist a ⇒R1,2–merging
for (t′i)i∈I1,2 and (t′′i )i∈I1,2 as well as a ⇒R3–merging for (t′i)i∈I3 and (t′′i )i∈I3

such that both mergings can be combined to a ⇒π(R)–merging, i.e., both merg-
ings have the same length, in the k–th step for some (l → r) ∈ R the rules
(πi(l))i∈I1,2 → (πi(r))i∈I1,2 and (πi(l))i∈I3 → (πi(r))i∈I3 , respectively, are ap-
plied, and finally the two replaced reconstructible occurrences of (πi(l))i∈I1,2

and (πi(l))i∈I3 give a reconstructible occurrence of π(l). Since R3 is terminat-
ing it is possible to construct all ⇒R3–mergings for the fixed tuples (t′i)i∈I3

and (t′′i )i∈I3 . Fix one of these mergings. Since a finite union of recognizable
trace languages is again recognizable it suffices to prove that the set of all tu-
ples (wi)i∈I1,2 ∈ M1 ×M2 such that there exists a ⇒R1,2–merging for (t′i)i∈I1,2

and (t′′i )i∈I1,2 which can be combined with the fixed ⇒R3–merging to a ⇒π(R)–
merging is recognizable.

Recall that πj(ti) = πi(tj) = 1 for all i ∈ I1, j ∈ I2. The properties of R
imply that every tuple (si)i∈I1,2 that appears in a ⇒R1,2–merging for (t′i)i∈I1,2

and (t′′i )i∈I1,2 also satisfies πj(si) = πi(sj) = 1 for all i ∈ I1, j ∈ I2. But this
implies that every ⇒R1–merging for (t′i)i∈I1 and (t′′i )i∈I1 can be combined with
every ⇒R2–merging for (t′i)i∈I2 and (t′′i )i∈I2 , assumed that both mergings fit to
our chosen⇒R3–merging. By Fact 2 it suffices to prove that the set of all tuples
(wi)i∈I1 ∈M1 such that there exists a ⇒R1–merging for (t′i)i∈I1 = (piwimi)i∈I1

and (t′′i )i∈I1 = (liwiri)i∈I1 that can be combined with our fixed⇒R3–merging is
recognizable (the corresponding statement for M2 can be proven analogously).

In order to allow this combination only rather restricted ⇒R1–mergings for
(piwimi)i∈I1 and (liwiri)i∈I1 are allowed. More precisely, let the k–th step (in
the ⇒R3–part or the ⇐R3–part) in our fixed ⇒R3–merging be of the form
(si)i∈I3 ⇒R3 (s′i)i∈I3 , where si = uiπi(l)u′i, s

′
i = uiπi(r)u′i, (l → r) ∈ R.

Then we have to consider exactly those ⇒R1–mergings for (piwimi)i∈I1 and
(liwiri)i∈I1 such that the k–th step has the form (si)i∈I1 ⇒R1 (s′i)i∈I1 , where si =
viπi(l)v′i, s

′
i = viπi(r)v′i, and πj(vi) = πi(uj) for all i ∈ I1,2, j ∈ I3. In partic-

ular, the rule from R1 that must be applied in each step of a ⇒R1–merging
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for (piwimi)i∈I1 and (liwiri)i∈I1 is fixed. For the further consideration we may
therefore exchange its left– and right–hand side. Thus, we only have to deal with
a fixed sequence of rules over 〈(Σi\Σ(2))i∈I1〉. For the following let Γi = Σi\Σ(2)

for i ∈ I1 and let Γ = Σ(1)\Σ(2).
From the previous discussion it follows that in order to prove the theorem it

suffices to prove that for given α ∈ N (which is the length of the fixed sequence
of rules over 〈(Γi)i∈I1 〉), (li,k)i∈I1 , (ri,k)i∈I1 ∈ 〈(Γi)i∈I1 〉, ui,j,k ∈ Γi ∩ Σj (that
are fixed for the rest of this section) where i ∈ I1, j ∈ I3, k ∈ α+ 1 the set of
all tuples (wi)i∈I1 ∈M1 such that

∃(si,1)i∈I1 , . . . , (si,α+1)i∈I1 ∈ 〈(Γi)i∈I1 〉 ∀k ∈ α, i ∈ I1, j ∈ I3 :
si,1 = piwimi, si,α+1 = liwiri, si,k = vi,kli,kv′i,k,

si,k+1 = vi,kri,kv′i,k, (vi,k)i∈I1 ∈ 〈(Γi)i∈I1 〉, πj(vi,k) = ui,j,k

(2)

is recognizable in M1. Since M1 is recognizable in 〈(Γi)i∈I1 〉 and recognizable
languages are closed under intersection it suffices to prove that set of all tuples
(wi)i∈I1 ∈ 〈(Γi)i∈I1〉 such that (2) holds is recognizable. This will be proven in
the rest of this section. We need the following notions.

For the rest of the section let Xi for i ∈ I1 be an infinite enumerable set of
variable symbols with Xi ∩Xj = ∅ for i 	= j and let

⋃
i∈I1

Xi = X . We assume
X∩Γ = ∅. For all i ∈ I1, let xi ∈ Xi be a distinguished variable. For S ∈ (Γ∪X)∗

let Var(S) denote the set of all variables that appear in S. Let Lini denote the
set of all words S ∈ (Γi∪Xi\{xi})∗ such that every variable x ∈ Var(S) appears
only once in S. We write S �i T iff S, T ∈ Lini and the word πX(S) ∈ X∗

i

is a prefix of πX(T ). We write S �i T iff S �i T and T �i S. A substitution
is a function τ : X → Γ ∗ such that τ(x) ∈ Γ ∗

i for all x ∈ Xi and i ∈ I1. The
homomorphic extension of τ to the set (Γ∪X)∗ that is defined in the obvious way
is denoted by τ as well. For every x ∈ X and i ∈ I1, we introduce a new symbol
πi(x). Let πi(X) = {πi(x) | x ∈ X}. Every πi may be viewed as a morphism
πi : (X∪Γ )∗ → (πi(X)∪Γi)∗. For a substitution τ we define τ(πi(x)) = πi(τ(x)).
A system of word equations with regular constraints, briefly SWE, is a finite set ∆
that consists of equations S = T with S, T ∈ (Γi ∪Xi ∪ πi(X))∗ for some i ∈ I1
and regular constraints of the form x ∈ L(A) where x ∈ Xi\{xi} and A is a dfa
over Γi for some i ∈ I1. A solution τ for ∆ is a substitution τ : X → Γ ∗ such
that τ(S) = τ(T ) for all (S = T ) ∈ ∆ and τ(x) ∈ L(A) for all (x ∈ L(A)) ∈ ∆.
Let L(∆) = {(τ(xi))i∈I1 ∈ 〈(Γi)i∈I1 〉 | τ is a solution of ∆}.

In (2) we ask for the set of all (wi)i∈I1 ∈ 〈(Γi)i∈I1〉 such that (piwimi)i∈I1 can
be transformed into (liwiri)i∈I1 by a fixed sequence of rules where furthermore
the projections onto the alphabets Σj (j ∈ I3) of the prefixes that precede
the replaced occurrences of the left–hand sides are fixed. In the simpler case
of a fixed sequence of ordinary string rewrite rules over some Γi (i ∈ I1) it is
easy to construct finitely many data of the form S(i) �i T

(i) such that s ∈
Γ ∗

i can be transformed into t ∈ Γ ∗
i by an application of that sequence iff for

some of the constructed data S(i), T (i) and some substitution τ it holds s =
τ(S(i)), t = τ(T (i)). If we further fix the projections onto every alphabet Σj
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(j ∈ I3) of the prefixes that precede the replaced occurrences of the left–hand
sides then we have to add to the above data fixed values for some of the πΣj (x)
(j ∈ I3, x ∈ Var(S(i))). These additional data may be expressed as regular
constraints for the variables in Var(S(i)). If we go one step further and consider
the direct product

∏
i∈I1

Γ ∗
i , instead of a free monoid, the only thing that changes

is that we need for every component i ∈ I1 data of the above form. Finally if
we consider the situation in (2), we have to enrich the above data further since
we have to guarantee that reconstructible occurrences of left–hand sides will be
replaced. This can be achieved by adding a (synchronization) equation of the
form πi(S

(j)
k ) = πj(S

(i)
k ) (where i, j ∈ I1, i 	= j and S(i)

k � S(i) for every i ∈ I1)
for the k–th rewrite step, which assures reconstructibility. These consideration
lead to the following lemma that can be proven by induction on α ≥ 0.

Lemma 5. There exists a finite set S of SWEs (which can be constructed ef-
fectively), where every ∆ ∈ S has the form

piximi = S(i), lixiri = T (i), πi(S
(j)
k ) = πj(S

(i)
k ) (i, j ∈ I1, k ∈ α), C (3)

(with S(i)
k � S(i) � T (i) for all i ∈ I1, k ∈ α and C being regular constraints)

such that for (wi)i∈I1 ∈ 〈(Γi)i∈I1 〉 it holds (2) iff (wi)i∈I1 ∈ L(∆) for some
∆ ∈ S.
Thus, in order to prove Theorem 2 it suffices to show that for a SWE ∆ of the
form (3) the set L(∆) is recognizable. The next lemma proves the recognizability
of the set of solutions of SWEs of a simpler form.

Lemma 6. Let S(i) ∈ Lini, Yi = Var(S(i)), Y =
⋃n

i=1 Yi and for all i, j ∈ I1
with i 	= j let S(i) = S

(i)
j,1 . . . S

(i)
j,αi,j

be factorizations of S(i), where αi,j = αj,i.
Let ∆ be the SWE

xi = S(i), πj(S
(i)
j,k) = πi(S

(j)
i,k ), y ∈ L(Ay) (i 	= j ∈ I1, k ∈ αi,j , y ∈ Y ). (4)

Then L(∆) ⊆ 〈(Γi)i∈I1 〉 is a recognizable trace language.

Proof. Let Ax = (Qx, Γi, δx, qx, {px}) for x ∈ Yi, i ∈ I1. We may assume
that for x 	= y it holds Qx ∩ Qy = ∅. From these automata we can easily
construct a dfa (with 1–transitions) A(i) = (Q(i), Γi, δ

(i), q(i), p(i)) that recog-
nizes the language {τ(S(i)) | ∀x ∈ Yi : τ(x) ∈ L(Ax)}. The dfa A(i) reads
the word S(i) from left to right but instead of reading a variable x ∈ Yi it
jumps via a 1–transition into the initial state of the dfa Ax. If it reaches the
final state of Ax the dfa jumps back into the word S(i) at the position af-
ter the variable x. The idea is to modify the so called mixed product automa-
ton (see [Dub86]) of the dfas A(i) (which recognizes the language {(wi)i∈I1 ∈
〈(Γi)i∈I1 〉 | ∀i ∈ I1 : wi ∈ L(A(i))}) such that it checks whether the addi-
tional equations πj(S

(i)
j,k) = πi(S

(j)
i,k ) are satisfied for all i, j ∈ I1, k ∈ αi,j with

i 	= j. More formally, let A = (
∏

i∈I1
Q(i), Γ, (δa)a∈Γ , (q(i))i∈I1 , {(p(i))i∈I1}) be



330 Markus Lohrey

the asynchronous automaton, where dom(a) = {i ∈ I1 | a ∈ Γi} for every a ∈ Γ .
The local transition function is defined as follows. For all i, j ∈ I1, k ∈ αi,j

with i 	= j let Q(i)
j,k ⊆ Q(i) be the set of states of A(i) that corresponds to the

subword S(i)
j,k of S(i) (which contains all states in Qx if x ∈ Var(S(i)

j,k)). Then
the idea is to allow an a–transition only if for all i, j ∈ dom(a) with i 	= j
there exists a k ∈ αi,j such that the i–th component of the asynchronous au-
tomata currently is in a state from Q

(i)
j,k and the j–th component of the asyn-

chronous automaton is in a state from Q
(j)
i,k , i.e., both components are in the

same layer. Thus, δa((qi)i∈dom(a)) is defined for (qi)i∈dom(a) ∈
∏

i∈dom(a)Q
(i) iff

for all i, j ∈ dom(a) with i 	= j there exists a k ∈ αi,j such that qi ∈ Q(i)
j,k

and qj ∈ Q(j)
i,k . If this is the case then δa((qi)i∈dom(a)) = (δ(i)(qi, a))i∈dom(a). It

is easy to see that L(∆) = L(A).

Now the proof of Theorem 2 can be completed by proving that every SWE ∆ of
the form (3) can be reduced to a finite set S of SWEs of the form (4) such that
L(∆) =

⋃{L(Θ) | Θ ∈ S}. The rather technical proof of this fact is carried out
in [Loh98].

6 Conclusion

We have shown that for the class of length–reducing trace rewriting systems over
a given trace monoidM , confluence is decidable iffM is free or free commutative.
Thus, we have located the borderline between decidability and undecidability
for this problem in terms of the underlying trace monoid. Furthermore we have
presented a new criterion that implies decidability of confluence for terminating
systems. Other interesting classes of systems for which it is an open question,
whether confluence is decidable are special or monadic trace rewriting systems
(which are defined analogously to the semi–Thue case, see [BO93]) as well as
one–rule trace rewriting systems, for which confluence can be decided in almost
all cases, see [WD95].
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Abstract. This paper introduces Thue specifications, an approach for
string–rewriting description of infinite graphs. It is shown that strongly
reduction–bounded and unitary reduction–bounded rational Thue spec-
ifications have the same expressive power and both characterize the
context–free graphs of Muller and Schupp. The problem of strong re-
duction–boundedness for rational Thue specifications is shown to be
undecidable but the class of unitary reduction–bounded rational Thue
specifications, that is a proper subclass of strongly reduction–bounded
rational Thue specifications, is shown to be recursive.

1 Introduction

Countable graphs or, more precisely, transition systems can model any software
or digital hardware system. For this reason at least, the study of infinite graphs
is, in authors opinion, an important task. Obviously, dealing with infinite graphs
requires a finite description. When viewed as systems of equations, some graph
grammars [9] may have infinite graphs as solutions. In this paper another ap-
proach is introduced. The idea comes from the categorist’s way of expressing
equations between words (of the monoid generated by the arrows of a category)
by means of commutative diagrams.1

By orienting them, equations between words are turned into string–rewrite
rules. String–rewriting systems were introduced early in this century by Axel
Thue [17] in his investigations about the word problem and are also known
as semi–Thue systems. Later, semi–Thue systems became useful in formal lan-
guages theory (see [15] for an overview) and, as pointed out in this paper, are
also of interest as finite descriptions of infinite graphs. Other approaches relat-
ing semi–Thue systems to infinite graphs may be found in [16], [5] and [4]. In
the latter paper, the class of Muller and Schupp’s context–free graphs [12] is
characterized by means of prefix rewriting using labeled rewrite rules.
1 The idea underlying the definition of the Cayley graph associated to a group pre-
sentation leads to a similar result.

V. Arvind and R. Ramanujam (Eds.): Foundation of Software Technology, LNCS 1530, pp. 331–342,
1998.
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The link between infinite graphs and semi–Thue systems introduced in this
paper raises the following question. Which classes of graphs may be described by
semi–Thue systems ? As a first element of the answer, a string–rewriting char-
acterization of context–free graphs of Muller and Schupp is provided as follows.
Sect. 2 is devoted to basic definitions. Thue specifications and their graphs are
defined in Sect. 3. Two classes of Thue specifications are described in Sect. 4
and the main result is established in Sect. 5. In Sect. 6 the authors investigate
whether these classes are recursive. Short conclusion closes the paper.

2 Preliminaries

Assuming a smattering of string–rewriting and formal languages, several basic
definitions and facts are reviewed in this section. An introductory material on
above topics may be found in e.g. [2], [11] and [14].

Words. Given a finite set A called alphabet, the elements of which are called
letters, A∗ stands for the free monoid over A. The elements of A∗ are all words
over A, including the empty word, written ε. A subset of A∗ is a language over A.
Each word u is mapped to its length, written |u|, via the unique monoid homo-
morphism from A∗ onto (IN, 0,+) that maps each letter of A to 1. When u = xy
for some words x and y, then x (resp. y) is called a prefix (resp. suffix ) of u. If
in addition y �= ε (resp. x �= ε), then x (resp. y) is a proper prefix (resp. suffix )
of u. The set of suffixes of u is written suff(u). This notation is extended to sets
in the usual way: suff(L) =

⋃
u∈L suff(u) for any language L. When u = xyz

for some words x, y, z (resp. such that xz �= ε), then y is called a factor (resp.
proper factor) of u. A word u properly overlaps on left a word v if u = xy and
v = yz for some words x, y, z such that x �= ε.

Semi–thue Systems. A semi–Thue system S (an sts for short) over A is a
subset of A∗ ×A∗. A pair (l, r) of S is called (rewrite) rule, the word l (resp. r)
is its lefthand (resp. righthand) side. As any binary relation, S has its domain
(resp. range), written Dom(S) (resp. Ran(S)). Throughout this paper, only finite
semi–Thue systems are considered.

The single–step reduction relation induced by S on A∗, is the binary re-
lation →S = {(xly, xry) | x, y ∈ A∗, (l, r) ∈ S}. A word u reduces into a
word v, written u→∗

S v, if there exist words u0, . . . uk such that u0 = u, uk = v
and ui →S ui+1 for each i = 0, . . . , k − 1. The integer k is then the length of the
reduction under consideration. A word v is irreducible with respect to (w.r.t. for
short) S when v does not belong to Dom(→S). Otherwise v is reducible w.r.t. S.
It is easy to see that the set of all irreducible words w.r.t. S, written Irr(S), is
rational whenever Dom(S) is so, since Dom(→S) = A∗(Dom(S))A∗. A word v
is a normal form of a word u, when v is irreducible and u→∗

S v.
An sts S is terminating, if there is no infinite chain u0 →S u1 →S u2 →S · · ·.

An sts is left–basic, if no righthand side of a rule is a proper factor of a lefthand
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side nor is properly overlapped on left by a lefthand side. An sts S over A is
special (resp. monadic), if Ran(S) = {ε} (resp. Ran(S) ⊆ A ∪ {ε} and |l| > |r|
for each (l, r) ∈ S).

Graphs. Given an alphabet A, a simple directed edge–labeled graph G over A
is a set of edges, viz a subset of D × A ×D where D is an arbitrary set. Given
d, d′ ∈ D, an edge from d to d′ labeled by a ∈ A is written d a→ d′. A (finite) path
in G from some d ∈ D to some d′ ∈ D is a sequence of edges of the following
form: d0

a1→ d1, . . . , dn−1
an→ dn, such that d0 = d and dn = d′.

For the purpose of this paper, the interests lies merely in graphs, the vertices
of which are all accessible from some distinguished vertex. Thus, a graph G ⊆
D ×A×D is said to be rooted on a vertex e ∈ D, if there exists a path from e
to each vertex of G. The following assumption is made for the sequel. Whenever
in a definition of a graph a vertex e is distinguished as root, then the maximal
subgraph rooted on e is understood.

Pushdown Machines and Context–Free Graphs. An important class of
graphs with decidable monadic second–order theory is characterized in [12]. The
graphs of this class are called context–free by Muller and Schupp and may be
defined by means of pushdown machines.

A pushdown machine2 over A (a pdm for short) is a triple P = (Q,Z, T )
where Q is the set of states, Z is the stack alphabet and T is a finite subset
of A ∪ {ε} × Q × Z × Z∗ × Q, called the set of transition rules. A is the input
alphabet. A pdm P is realtime when T is a finite subset of A×Q×Z ×Z∗ ×Q.

An internal configuration of a pdm P is a pair (q, h) ∈ Q × Z∗. To any
pdm P together with an internal configuration ι, one may associate an edge–
labeled oriented graph G(P, ι) defined as follows. The vertices of the graph are
all internal configurations accessible from the configuration ι. The latter one is
the root of the graph. There is an edge labeled by c ∈ A ∪ {ε} from (q1, h1) to
(q2, h2) whenever there exists a letter z ∈ Z and two words g1, g2 ∈ Z∗ such
that h1 = g1z, h2 = g1g2 and (c, q1, z, g2, q2) ∈ T .

It may be useful to note that the context–free graphs of Muller and Schupp
are exactly (up to isomorphism) all HR–equational (in the sense of [6], also
called regular in [4]) as well as VR–equational (in the sense of [1]) graphs of
finite degree. Finally, since any pdm over A is a realtime pdm over A ∪ {ε},
realtime pdm’s are as powerful as pdm’s for describing graphs. In other words,
the graphs of realtime pdm’s form a complete set of representatives of Muller
and Schupp’s context–free graphs.

3 Thue Specifications and Their Graphs

The key ideas of this paper are introduced in the present section.
2 It is a pushdown automaton with no specified accepting configurations.
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Definition 1. An (oriented) Thue specification (an ots for short) over an al-
phabet A is a triple 〈S, L, u〉 where S is a semi–Thue system over A, L is a
subset of Irr(S) and u is a word of L. An ots is rational if L is so.

The semantics of a Thue specification may be defined as a category of models
similarly to [10] but this topic is not developed in the sequel. In fact, for the
purpose of this paper only the initial model, referred to in the following as the
model, is relevant. Without summoning up the initial semantics, it may be simply
defined as follows.

Definition 2. The model of an ots 〈S, L, u〉 is the graph, written G(S, L, u),
defined as follows. The vertices of the graph are all words of L that are accessible
via edges from the root u of the graph. The edges of G(S, L, u) are labeled by the
letters of A. There is an edge v

a→w whenever w is a normal form of va.

It should be noted that termination of S is not required in this definition. Thus a
vertex v of G(S, L, u) has no outgoing edge labeled by a if and only if no normal
form of va belongs to L.
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Fig. 1. Graphs G(S1, Irr(S1), ε) and G(S2, Irr(S2), ε)

Example 1. Over the alphabet A1 = {a, b}, consider a single–rule sts S1 =
{(ba, ab)}. The set of irreducible words is a∗b∗. The graph G(S1, Irr(S1), ε) (see
Fig. 1) is isomorphic to ω × ω.
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Example 2. Over the alphabet A2 = {a, b, a, b} consider the following sts: S2 =
{(aa, ε), (aa, ε), (bb, ε), (bb, ε)}. The set of irreducible words w.r.t. S2 is the set
of all reduced words representing the elements of the free group generated by
{a, b}. The graph3 G(S2, Irr(S2), ε) (see Fig. 1) is isomorphic to the Cayley graph
of the two–generator free group.

4 Two Equivalent Conditions

This section introduces two notions that help characterizing Thue specifications
that generate the context–free graphs of Muller and Schupp.

An sts S over A is strongly reduction–bounded on a subset L of Irr(S) when
there exists a positive integer k such that for each word u of L and each a in A,
the length of any reduction of ua is less than k. The integer k is then called a
reduction bound of S (on L). An sts S is unitary reduction–bounded on a subset L
of Irr(S) when it is strongly reduction–bounded on L and 1 is a reduction bound
of S.

An ots 〈S, L, u〉 is strongly reduction–bounded (resp. unitary reduction–bound-
ed) if S is strongly reduction–bounded (resp. unitary reduction–bounded) on L.

The system S1 from Example 1 is not strongly reduction–bounded on Irr(S1).
Indeed, the word bn is irreducible and n is the length of the reduction of the
word bna into its normal form abn. Since n is an arbitrary positive integer, S1

has no reduction bound.
On the contrary, the sts S2 from Example 2 is unitary reduction–bounded

on Irr(S2). As a matter of fact, given a nonempty word w = uc of Irr(S2) with
c ∈ A2, for any d ∈ A2 the normal form of wd is u if c = d or d = c, and wd
otherwise. In both cases the length of the corresponding reduction is not greater
than 1. It may be observed that G(S2, Irr(S2), ε) is a tree.

The next proposition and the subsequent comment establish inclusions be-
tween some familiar classes of semi–Thue systems (see e.g. [2] and [15]) on one
hand, and strongly (resp. unitary) reduction–bounded semi–Thue systems on the
other hand.

Proposition 1. For all finite semi–Thue systems S the following holds.

1. If S is special then S is unitary reduction–bounded.
2. If Ran(S) ⊆ Irr(S) and no word of Ran(S) is properly overlapped on left by

a word of Dom(S) then S is unitary reduction–bounded.
3. If S is terminating left–basic then S is strongly reduction–bounded.

Proof. Both (1) and (2) are obvious. Let then S be a finite terminating left–
basic semi–Thue system over A. Let w ∈ Irr(S) and a ∈ A. Consider the longest
suffix v of w such that va ∈ Dom(S). Observe that, since S is left–basic, each
reduction of wa concerns only va. Let therefore k be the maximum of the lengths
of all reductions of the words of Dom(S). Obviously, k is a reduction bound of
S. ✷

3 For each edge, there is the opposite edge (not depicted) corresponding to the formal
inverse of the label.
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It may be noted that no converse of statements (1), (2) or (3) of the above
proposition holds. Indeed, the semi–Thue system {aa → a} over {a} is unitary
reduction–bounded but is not special; a is properly overlapped on left by aa
hence the system is not left–basic. On the other hand, Proposition 1 cannot be
strengthened to the case of monadic semi–Thue systems. The semi–Thue system
{ab→ b} over {a, b} is monadic without being strongly reduction–bounded.

The following result demonstrates that the strongly reduction–bounded ra-
tional ots and unitary reduction–bounded rational ots have the same expressive
power for describing graphs.

Proposition 2. Given any strongly reduction–bounded rational ots 〈S, R, u〉,
one may construct a unitary reduction–bounded rational ots 〈S′, R′, u′〉 such that
the graphs G(S, R, u) and G(S′, R′, u′) are isomorphic.

Proof. Let k be a reduction bound of S and m = maxl∈Dom(S) |l| be the maxi-
mum length of the lefthand sides of S. Consider any reduction of length n of a
word wa such that w ∈ R and a ∈ A. If |wa| > mn, then only a proper suffix of
wa is reduced. The length of the reduced suffix cannot exceed mn. Since n ≤ k,
for any reduction, the length of the reduced suffix cannot exceed mk.

Let S′ = S′
# ∪ S′

A be an sts over A ∪ {#}, where # /∈ A, defined as follows:

S′
# = {(#wa,#v) | a ∈ A, w ∈ R , v ∈ Irr(S), wa ∗→

S
v and |wa| < mk},

S′
A = {(wa, v) | a ∈ A, w ∈ suff(R) , v ∈ Irr(S), wa ∗→

S
v and |wa| = mk}

and let R′ = #R.
Unit reduction–boundedness of S′ on R′ is established as follows. Let w ∈ R′

and a ∈ A′. If a = # then wa /∈ R′. Assume then that a ∈ A. Observe first
that, if wa→S′

#
x for some x ∈ (A′)∗ then x ∈ Irr(S′). Assume therefore by

contradiction that there is a reduction wa→S′
A
x→S′ y for some x, y ∈ (A′)∗.

Let w1 be the longest prefix of w this reduction is not concerned with and
let w2 be the remaining suffix, viz w = w1w2. Now, either w2 ∈ suff(R) (when
x→S′

A
y) and |w2| > mk or w2 = #w′

2 (when x→S′
#
y) for some w′

2 ∈ R such
that |w′

2| > mk. Hence, there exists a reduction of w2a (resp. w′
2a) w.r.t. S the

length of which exceeds k. This contradicts the assumption that k is a reduction
bound of S on R.

Observe that for all w ∈ R, v ∈ Irr(S) and a ∈ A, v is a normal form of wa
w.r.t. S if and only if #v is a normal form of #wa w.r.t. S′. Hence, the mapping
w �→ #w restricted to the vertices of G(S, R, u) extends to a graph isomorphism
between G(S, R, u) and G(S′, R′, u′) where u′ = #u. ✷

5 Main Result

Proposition 2 together with the statements of this section lead to the main result
of this paper.
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Proposition 3. Given any realtime pdm P over A and an internal configuration
ι of P, one may construct a unitary reduction–bounded rational ots 〈S, R, u〉 such
that the graphs G(P, ι) and G(S, R, u) are isomorphic.

Proof. Let P = (Q,Z, T ) be a realtime pdm over A and let ι = (q0, h0) be
an internal configuration of P. Without loss of generality A, Q and Z may be
assumed pairwise disjoint. Set A′ = A∪Q∪Z. Define an sts S over A′ as follows

S = {(zqa, hq′) | (a, q, z, h, q′) ∈ T }
and let u = h0q0. It is well known that the pushdown store language of a pdm
is rational. The following language is therefore rational:

R = {hq | (q, h) is an internal configuration of P accessible from ι} .

Moreover R ⊆ Irr(S).
Observe that S is unitary reduction–bounded on R. Indeed, let v ∈ R and

a ∈ A′. For va to be reducible, there must exist w ∈ Irr(S) and a rewrite
rule (zqa, hq′) such that v = wzqa. Consequently, va→S whq′. But no word of
Dom(S) may overlap hq′ on left. Since w is irreducible, so is whq′.

The fact that is G(P, ι) and G(S, R, u) are isomorphic is readily established
by induction on the distance of vertex from the root, using the following one–to–
one mapping of the vertices of G(P, ι) onto the vertices of G(S, R, u): (q, h) �→ hq.

✷

In order to establish the converse, the following lemma is useful.

Lemma 1. Given a pdm P = (Q,Z, T ) over A, an internal configuration ι of
P and a rational subset R of Z∗Q, one may construct a pdm P′ together with
ι′ such that the graph G(P′, ι′) is isomorphic to the restriction of G(P, ι), rooted
on ι, to the following set of vertices: {(q, h) ∈ Q×Z∗ | hq ∈ R}. Moreover P′ is
realtime if P is so.

The following proof uses a device similar to a predicting automaton of [11]. More
precisely, P′ is constructed so that the contents of its pushdown store encodes a
successful run of a finite automaton accepting R.

Proof. Let A = (D, d0, δ, F ) be a finite deterministic and complete automaton
over A that accepts R. Here D is the set of states of A, d0 ∈ D is the initial
state, δ:D × A → D is the transition function and F ⊆ D is the set of final
states of A.

A is the input alphabet of P′ and the stack alphabet is Z ′ = D×Z. Consider
a map κ:D × Z∗ → (D × Z)∗ defined as follows

κ(d, ε) = ε, for all d ∈ D,
κ(d, zg) = 〈d, z〉κ(δ(d, z), g), for all 〈d, z〉 ∈ D × Z and g ∈ Z∗.

Let ι′ = (d0, κ(d0, h0)). On the whole P′ = (Q,Z ′, T ′) where

T ′ = {(a, q, 〈d, z〉, κ(d, h), q′) | (a, q, z, h, q′) ∈ T, d ∈ D, δ(d, zq) ∈ F,
δ(d, hq′) ∈ F} .
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Observe that an edge (q, gz) a→(q′, gh) is in the restriction of G(P, ι) to {(q, h) |
hq ∈ R} rooted on ι if and only if the vertex (q, gz) is in this restriction and

κ(d0, gz) = H〈d, z〉 for some H ∈ (Z ′)∗ and some d ∈ D,
δ(d, zq) ∈ F, δ(d, hq′) ∈ F and
(a, q, z, h, q′) ∈ T .

Hence equivalently, there is an edge (q, κ(d0, g)〈d, z〉) a→(q′, κ(d0, g)κ(d, h)) in
G(P′, ι′). Since ι′ = (d0, κ(d0, h0)), the result follows by induction from the above.

✷

It may be noted that the size of the resulting pdm P′ is in O(nk), where n is the
number of states of the finite automaton A accepting R used in the construction
and k is the size of P. Indeed |Z ′| = n|Z| and |T ′| ≤ n|T |.

The converse of Proposition 3 is stated in the following.

Proposition 4. Given any unitary reduction–bounded rational ots 〈S, R, u〉
over A, one may construct a realtime pdm P and an internal configuration ι
of P such that the graphs G(S, R, u) and G(P, ι) are isomorphic.

In the following proof a word w ∈ Irr(S) is cut into factors w = x1 . . . xny, so
that all words xi are of equal length m and |y| < m, where m is the maximum
length of the lefthand sides of S. Then w is encoded by an internal configuration
(qy, z1 . . . zn) where z1, . . . , zn are letters of the stack alphabet that is in one–
to–one correspondence with the words over A of length m.

Proof. A pushdown machine P′ = (Q′, Z ′, T ′) is defined first together with an
internal configuration ι′ so that G(P′, ι′) is isomorphic to G(S, Irr(S), u). Set
m = maxl∈Dom(S) |l|. Define a pdm P′ as follows. The set Q of the states is
indexed by irreducible words, the length of which is strictly less than m viz
Q = {qw | w ∈ Irr(S) and |w| < m}. The stack alphabet Z ′ = Z ′′ ∪ {z0} has
the bottom symbol z0 /∈ Z ′′ and Z ′′ is an arbitrary set that is in one–to–one
correspondence f with the set of irreducible words of length m,

f : {w ∈ Irr(S) | |w| = m} → Z ′′ .

The set T ′ of transition rules of P′ is constructed as follows.

– For any a ∈ A, any qw ∈ Q and any z ∈ Z ′′, one has
1. (a, qw, z, z, qwa) ∈ T when f−1(z)wa ∈ Irr(S) and |wa| < m,
2. (a, qw, z, zf(wa), qε) ∈ T when f−1(z)wa ∈ Irr(S) and |wa| = m,
3. (a, qw, z, ε, qvr) ∈ T when f−1(z)wa = vl for some v ∈ Irr(S) and (l, r) ∈

S such that |vr| < m,
4. (a, qw, z, f(x1) . . . f(xn), qy) ∈ T when f−1(z)wa = vl for some v ∈

Irr(S) and (l, r) ∈ S such that vr = x1 . . . xny, where x1, . . . , xn, y ∈
Irr(S) are such that |x1| = · · · = |xn| = m and |y| < m.

– For any a ∈ A and any qw ∈ Q, one has
1. (a, qw, z0, z0, qwa) ∈ T when wa ∈ Irr(S) and |wa| < m,
2. (a, qw, z0, z0f(wa), qε) ∈ T when wa ∈ Irr(S) and |wa| = m,
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3. (a, qw, z0, z0, qvr) ∈ T when wa = vl for some v ∈ Irr(S) and (l, r) ∈ S
such that |vr| < m,

4. (a, qw, z0, z0f(x1) . . . f(xn), qy) ∈ T when wa = vl for some v ∈ Irr(S)
and (l, r) ∈ S such that vr = x1 . . . xny, where x1, . . . , xn, y ∈ Irr(S) are
such that |x1| = · · · = |xn| = m and |y| < m.

Define now the internal configuration ι′ of P′ corresponding to the root of the
graph G(S, Irr(S), u) as follows. If |u| < m, set ι′ = (qu, z0). Otherwise one has
u = x1 . . . xny for some x1, . . . , xn, y ∈ Irr(S) such that |x1| = · · · = |xn| = m
and |y| < m. Set then ι′ = (qy, z0f(x1) . . . f(xn)).

It is easy to check that the one–to–one mapping (qw, z0h) �→ f−1(h)w of
the vertices of G(P′, ι′) onto the vertices of G(S, Irr(S), u) extends to a graph
isomorphism. Moreover P′ is realtime.

Obviously, G(S, R, u) is a restriction (on vertices) of G(S, Irr(S), u) to R
rooted on u. Define CR′ = {(qw, z0h) | h ∈ (Z ′′)∗, qw ∈ Q′, f(h)w ∈ R}
and R′ = {z0hqw | (qw, z0h) ∈ CR′}. Observe that R′ is rational. Moreover,
the restriction of G(P′, ι′) to CR′ rooted on ι′ is isomorphic to G(S, R, u). Now,
according to Lemma 1, one may construct a pdm P and an internal configuration
ι of P such that the graph G(P, ι) is isomorphic to G(S, R, u). ✷

It is not too difficult to figure out that size resulting from the construction
described above is doubly exponential w.r.t. the maximum length of the lefthand
sides of S.

In view of the results established so far, it is straightforward to conclude
this section as follows. Both strongly reduction–bounded and unitary reduction–
bounded rational ots characterize the class of Muller and Schupp’s context–free
graphs. Moreover, since the transition rules of a pdm may be seen as labeled
prefix rewrite rules, the graphs of suffix–bounded rational ots can also be gener-
ated by prefix rewriting. This remark is rather obvious insofar as prefix rewriting
generate exactly context–free graphs of Muller and Schupp [4].

6 Decision Problems

The criterion of strong reduction–boundedness defines a class of Thue specifi-
cations, the graphs of which have decidable monadic second–order theory due
to the result of Muller and Schupp [12]. It may be asked whether the class of
strongly reduction–bounded rational ots is recursive. The answer is positive for
the subclass of unitary reduction–bounded rational ots.

Proposition 5. There is an algorithm to solve the following problem.
Instance: A finite semi–Thue system S and a rational subset R of Irr(S).
Question: Is S unitary reduction–bounded on R ?

Proof. Let S be a finite sts over A. For each rule (r, l) and each a ∈ A set
R(l,r),a =

(
(Ra)l−1

)
r. Observe that

⋃

(l,r)∈S
a∈A

R(l,r),a = {v | ∃u ∈ R, ∃ a ∈ A s.t. ua→
S
v} .
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Thus, S is unitary reduction–bounded if and only if R(l,r),a ⊆ Irr(S) for each
(l, r) ∈ S and a ∈ A. Since both S and A are finite, there is a finite number of
inclusions to test, all between rational languages. ✷

It is not surprising that the above result may be extended as follows.

Proposition 6. There is an algorithm to solve the following problem.
Instance: A finite semi–Thue system S, a rational subset R of Irr(S)

and a positive integer k.
Question: Is k a reduction bound of S on R ?

Proof. The proof is similar to the one of Proposition 5. One has to test the
inclusion in Irr(S) of the languages of the form ((· · · (((Ra)l−1

1 )r1) . . . l−1
k )rk) for

each sequence (l1, r1) . . . (lk, rk) over S of length k and each a ∈ A. ✷

As established above, one may decide whether an integer is a reduction bound
of a semi–Thue system. However the decision procedure sketched in the proof
does not allow, in general, to establish the existence of a reduction bound. The
problem, whether a reduction bound exists, may be addressed in the context of
the strong boundedness problem for Turing machines.

As defined in [13], a Turing machine T is strongly bounded if there exists an
integer k such that, for each finite configuration uqv, T halts after at most k
steps when starting in configuration uqv. The strong boundedness problem for
Turing machines is the following decision problem.
Instance: A single–tape Turing machine T.
Question: Is T strongly bounded ?
Now, one may effectively encode an arbitrary deterministic single–tape Tur-

ing machine T into a semi–Thue system S over an appropriate alphabet A and
define an effective encoding χ of the configurations of T into words of Irr(S)A
that satisfy the following property.

Starting from uqv, T halts after k steps if and only if any reduction of
χ(uqv) into an irreducible word is of length k.

Such an encoding χ may consist in the following. Consider a configuration uqv
where a Turing machine is in a state q, uv is a tape inscription such that the
tape head is positioned on the first letter of v or on the blank , if v = ε. Let
m = max(|u|, |v|) and let u′ (resp. v′) be the suffix (resp. prefix) of mu (resp.
v m) of length m, where is an additional symbol. Consider now a letterwise
shuffle of u′ and the reversal ṽ′ of v′. Enclose it in a pair of # and append q
on right. For instance with u = abc and v = de (resp. u = ab and v = cde) we
get #a becd#q (resp. # eadbc#q). Formally a configuration uqv is encoded as
follows:

χ(uqv) = #
(
( max(0,|v|−|u|)u) �� ( max(0,|u|−|v|)ṽ)

)
#q

where �� denotes the letterwise shuffle of two words (of equal length)

a1 . . . an �� b1 . . . bn = a1b1 . . . anbn .
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It is not too difficult to simulate in such representation each move of the Turing
machine by a single rewrite step w.r.t. an appropriate sts. However, one needs to
distinguish whether the tape head is in the part of the tape initially occupied by u
or by v. In the former situation the symbols of the states of the Turing machine
are used directly whereas in the latter situation, their bared versions (as q) are
used. A complete many–one reduction of the strong boundedness problem for
Turing machines into the strong reduction–boundedness problem for semi–Thue
systems may be found in a preliminary version of this paper [3].

Now, the strong boundedness problem is undecidable for 2–symbol single–
tape Turing machines (cf. Proposition 14 of [13]). This gives the following unde-
cidability result.

Proposition 7. There exists a rational set R for which the following problem
is undecidable.

Instance: A finite semi–Thue system S.
Question: Is S strongly reduction–bounded on R ?

7 Conclusion

Thue specifications and their graphs have been introduced and two classes of
Thue specifications have been defined: strongly reduction–bounded and unitary
reduction–bounded ots. It has been established that both unitary and strongly
reduction–bounded rational Thue specifications characterize the context–free
graphs of Muller and Schupp. Moreover, the membership problem for the class
of strongly reduction–bounded rational ots has been shown to be undecidable
whereas, for its proper subclass of unitary reduction–bounded rational ots, this
problem has been established as being decidable.

An important property of context–free graphs is the decidability of their
monadic second–order theory. However the class of Muller and Schupp’s context–
free graphs is not the only well–known class of graphs with decidable monadic
second–order theory. More general classes of such graphs are described in e.g.
[1], [5], [7] or [8]. Beyond, other classes of infinite graphs, the monadic second–
order theory of which is not necessarily decidable, are currently under investi-
gation. How Thue specifications are linked via their graphs to all these classes,
is considered for further research.
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Abstract. We consider several classes of rewriting automata with a
restart operation and the monotonicity property of computations by such
automata. It leads to three natural definitions of (right) monotonicity of
automata. Besides the former monotonicity, two new types, namely a-
monotonicity and g-monotonicity, for such automata are introduced. We
provide a taxonomy of the relevant language classes, and answer the
(un)decidability questions concerning these properties.

1 Introduction

The restarting automata (or automata with an operation restart) serve as a for-
mal tool to model analysis by reduction in natural languages. They integrate
properties of classical paradigms of algebraical linguistics as e.g. configurations,
in a similar way as Marcus grammars (see [11]), to express current syntactic
methods of (European) computational linguistics in a formal way. In this pa-
per we stress certain properties of (right) monotonicity, to separate syntactic
phenomena transformable in (context-free, almost deterministic) rules from the
phenomena not transformable in such rules.

Analysis by reduction consists in stepwise simplification of an extended sen-
tence so that the (in)correctness of the sentence is not affected. Thus after some
number of steps a simple sentence is got or an error is found. Let us illustrate
the analysis by reduction on the sentence

‘Martin, Peter and Jane work very slowly.’

The sentence can be simplified for example in the following way:
� Supported by the Grant Agency of the Czech Republic, Grant-No. 201/96/0195
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1998.
c© Springer-Verlag Berlin Heidelberg 1998



344 Petr Jančar et al.

‘Martin, Peter and Jane work slowly.’
‘Martin, Peter and Jane work.’
‘Martin and Peter work.’ or ‘Peter and Jane work.’ or ‘Martin and Jane
work.’
‘Martin works.’ or ‘Peter works.’ or ‘Jane works.’

The last three sentences are the variants of simple sentences which can be
reduced from the original sentence.

‘Full’ analysis by reduction is used in (European) linguistics as a (purely) syn-
tactic basis for establishing (in)dependencies in any dependency based grammar
(see e.g. [10], [4]). From the previously outlined sample of analysis by reduction,
it can be e.g. derived that between the words Martin, Peter, Jane no depen-
dencies can be established (because the order of their deleting is fully free [they
are actually coordinated]). On the other hand, we can see that the word very
must be deleted always before the word slowly. That means that slowly cannot
be considered dependent on very but vice versa very can be (and actually is)
established dependent on slowly.

An RRWW-automaton can be roughly described as follows. It has a finite
control unit, a head with a lookahead window attached to a list, and it works
in certain cycles. In a cycle, it moves the head from left to right along the word
on the list; according to its instructions, it can at some point once rewrite the
contents of its lookahead by a shorter string and (possibly) move to the right-
hand side again. At a certain place, according to its instructions it halts or
‘restarts’ – i.e. resets the control unit to the initial state and places the head on
the left end of the shortened word. The computation halts in an accepting or a
rejecting state.

Analysis by reduction can be modelled in a straightforward way by RRW -
automata, which are the RRWW-automata using only the input alphabet sym-
bols during their rewriting. RRW -automata have the so called ‘error preserving
property’, which means: if a word (sentence) is not correct then after an ar-
bitrary number of cycles the reduced word (sentence) is also not correct. The
RRWW-automata which can use non-input symbols do not ensure the error pre-
serving property automatically but, on the other hand, they are able to recognize
all CFL.

Among the types of reducing, deleting is significant – it resembles the contex-
tual grammars (see [11], [3]). Contextual grammars work in a dual way – they
insert contexts into a string. The reducing by deleting only, which keeps the
error preserving property, can be very useful for creating a grammar-checker. It
allows to localize the syntactic inconsistencies in a very transparent way. Let us
consider an erroneous variant of the sample sentence:

‘Martin, Peter and Jane works very slowly.’
We can get the following error core by using stepwise error-preserving reduc-

tions by deleting only :
‘Peter and Jane works.’
We consider several classes of restarting automata here, the most general

is that of RRWW-automata. For such automata, the property of (right) mono-
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tonicity of computations has been introduced in [5]. It leads to (at least) three
natural definitions of monotonicity of automata; we call them (strong) mono-
tonicity, a-monotonicity and g-monotonicity. Only the first type was studied
in [5]. Here we consider the other two as well; we provide a taxonomy of the
relevant language classes, and answer the (un)decidability questions concerning
these properties. The new types of monotonicity are more suitable for adequate
grammar-checking (they allow better separation of syntactic inconsistencies),
the g-monotonicity is the most suitable monotonicity to model the ‘full’ analysis
by reduction inside the context-free languages. On the other hand the original
‘strong’ monotonicity is close to the paradigm of a ‘smallest (cheapest) possible’
reduction analysis to a given language.

Section 2 defines RRWW-automata and its subclasses (R-,RR-,RW -,RRW -,
RWW -automata) as well as the mentioned three types of monotonicity prop-
erties. Section 3 summarizes relations to the context-free languages (restarting
automata recognize a subclass of context-sensitive languages). Section 4 exhibits
the ‘decidability border’ for the monotonicity properties, providing decidability
as well as undecidability results. Section 5 (almost completely) compares the
considered models w.r.t. language recognition power. Some additional remarks
can be found in Sect. 6.

2 Definitions

An RRWW-automaton M = (Q,Σ, Γ, k, I, q0, QA, QR) is a device with a fi-
nite state control unit, with the set of states Q, and one head moving on a
finite linear (doubly linked) list of items (cells). The first item always contains
a special symbol |c, the last one another special symbol $, and each other item
contains a symbol from the union of two disjoint finite alphabets Σ and Γ (not
containing |c, $). Σ is called the input alphabet, Γ the working alphabet. The head
has a lookahead ‘window’ of length k ( k ≥ 0) – besides the current item, M
also scans the next k right neighbour items (or simply the end of the word when
the distance to $ is less than k).

In the restarting configuration on an word w ∈ (Σ ∪ Γ )∗, the word |cw$ is
stored in the items of the list, the control unit is in the fixed, initial state q0 ∈ Q,
and the head is attached to that item which contains the left sentinel (scanning |c,
looking also at the first k symbols of the word w). A computation of M starts
in an initial configuration which is a restarting configuration on an input word
(w ∈ Σ∗). We suppose that the set of states Q is divided into two classes –
the set of nonhalting states (there is at least one instruction which is applicable
when the unit is in such a state) and the set of halting states (any computation
finishes by entering such a state); the set of halting states is further divided into
the set of accepting states QA and the set of rejecting states QR.

The computation of M is controlled by a finite set of instructions I. In-
structions are of the following three types (q, q′ ∈ Q, a ∈ Σ ∪ Γ ∪ { |c, $},
u, v ∈ (Σ ∪ Γ )∗ ∪ (Σ ∪ Γ )∗ · {$} ):
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(1) (q, au) → (q′,MVR)
(2) (q, au) → (q′,REWRITE(v))
(3) (q, au) → RESTART

The left-hand side of an instruction determines when it is applicable – q means
the current state (of the control unit), a the symbol being scanned by the head,
and umeans the contents of the lookahead window (u being a string of length k or
less if it ends with $). The right-hand side describes the activity to be performed.

In case (1), M changes the current state to q′ and moves the head to the
right neighbour item of the item containing a.

In case (2), the activity consists of deleting (removing) some items (at least
one) of the just scanned part of the list (containing au), and of rewriting some
(possibly none) of the nondeleted scanned items (in other words au is replaced
with v, where v must be shorter than au). After that, the head of M is moved
right to the item containing the first symbol after the lookahead and the current
state of M is changed to q′. There are two exceptions: if au ends by $ then v
also ends by $ (the right sentinel cannot be deleted or rewritten) and after
the rewriting the head is moved to the item containing $; similarly the left
sentinel |c cannot be deleted or rewritten.

In case (3), RESTART means entering the initial state and placing the head
on the first item of the list (containing |c).

Any computation of an RRWW-automaton M is naturally divided into cer-
tain phases. A phase called cycle starts in an restarting configuration, the head
moves right along the input list (with a bounded lookahead) until is resumed in
an new restarting configuration. We demand that the automaton makes exactly
one REWRITE-instruction in each cycle – i.e. new phase starts on a shortened
word. A phase of a computation called tail starts in an restarting configuration,
the head moves right along the input list (with a bounded lookahead) until one
of the halting states is reached. M can also once rewrite during the tail.

It immediately implies that any computation of any RRWW-automaton is
finite (finishing in a halting state).

In general, an RRWW-automaton is nondeterministic, i.e. there can be two
or more instructions with the same left-hand side (q, au). If it is not the case,
the automaton is deterministic.

An input word w is accepted by M if there is a computation which starts
in the initial configuration with w ∈ Σ∗ (bounded by sentinels |c,$) on the list
and finishes in an accepting configuration where the control unit is in one of the
accepting states. L(M) denotes the language consisting of all words accepted
by M ; we say that M recognizes the language L(M).

By RWW -automata we mean RRWW-automata which do restart immedi-
ately after any REWRITE-instruction.

By RRW -automata we mean RRWW-automata with empty working alpha-
bet. RRW -automata use only the input symbols in the rewriting, i.e. in all
instructions of the form (2) above, the string v contains symbols from the input
alphabet Σ only).
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By RR-automata we mean RRW -automata which use deleting without re-
writing (i.e. in all instructions of the form (2) above, the string v can always be
obtained by deleting some symbols from au).

By R-automata we mean RR-automata which do restart immediately after
any REWRITE-instruction.

The notation u ⇒M v means that there exists a cycle of M starting in the
restarting configuration with the word u and finishing in the restarting configu-
ration with the word v; the relation ⇒∗

M is the reflexive and transitive closure
of ⇒M .

We often (implicitly) use the next obvious proposition:

Proposition 1 (The error preserving property).
Let M = (Q,Σ, Γ, k, I, q0, QA, QR) be an arbitrary RRWW-automaton, u, v
arbitrary input words from Σ∗. If u⇒∗

M v and u /∈ L(M), then v /∈ L(M).

Now we introduce the monotonicity property of computations of RRWW-
automata. Let Dist(u ⇒M v), for an arbitrary cycle u ⇒M v, denote the dis-
tance of the last item in the lookahead window at the place of rewriting (one
rewriting is obligatory in an arbitrary cycle) from the right sentinel ($) in the
current list. We say that a computation C of an RRWW-automatonM is mono-
tonic if for the sequence of its cycles u1 ⇒M u2 ⇒M · · · ⇒M un the sequence
Dist(u1 ⇒M u2), Dist(u2 ⇒M u3), . . . , Dist(un−1 ⇒M un) is monotonic, i.e.
not increasing. Notice, that the tails are not considered for the monotonicity.

We will distinguish between three types of monotonicity:

– By a monotonic RRWW-automaton we mean an RRWW-automaton where
all its computations are monotonic.

– By an accepting-monotonic (a-monotonic) RRWW-automaton we mean an
RRWW-automaton where all the accepting computations are monotonic.

– By a general-monotonic (g-monotonic) RRWW-automaton we mean an
RRWW-automaton where for an arbitrary accepting computation on some
word w there is an monotonic accepting computation on w.

For brevity, prefix det- denotes the deterministic versions of RRWW-automa-
ta similarly mon- the monotonic, a-mon- the a-monotonic, and g-mon- the g-
monotonic versions. L(A), where A is some class of automata, denotes the class
of languages recognizable by automata from A. E.g. the class of languages rec-
ognizable by deterministic monotonic R-automata is denoted by L(det-mon-R).

For some results concerning RRW -automata we need the notion of nonmo-
notonicity-resultant word for an RRW -automaton M ; such a word w arises as
a result of two consecutive cycles by M which violate monotonicity (such word
exists iffM is nonmonotonic; it can be accepted byM iffM is not a-monotonic).

We will use the following proposition.

Proposition 2. Given an RRW -automaton M , there exists a (deterministic)
finite state automaton AM recognizing the set of all nonmonotonicity-resultant
words for M .
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mon-R

mon-RR mon-RW

mon-RRW mon-RWW

mon-RRWW

A B denotes L(A) ⊂ L(B)(and L(A) �= L(B))
A B denotesL(A) = L(B)� ✒

� ✒✒

✒

✲

CFL

✲

❘
� ✒

✛

✠

✲✛

Fig. 1. Relations between classes of languages recognized by monotonic versions
of RRWW-automata from [6]. If there is no directed path between two classes,
then these classes are incomparable.

The respective nondeterministic finite state automaton A′
M , while scanning

the input word, guesses two possible places of rewriting in two preceding cycles
violating the monotonicity property, and checks that M can restart in both
cycles. AM is a deterministic version of A′

M .
It will be useful to note the following ‘pigeonhole’ fact.

Lemma 1. LetM = (Q,Σ, Γ, k, I, q0, QA, QR) be an arbitrary RRWW-automa-
ton. There is a constant p such that for an arbitrary cycle or tail starting on a
word w1vw2 (for some words w1, v, w2 ∈ (Σ∪Γ )∗), where |v| ≥ p, the subword v
can be written v1auv2auv3, (for some words v1, u, v2, v3 ∈ (Σ ∪ Γ )∗ and symbol
a ∈ Σ ∪ Γ ), |u| = k and |auv2| ≤ p where both occurrences of a are entered in
the same state by M during the given cycle or tail (including the possibility that
both are not entered at all) and in the cycle or tail nothing in auv2 is deleted or
rewritten.

We will use the fact that, for any i ≥ 0, the given cycle can be naturally
extended for the ‘pumped’ word w1v1(auv2)iauv3w2 (including also the case of
removing – i = 0).

3 Monotonic Restarting Automata and CFL

The relations between CFL and several classes of RRWW-automata were already
studied in papers [5,6]. In [7], there were shown two characterizations of the class
of deterministic context-free languages (DCFL) by deterministic monotonic RW -
automata, namely DCFL = L(det-mon-R) = L(det-mon-RW ). Figure 1 shows
all the relations proved in [6] where mon- versions of RRWW-automata were
studied. Slightly generalizing Theorem 4 from [5], we can get the next lemma,
and deduce the next theorem:
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Lemma 2. Let M be an arbitrary RRWW-automaton. Then we can construct
a pushdown automaton (PDA) P which accepts exactly the words which can
be accepted by M by monotonic computations. Moreover, if M is deterministic
then P is deterministic as well.

Theorem 1. a) For any X ∈ {RWW,RRWW}:
L(mon-X) = L(a-mon-X) = L(g-mon-X) = CFL.

b) For any X ∈ {R,RR,RW,RRW,RWW,RRWW}:
L(det-mon-X) = L(det-a-mon-X) = L(det-g-mon-X) = DCFL

4 Decidability Questions for Monotonicity Properties

Decidability of the monotonicity property for RW -automata was shown in [7];
in fact, the result can be strengthened for RRWW-automata:

Theorem 2. For RRWW-automata, (the property of) monotonicity is decid-
able.

A detailed proof appears in [6].
Regarding a-monotonicity, the question for RRW -automata is still decid-

able (but by a more complicated construction sketched in the proof below); for
RWW -automata (and hence also RRWW-automata) it becomes undecidable.

Theorem 3. For RRW -automata, a-monotonicity is decidable.

Proof. Let M be a given RRW -automaton. M is not a-monotonic iff M can
accept some word by a nonmonotonic computation; but that means that it can
accept some nonmonotonicity-resultant word by a monotonic computation.

Combining PDA P from Lemma 2 and AM from Proposition 2, we can
construct a PDA P ′ which accepts just the nonmonotonicity-resultant words
accepted by M by monotonic computations. It suffices to check whether P ′ rec-
ognizes the empty language. ��
Theorem 4. For RWW -automata, a-monotonicity is undecidable.

Proof. We use the well known undecidable problem: given two context-free gram-
mars G1, G2, decide whether L(G1) ∩ L(G2) = ∅. For technical reasons, we can
only consider grammars with the terminal alphabet {a, b} and with rules of the
type X → α where length(α) = 2 (of course, any generated word has length 2
at least).

Observe that for any such G, an ‘obvious’ RWW -automaton recognizing
L(G) can be constructed. {a, b} is its input alphabet, V (G) (the set of nonter-
minals) is its working alphabet, it has just one nonhalting state, the lookahead
window of length 1, and it performs (nondeterministically) the bottom-up anal-
ysis – it moves right and whenever ‘sees’ the right-hand side α of a rule X → α,
it can replace it by X ; it accepts just when the starting nonterminal is left.

Using the described idea, we can, given G1, G2, construct an RWW -auto-
maton M1 for the language {ucv | u ∈ L(G1), v ∈ L(G2)} (it just performs the
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‘bottom-up analysis’ according to G1 before c and according to G2 after c –
merging these two analyses arbitrarily. M1 is obviously not a-monotonic when-
ever there are u ∈ L(G1), v ∈ L(G2).

By an obvious modification (reversing right-hand sides in G1) we can getM2

recognizing {ucv | u ∈ (L(G1))R, v ∈ L(G2)} (R denotes the reversal operation),
which is more suitable for our aims.

Now we show how we can, given G1, G2, construct an RRW -automaton M
with the input alphabet {#, c}, the working alphabet {a, b}∪V (G1)∪V (G2) s.t.
if L(G1) ∩ L(G2) = ∅ then L(M) = ∅ (and hence M is (trivially) a-monotonic)
and if L(G1)∩L(G2) �= ∅ then M accepts at least one word by a nonmonotonic
computation (and hence is not a-monotonic).
M expects the input #ic#j for some i, j. It is intended to ‘generate’ a

word uRcu (u ∈ {a, b}∗) and then to behave like M2 (in fact, the phases can
be merged arbitrarily). Besides the instructions taken from M2, its additional
instructions enable to replace the string ##c## by xcx, where x ∈ {a, b} (a
generating step;M will have lookahead window of length 4), and to replace ##x
(x##) by x# (#x) – a shifting left (right) step.

If there is u ∈ L(G1)∩L(G2) then there obviously is an appropriate i s.t. M
accepts #ic#i by a nonmonotonic computation; if L(G1) ∩ L(G2) = ∅ then M
can not accept any word. ��

From the described construction we can immediately conclude:

Corollary 1. Given an RWW -automaton M , it is undecidable whether or not
L(M) = ∅.
Finally we show that the property of g-monotonicity is undecidable even for
R-automata (our simplest model).

Theorem 5. For R-automata, g-monotonicity is undecidable.

Proof. We use the well known undecidable Post correspondence problem (PCP)
for reduction. Let an instance I of PCP be a sequence of words
u1, u2, . . . , un, v1, v2, . . . , vn ∈ {0, 1}∗; the question is whether I has a solution,
i.e. whether there are indices i1, i2, . . . , ir for some r > 0 s.t. ui1ui2 . . . uir =
vi1vi2 . . . vir .

We show that, for any instance I, an R-automaton M can be constructed
s.t. M is g-monotonic iff I has no solution.

First let us say that the pair (u, v) of words in {0, 1, a}∗ is a candidate iff
there are i1, i2, . . . , ir for some r > 0 s.t. u = (ui1aui2a . . . uir−1auir )R and
v = vi1avi2a . . . vir−1avir . Define a homomorphism h : {0, 1, a}∗ → {0, 1}∗ by
h(0) = 0, h(1) = 1, h(a) = λ, where λ denotes the empty word. Observe that I
has a solution iff there is a pair (u, v) which is a candidate and h(uR) = h(v).

Let us define the following languages over the alphabet {0, 1, a, b, c}; in their
definitions we automatically assume u, v ∈ {0, 1, a}∗ and x ∈ {c, λ}. Let L1 =
{ubvx | h(uR) �= h(v)} ∪ {ubbvx | (u, v) is not a candidate}. L1 is obviously
recognized by a (deterministic) monotonic R-automatonM1. It repeatedly ‘cuts’
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around b or bb; when finding the appropriate mismatch, it verifies that there is
no b in the rest of the word and at most one c at the end, and accepts.

Now define L2 = L1 ∪ {ubbbvx | h(uR) �= h(v) or (u, v) is not a candidate}.
Note that L2 = L1 ∪ {ubbbvx | u, v arbitrary} iff I has no solution. L2 is rec-
ognized by an ‘obvious’ (nondeterministic) monotonic R-automaton M2 – it
behaves like M1 but when finding three b’s ‘in the middle’, it removes one or
two of them (and restarts).

We add a further possibility to M2, by which the desired M arises: when
finding ‘the middle’ bbb, it can decide to move to the right end, and in case of
finding c there, it removes c with one preceding symbol and restarts. In this
way, we added nonmonotonic accepting computations. In case that I has no
solution, M still recognizes L2 and is g-monotonic. On the other hand, if I has
a solution then there obviously are words outside L2 (e.g. words of the form
ubbbvc, where h(uR) = h(v) and (u, v) is a candidate) which are accepted by M
– but only using nonmonotonic computations (starting by deleting c and the last
symbol from v); i.e. M is not g-monotonic in this case. ��

The described construction immediately implies:

Corollary 2. Given two R-automata M1, M2, it is undecidable whether or not
L(M1) ⊆ L(M2) as well as whether or not L(M1) = L(M2).

Since DCFL = L(det-mon-R) ⊆ L(R) (cf. Theorem 1 b)), the undecidability of
the inclusion problem follows already from its undecidability for DCFL; on the
other hand, the equivalence problem is decidable for DCFL ([9]).

5 A Taxonomy of Monotonic Restarting Automata

Clearly, an arbitrary RRWW-automaton can be simulated by some linear bound-
ed automaton. Thus, all the languages recognizable by RRWW-automata are
context-sensitive. Subclasses of RRWW-automata yield a hierarchy of corre-
sponding classes of languages. In this section we will prove all the relations
between classes of languages recognized by different types of rewriting automata
with a restart operation which are depicted in Fig. 2.

Each inclusion (⊆) corresponding to an arrow whose starting point is lower
than the end point follows trivially from definitions. Therefore the ‘real’ task
is to show that the inclusions are proper (⊂) – by exhibiting the appropriate
sample languages – or that they are equalities, in fact; in addition, we choose
the sample languages so that any two classes which are not connected by a
directed path in the figure are clearly incomparable. Now we describe the chosen
sample languages:
L1 = {f, ee}.{cndn | n ≥ 0} ∪ {g, ee}.{cndm | m ≥ 2n ≥ 0}
L2 = {cndn | n ≥ 0} ∪ {cndm | m > 2n ≥ 0}
L3 = {(ab)2n−2m(abb)m | m,n ≥ 0, 2m < 2n}

∪ {(abb)2n−m(ab)m | m,n ≥ 0, m < 2n}
L4 = {an1+n2ban2+n3can3dan1 | n1, n2, n3 ≥ 0}
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Fig. 2. The relations between classes of languages recognized by rewriting auto-
mata with a restart operation with different types of monotonicity. A ✲

x B
denotes that L(A) ⊂ L(B) and Lx is a sample language from L(B) − L(A),
in the case x = ? the relation is an open problem. A ✲✛ B denotes
that L(A) = L(B). Lower three layers of the figure correspond to mono-
tonic, a-monotonic and g-monotonic versions of the corresponding classes of
automata from the top layer. E.g. the lowest arrow with index 1 means that
L(mon-R) ⊂ L(mon-RW ) and L1 ∈ L(mon-RW ) − L(mon-R). If there is no
oriented path between any two depicted classes, then these classes are incompa-
rable.

L5 = {wwR | w ∈ (cd+ dc)∗} ∪ {wddwR | w ∈ (cd+ dc)∗}
L6 = {anbnc | n ≥ 0} ∪ {anb2nd | n ≥ 0}

The facts which are needed to be proved for sample languages are summarized
in the next table; e.g. the second row denotes that L2 ∈ L(PDA) − L(RRW ),
i.e. L2 ∈ CFL− L(RRW ), which is proved in [6].

Language Recognized by Not recognized by Proof
L1 mon-RW RR [6]
L2 PDA RRW [6]
L3 R PDA [7]
L4 g-mon-R a-mon-RRW Lemma 3
L5 a-mon-R mon-RW Lemma 4
L6 mon-RR RW [6]

The seven equalities on the right of the figure follow from Theorem 1 a). The
remaining two follow from Lemma 5.

As depicted in the figure, one problem remains open.
We end this section by sketchy proofs of the technical lemmas referred above.
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Lemma 3. L4 ∈ L(g-mon-R)− L(a-mon-RRW )

Proof. A g-mon-R-automaton recognizing L4 is almost obvious. (It can ‘cut’
around b for some time, then around c, and around bcd in the end).

Further we will show that L4 cannot be recognized by any a-mon-RRW -
automaton. Let us suppose that L4 is recognized by an a-mon-RRW -
automaton M . Because of possible pumping (according Lemma 1), sufficiently
long words w = an1+n2ban2+n3can3dan1 from L4 cannot be accepted by tails. In
the case of n2 = 0 and n1,n3 sufficiently large, an accepting computation of M
on w must start by a cycle with rewriting near c or near the d only (because
the word after the first cycle of an accepting computation must be from L4).
Because of possible pumpings (according Lemma 1) in front of b and between b
and c in w, it is possible also for large n2 to rewrite near c or the d and restart
in a new restarting configuration. Simultaneously, the given words cannot be
recognized neither only by changes in tail (near c or near d) of such word, nor
only by changes in front (near the b); the monotonic computation must start by
rewriting near the b. It means that there exists an accepting computation by M
which starts by rewriting in tail and continues by changes in front of a word – a
contradiction. ��
Lemma 4. L5 ∈ L(a-mon-R)− L(mon-RW )

Proof. L5 = L51∪L52, where L51 = {wwR | w ∈ (cd+dc)∗} and L52 = {wddwR |
w ∈ (cd + dc)∗}. An a-mon-R-automaton M recognizing L5 can be sketched
as follows. On an input word from L52 it has the only accepting computation
consisting of stepwise deleting around the ‘center’ dd, which is monotonic. On an
input word from L51, M has the only possible accepting computation starting
by guessing (and marking by dd) the position of the center of the word and
continuing monotonicly on the resulting word from L52.

Now suppose that some mon-RW -automaton M with the size of looka-
head k recognizes L5. Sufficiently long words w = (cd)n(dc)n cannot be ac-
cepted by tails. Otherwise we can get a contradiction by pumping techniques.
After the first cycle w ⇒M w1 of an accepting computation on w, M gets
some word w1 �= w,w1 ∈ L51 ∪ L52 and in the cycle M restarted without
scanning the right sentinel. If w1 ∈ L51 then wddwR

1 ⇒M w1ddw
R
1 is possi-

ble, wddwR
1 /∈ L5 and w1ddw

R
1 ∈ L5 – a contradiction to the error preserving

property (Proposition 1). If w1 ∈ L52 then M has an accepting computation
for the word w(cd)kdd(dc)kwR which can start by rewriting near its center only
w(cd)kdd(dc)kwR ⇒M wudduRwR, for some u ∈ (cd+ dc)∗. But even after such
cycle it can make a cycle wudduRwR ⇒M w1uddu

RwR which causes nonmono-
tonicity – a contradiction.

Hence, an arbitrary RW -automaton M recognizing L5 is nonmonotonic. ��
Lemma 5. L(a-mon-RR) = L(mon-RR)

L(a-mon-RRW ) = L(mon-RRW )

Proof. Apparently, L(mon-X) ⊆ L(a-mon-X), for X ∈ {RR,RRW}.
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To show the opposite inclusions, we sketch a construction of a mon-RRW -
automaton M ′ equivalent to a given a-mon-RRW -automaton M (i.e. L(M ′) =
L(M)). M ′ simulates cycles by M and simultaneously checks whether the word
after the current cycle will be a nonmonotonicity-resultant word for M (using
finite state automaton AM from Proposition 2). If the resulting word would be a
nonmonotonicity-resultant word,M ′ rejects it (this cannot violate monotonicity
because tails do not influent monotonicity). Otherwise M ′ restarts or halts in
the same way as M . Actually, M ′ rejects nonmonotonicity-resultant words even
if they arise by a monotonic computation, but as M is a-monotonic, such words
are rejected by M later.

Moreover if M is an RR-automaton then M ′ is also an RR-automaton. ��

6 Additional Remarks

Some subclasses of RRWW-automata can be considered as strictly length-redu-
cing rewriting systems. G. Sénizergues gave in [8] a characterization of DCFL by
basic, confluent, strictly length-reducing, finite, controlled rewriting systems.
The conditions to be a basic controlled rewriting system in some sense resembles
monotonicity.

It would be also worth to compare RRWW-automata with shrinking push-
down automata used in [1] for recognition of languages generated by the so called
growing context-sensitive grammars. It is easy to see that even RWW -automata
recognize all languages generated by such grammars.
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Abstract. This paper extends automata-theoretic techniques to un-
bounded parallel behaviour, as seen for instance in Petri nets. Languages
are defined to be sets of (labelled) series-parallel posets — or, equiva-
lently, sets of terms in an algebra with two product operations: sequential
and parallel. In an earlier paper, we restricted ourselves to languages of
posets having bounded width and introduced a notion of branching au-
tomaton. In this paper, we drop the restriction to bounded width. We
define rational expressions, a natural generalization of the usual ones over
words, and prove a Kleene theorem connecting them to regular languages
(accepted by finite branching automata). We also show that recognizable
languages (inverse images by a morphism into a finite algebra) are strictly
weaker.

Introduction

The success of automata as a computational model has led to their being gener-
alized in many different ways. Early on, Thatcher and Wright followed an idea
of Büchi (as cited in [16]) and constructed automata operating on terms in free
algebras, generalizing from strings, which are terms of the free monoid. This led
to the development of tree automata and an alternate approach to context-free
languages [8].

More recently, Courcelle applied the notion of recognizability to graphs [4].
He showed that for languages of graphs, definability in monadic second-order
(MSO) logic implies recognizability. For special classes of graph languages such
as context-free graphs, the two notions coincide [5]. Recognizability is defined
algebraically and not via automata.

We go back to a very early generalization of automata, that of Petri nets [13].
Although nets are well-researched, the focus has been on examining causality,
conflict and concurrency in their behaviour (see the book [15], for example.)
There have been a few attempts to study whether results such as the Kleene or
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Myhill-Nerode theorems extend to Petri nets. Garg and Ragunath [7] obtained a
Kleene theorem using concurrent rational expressions for all Petri net languages.
Grabowski [10] also has a Kleene theorem using languages of (labelled) posets,
which provide more information about concurrency. Boudol described “rational
parallel place machines” and provided translations into process algebra [2].

Our idea is to combine the algebraic notion of recognizability with that of
regularity. As in a previous paper [11], we work with sp-languages (languages of
series-parallel posets). Interaction between rationality, recognizability and reg-
ularity was investigated for languages of traces (see [6] for a recent survey, es-
pecially Ochmański’s and Zielonka’s theorems.) In [11], we obtained a Myhill-
Nerode and a Kleene theorem for those languages which have a uniform bound
on the “parallel width” of their terms.

Theorem [11] A bounded width sp-language is series-rational iff recognizable
iff regular.

The series-rational languages over the alphabet A are defined by extending the
usual rational expressions to include parallel product: every letter a ∈ A is a
series-rational expression; and if e1 and e2 are series-rational expressions, then
so are e1 + e2, e1 ◦ e2, e1‖e2 and e+

1 . Recognizability means the sp-language is
described by a morphism into a finite algebra. By regularity, we mean acceptance
by a finite “branching” automaton, which has fork/join transitions in addition
to the usual transitions on a letter of the alphabet. This is a restricted form of
Petri net.

Bounded width is the key property in proving these theorems. In terms of
nets, this translates to the technical notion of 1-safe behaviour.

Differently expressed, the syntax does not allow a “parallel iteration.” For
instance, the sp-language {a||bc, a||b(a||bc)c, a||b(a||b(a||bc)c)c, . . .}, which we will
denote (a||bc)◦ξ(a||bξc)∗ξ, is regular but not bounded width and hence not series-
rational. (a||bξc)∗ξ is an example of a rational iteration, while ◦ξ is a substitution.
These are borrowed from the “generalized” rational expressions of Thatcher and
Wright [16]. In our syntax, the iterated variable is restricted to appear only
within a parallel term (see Section 2 for details). A syntax like µξ.(a||bc+a||bξc)
would be used in process algebra, but that also includes infinite behaviour, which
we are not considering.

What happens to recognizability and regularity for unbounded width lan-
guages? By using techniques from Büchi [3], we establish one direction of a
Myhill-Nerode theorem for the unrestricted languages.

Theorem 1 Recognizable sp-languages are rational.

The converse is not true. The sp-language {a||b, a||a||b||b, . . .} (equal number
of a’s and b’s), denoted (a||b)◦ξ(a||b||ξ)∗ξ, is rational but not recognizable.

We turn our attention to acceptance by branching automata. The results are
more pleasing: we get both directions of a Kleene theorem.

Theorem 2 An sp-language is rational iff it is regular.
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All three proofs (of Theorem 1 and the two directions of Theorem 2) are nontriv-
ial. Together they verify a conjecture made in [11], that recognizable sp-languages
are regular. We can also nicely round off our earlier theorem.

Theorem 3 A bounded width sp-language is series-rational iff recognizable iff
regular iff rational.

1 sp-Posets and sp-Algebras

sp-posets. Let A be an alphabet (a finite non-empty set). An A-labelled
poset is a poset (P,≤) equipped with a labelling function λ:P → A. This is
a generalization of words, which are finite linearly ordered A-labelled sets. We
are in fact considering isomorphism classes of labelled posets (also known as
pomsets [14]), so unless otherwise specified, the underlying sets of distinct posets
are always assumed to be pairwise disjoint. All our posets are finite and non-
empty.

Let P = (P,≤P , λP ) and Q = (Q,≤Q, λQ) be A-labelled posets. The parallel
product P||Q of these posets is (P ∪Q,≤P ∪ ≤Q, λP ∪ λQ), and their sequential
product P ◦Q is (P ∪Q,≤P ∪ ≤Q ∪(P ×Q), λP ∪ λQ). It is easily verified that
both products are associative, and that the parallel product is commutative.

We say that an A-labelled poset is series-parallel, an sp-poset for short, if
either it is empty, or it can be obtained from singleton A-labelled posets by
using a finite number of times the operations of sequential and parallel product.
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Fig. 1. Posets: series-parallel and not

Example 11 Figure 1 shows two posets. Let Pn be the left hand poset having n
occurrences of k. Then P1 = {k}◦{m}◦{j} and Pn+1 = {k}◦({m}||Pn

)◦{j}.
The right hand poset shows a producer-consumer system, a simple example of

message-passing. One can show that this poset is not series-parallel. The trouble
can be traced to the N -shaped subposet shown using thick lines. A poset is N -
free if it does not contain N as a subposet. It is well known that an A-labelled
poset (P,≤, λ) is an sp-poset if and only if (P,≤) is N -free [10,17].
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sp-algebras. The notion of sp-poset is generalized in the following fashion.
An sp-algebra is a set S equipped with two binary operations, denoted ◦ and ‖
and called respectively sequential and parallel product, such that (S, ◦) is a semi-
group (that is, the sequential product is associative), and such that (S, ‖) is a
commutative semigroup. Note that no distributivity is assumed. The discussion
in the previous section shows that the class of (non-empty) sp-posets labelled
by the alphabet A, forms an sp-algebra.

It is clear from this definition that sp-algebras form a variety of algebras
(of signature (2, 2)), so there exists a free sp-algebra over each set A, denoted
SP (A). This free algebra was characterized by Bloom and Ésik (see also [9]).

Proposition [1] SP (A) is isomorphic to the sp-algebra of non-empty A-labelled
sp-posets.

sp-terms. We mildly abuse notation and call the elements of SP (A) sp-terms.
(We will never have occasion to refer to elements of the free (2, 2)-algebra, which
would have been the traditional terms.) Thus x ◦ (y ◦ z) and (x ◦ y) ◦ z are the
same sp-term, conventionally written xyz.

Let x ∈ SP (A) be an sp-term. We say that x is a sequential term if it cannot
be written as a parallel product x = y‖z (y, z ∈ SP (A)), and that x is a parallel
term if it cannot be written as a sequential product x = y ◦ z (y, z ∈ SP (A)).
The only sp-terms which are both parallel and sequential are the letters.

More precisely, if x ∈ SP (A) is an sp-term, then x admits a factorization
of the form x = x1‖ · · · ‖xn, where n ≥ 1 and each xi is a sequential term, and
this factorization is unique up to the order of the factors. It is called the parallel
factorization of x. The sp-term x also admits a unique factorization of the form
x = x1 ◦ · · · ◦ xn, where n ≥ 1 and each xi is a parallel term. That factorization
is called the sequential factorization of x.

Morphisms and substitution. As is usual with algebras, we define a
morphism from an sp-algebra S to an sp-algebra T to be a mapping ϕ:S → T
which preserves the two products, that is, such that if x, y ∈ S, then ϕ(x ◦ y) =
ϕ(x) ◦ ϕ(y) and ϕ(x‖y) = ϕ(x)‖ϕ(y).

The endomorphism of SP (A) which maps the letter a to the term t, and
leaves every other letter unchanged is the substitution of a by t. We write [t/a]x
for the substitution of a by t in the term x.

Let ξ /∈ A. We say that t is a subterm of x if there exists a c ∈ SP (A ∪ {ξ})
with exactly one occurrence of ξ such that x = [t/ξ]c. c is called a context of t
in x. t may have several contexts in x.

Example 12 In Example 11, Pn+1 = k(m‖Pn)j. So Pn is a subterm of Pn+1,
in the context c = k(m‖ξ)j. In other words, Pn+1 = [Pn/ξ]c. The term k is a
subterm of Pn in n different contexts. The term (m‖(kmj))j is also a subterm
of Pn but the term (kmj)j is not.

We define the width of an sp-term as the morphism from (SP (A), ◦, ‖) into
the “tropical” semiring (N,max,+) which maps each letter to 1. Alternatively,
it is the maximal cardinality of an anti-chain in the corresponding sp-poset.
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2 Rational sp-Languages

An sp-language is a subset of some free sp-algebra SP (A). One of the results
of this paper characterizes the “finite state” sp-languages in terms of rational
expressions, as in the case of languages over words.

Let B be an alphabet containing A. (The elements of B \A will be used as
variables.) We now define rational expressions over B inductively. The treatment
follows Thatcher and Wright [16] (see also [8] and [3]).

(1) Every b ∈ B is a rational expression;

(2) if e1 and e2 are rational expressions, then so are e1 + e2, e1 ◦ e2, e1‖e2

and e+
1 ;

(3) if e1 and e2 are rational expressions, and if ξ ∈ B, then e1◦ξe2 is a rational
expression;

(4) if e is a rational expression, and if ξ ∈ B, then e∗ξ is a rational expression,
provided every occurrence of ξ or ∗ξ within e is inside a parallel subexpres-
sion e1|| . . . ||en.

The last two operations (3) and (4) are called substitution and rational it-
eration (or ξ-exponentiation), respectively. The proviso in (4) is a departure
from [16], but a key element in preserving regularity (Section 4).

Now, we associate with each rational expression an sp-language in SP (B):

(1) L(b) = {b} for b ∈ B;

(2) L(e1+e2) = L(e1)∪L(e2), L(e1◦e2) = L(e1)◦L(e2), L(e1‖e2) = L(e1)‖L(e2)
and L(e+

1 ) = L(e1)+ (Kleene iteration);

(3) L(e1◦ξe2) = [L(e1)/ξ]L(e2), that is, the set of sp-terms obtained from the
elements of L(e2) by replacing each occurrence of ξ by an element of L(e1)
non-uniformly (this is an extension of the substitution notation from the
previous section);

(4) L(e∗ξ) = L(e)∗ξ, where for any sp-language U , we let U∗ξ =
⋃

i≥0 U ξ
i ,

with U ξ
0 = {ξ} and U ξ

i+1 = (U
ξ
0 ∪ · · · ∪U ξ

i )◦ξU . This amounts to taking the
least sp-language L containing ξ such that L ⊇ [U/ξ]L.

Finally, an sp-language over A is said to be rational if it is of the form L(e) for
some rational expression e over an alphabet B containing A. For instance, the
sp-posets of Figure 1 form the rational language (kmj)◦ξ(k(m||ξ)j)∗ξ.

Substitution and rational iteration play a role similar to concatenation and
Kleene star. The operation ◦ξ is associative, and its iteration yields ∗ξ. One
can define the parallel iteration L⊕ of L as L⊕ = L◦ξ(ξ‖L)∗ξ for ξ /∈ A. Clearly
parallel iteration is a form of rational iteration, but the converse is not true:
SP (A) = A+◦ξ((A∗(ξ||ξ))∗A∗)∗ξ cannot be defined using parallel iteration.
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3 Recognizable sp-Languages

An sp-language L ⊆ SP (A) is recognized by an sp-algebra S if there is a mor-
phism ϕ : SP (A)→ S such that L = ϕ−1ϕ(L). An sp-language L is recognizable
if it is recognized by a finite sp-algebra.

Example 31 Let a ∈ A. Then a⊕ is recognized by the 2-element sp-algebra
{x, 0} given by x‖x = x and x ◦ x = 0, mapping letter a to x and every other
letter in A to 0. a⊕ is recognizable but not bounded width.

The rational expressions we have defined serve to describe recognizable lan-
guages, which is the content of our next theorem. The proof is a nontrivial
extension of the McNaughton-Yamada construction. We follow Büchi’s ideas [3,
Section 6.6, Exercise 4].

Theorem 1 Recognizable sp-languages are rational.

Proof. Let S be a finite sp-algebra recognizing L by the morphism
ϕ : SP (A)→ S, with L =

⋃
f∈ϕ(L)

ϕ−1(f). The rational expressions we will con-

struct will be over the alphabet B = A ∪ {ξq | q ∈ S}, with extra variables for
each element of the algebra. The morphism ϕ is extended to SP (B) by setting
ϕ(ξq) = q.

Let L(Z,R, s), for Z a set of extra variables, R ⊆ S, s ∈ S, be the set of
terms t in SP (A ∪ Z) such that ϕ(t) = s, and for every parallel subterm t1||t2
of t, ϕ(t1||t2) is in R.

Clearly, ϕ−1(f) = L(∅, S, f), so it suffices to construct rational expressions
for L(Z,R, s), which is done by induction on |R|.

For the base case, when |R| = 0, all terms in L(Z,R, s) are sequential and we
can use the usual McNaughton-Yamada construction to get a rational expression.

For the induction step, we have to define L(Z,R ∪ {r}, s), with r ∈ S \R in
terms of expressions involving languages of the form L(Y,R, q). The proof is a
bit heavy on notation. We introduce some abbreviations.

We use Ẑ for Z ∪ {ξr} and R̃ for R ∪ {r}. This notation is extended to
languages: L̂q stands for L(Ẑ, R, q), L̃q for L(Z, R̃, q) and ˜̂

Lq for L(Ẑ, R̃, q). We
use Lq for L(Z,R, q).

The following equation allows the construction of a rational expression from
the rational expressions for the languages on the right hand side, which exist by
the induction hypothesis. (This is just an extension of the expression used in the
usual McNaughton-Yamada proof.) It suffices to verify the equation to complete
the proof of the theorem.

L̃s = Lr ◦ξr (
⋃

p||q=r

L̂p||L̂q )∗ξr ◦ξr L̂s. (1)

Since there is only one variable under consideration, we write ◦r and ∗r instead
of ◦ξr and ∗ξr . We also abbreviate the cumbersome

⋃
p||q=r

L̂p||L̂q by L̂par.
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We first show that the right hand side of (1) is included in the left. Let us

first look at the language ˜̂
Lr = L(Ẑ, R̃, r). This is the set of terms t using the

variable ξr such that ϕ(t) = r, all whose parallel subterms map to R ∪ {r}.
Clearly ˜̂

Lr ◦r
˜̂
Lr ⊆ ˜̂

Lr, and ξr ∈ ˜̂
Lr. Hence

˜̂
Lr

∗r = ˜̂
Lr.

Now suppose p||q = r. Since r /∈ R, L̂p||L̂q ⊆ ˜̂
Lr. Since p, q were arbitrary,

we get L̂par ⊆ ˜̂
Lr. Exponentiating both sides, L̂par

∗r ⊆ ˜̂
Lr

∗r = ˜̂
Lr.

So Lr ◦r L̂par
∗r ◦r L̂s⊆Lr ◦r

˜̂
Lr ◦r L̂s⊆Lr ◦r

˜̂
Lr ◦r

˜̂
Ls⊆Lr ◦r

˜̂
Ls⊆ L̃s.

Now we turn to the inclusion from left to right. Consider t ∈ L̃s. By induction
on the number n of subterms t1||t2 in t such that ϕ(t1||t2) = r, we prove t ∈
Lr ◦r L̂par

∗r ◦r L̂s.
If n = 0, then t is actually in Lr ◦r L̂s. L̂s can be written as {ξr} ◦ξr L̂s,

which is a subset of any term of the form e∗r ◦r L̂s. Using L̂par as e, we get
the RHS of (1).

For n > 0, consider the outermost parallel subterms t1||t2 in t with ϕ(t1) =
p, ϕ(t2) = q for some p, q and p||q = r. Then t1 ∈ L̃p and t2 ∈ L̃q have
at most n − 1 parallel subterms mapping to r. By the induction hypothesis,
t1 ∈ Lr ◦r L̂par

∗r ◦r L̂p and t2 ∈ Lr ◦r L̂par
∗r ◦r L̂q.

So t1||t2 ∈ Lr ◦r L̂par
∗r ◦r (L̂p||L̂q).

Hence each such t1||t2 is in Lr ◦r L̂par
∗r ◦r L̂par ⊆ Lr ◦r L̂par

∗r.
All these parallel subterms can be substituted for variable ξr in a subterm

u ∈ L̂s to yield t. Hence t ∈ Lr ◦r L̂par
∗r ◦r L̂s. ✷

As stated in the introduction, the converse to Theorem 1 does not hold.

4 Branching Automata

To seek a machine characterization of rational sp-languages, we now turn to the
branching automata defined in our earlier paper [11].

The tuple A = (Q, Tseq , Tfork , Tjoin , I, F ) is a branching automaton over the
alphabet A, where Q is the (finite) set of states, I and F are subsets of Q,
respectively the set of initial and of final states, Tseq ⊆ Q × A × Q is the set
of sequential transitions, Tfork ⊆ Q × Pns(Q) and Tjoin ⊆ Pns(Q) × Q are
respectively the sets of fork and join transitions. Here Pns(Q) (“nonempty and
nonsingleton”) stands for subsets of Q of cardinality at least 2.

An element (q, a, q′) ∈ Tseq is said to be an a-labelled transition from q to q′.
As usual, we write q

a−→ q′.
An element (q, {q1, . . . , qn}) of Tfork is said to be a fork transition of arity n.

We denote it by q → {q1, . . . , qn}. Similarly, an element ({q1, . . . , qn}, q) of Tjoin ,
written {q1, . . . , qn} → q, is said to be a join transition of arity n.

Let p, q be states of a branching automaton A and let t be a sp-term. The
existence of a run of A on t from p to q is inductively defined as follows: There
is a run on letter a from p to q if p

a→ q. If a term t has sequential factori-
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zation t1 . . . tn (n ≥ 2), there is a run on t from p to q if there exist states
p = p0, p1, . . . pn = q and there exists a run on tm from pm−1 to pm, for each
1 ≤ m ≤ n.

Suppose now that a term t has parallel factorization t1|| . . . ||tn (n ≥ 2).
There is a run on t from p to q if there is a fork at p, sub-runs for the factors
and then a matching join ending at q. In order to handle arbitrarily long parallel
products with finitely many fixed arity fork transitions, we allow the automaton
to do the forking in levels, as follows:

Let π = {r1, . . . , rs} be a subset of {1, . . . , n}. By tπ we mean the parallel
term tr1 || . . . ||trs . Now we say there is a run on t from p to q if there exists a
partition {π1, . . . , πm} of {1, . . . , n} and there are states p�, q�, for 1 ≤ + ≤ m
such that there is a fork k = p → {p1, . . . , pm}, there are runs on tπ�

from p�

to q�, 1 ≤ + ≤ m, and there is a join j = {q1, . . . , qm} → q.
Finally, a branching automaton A accepts the sp-term t if there exists a run

of A on t from an initial state to a final state. An sp-language L is regular if it
is the set of sp-terms accepted by a finite branching automaton.

Example 41 The following automaton has a run on a||a||b from state i to
state f . The partition of {1, 2, 3} here is simple: it just has three singletons
{{1}, {2}, {3}}. The language accepted is {a‖a‖b}.

i✒✑
�✏

✲

✍✌
✎�
✍✌
✎�
✍✌
✎�

✍✌
✎�
✍✌
✎�
✍✌
✎�

f✒✑
�✏
✖✕
✗✔

❛❛❛❛❛❛❛❛❛�

✲✦✦✦✦✦✦✦✦✦✶

�
✌

✲a

✲a

✲b

✦✦✦✦✦✦✦✦✦✶
✲

❛❛❛❛❛❛❛❛❛�✎
✍

Example 42 The following automata accept respectively SP (A) and (a‖b)⊕.
.
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Note the looping forks and looping joins in the two automata. It is these
that allow unbounded width terms to be accepted. However, these two automata
mix up the states “inside” and “outside” the fork, in the sense defined below.
This “misbehaviour” creates technical difficulties in proofs and constructions
and must be eliminated, as we argue in [12].

We say that an automaton is misbehaved if there exists a fork transition
q → {q1, . . . , qn} such that there are runs from each qi to some final state, or if
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there is a join transition {q1, . . . , qn} → q such that there are runs from some
initial state to each qi. An automaton is behaved if it is not misbehaved.

The two automata in Example 42 are misbehaved. In the next proposition,
we show that being behaved or misbehaved is a property of the automaton, not
of the language. As an example, we give below a behaved automaton for (a||b)⊕.

❥
❥

❥

❥

❥
❥

❍❍❍❍❥

✟✟✟✟✯✟
✠

✲a

✲b

✟✟✟✟✯

❍❍❍❍❥☛✡

❥

❥

❥

❥

✲a

✲b

i❥❄ f❥❤
�

✲

✟
✠ 


✸

☛
✡

❏
❏
❏
❏
❏
❏

❘

✡✠

✡
✡
✡
✡
✡
✡✣ �✡✠

Proposition 43 Any regular sp-language is accepted by a behaved automaton.

Proof. Let A be a branching automaton and let L be the sp-language accepted
by A. For each fork transition k = q → {q1, . . . , qr}, we distinguish (arbitrarily)
one of the receiving end states, say, that which is denoted qr.

We construct a new automaton B as follows. First we take the disjoint union
of |Tfork | + 1 copies of A, denoted respectively A0 and Ak (k ∈ Tfork ). Next
we delete from A0 all the fork and join transitions. For each fork transition
k = q → {q1, . . . , qr} of A, we add to B a fork transition q → {q1, . . . , qr}
where q, q1, . . . , qr−1 are taken in A0 and qr is taken in Ak. Moreover, for each
fork transition k of arity r and for each join transition of the same arity, say
j = {p1, . . . , pr} → p, we add r join transitions jk,m (1 ≤ m ≤ r) simulating j,
with pm taken in Ak, and with p and the ph (h �= m) taken in A0. Finally, the
initial and final states of B are the same as in A, but taken in A0. We leave the
reader to verify that A and B accept the same sp-language. ✷

4.1 Closure Properties of Regular sp-Languages

The main theorem of this section is the following.

Theorem 4 The class of regular sp-languages is closed under union, intersec-
tion, inverse and direct image by a morphism, substitution, sequential product
and iteration, parallel product and rational iteration.

For the operations of union, intersection, and inverse and direct image by a
morphism, the proof is by simple constructions adapted from the classical theory
of automata. It is the behaved automata which enable us to prove closure under
substitution.
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Lemma 44 Let K and L be regular sp-languages over the alphabet A and let
a ∈ A. Then [K/a]L is regular.

Proof. Let A be an automaton accepting L and let B be a behaved automaton
accepting K. We construct a new automaton C as follows. For each a-labelled
sequential transition p

a−→q in A, we construct a new copy of B, denoted by Bp,q,
and we consider the disjoint union of A and the Bp,q. For each transition p

a−→ q
in A, we delete this transition in A and we add duplicates of all the sequential
and fork transitions of Bp,q originating in an initial state, with p substituted
for that initial state on the left-hand side. Dually, we add duplicates of all the
sequential or join transitions of Bp,q ending in a final state, with q substituted
for that final state on the right-hand side. In addition, if there is a letter b such
that there exists a b-labelled transition from an initial state of B to a final state,
then we add a b-labelled transition from p to q. Finally, we keep as initial (resp.
final) states the initial (resp. final) states of A.

Because B is behaved, we are certain that the runs of C which start in state p
with a transition into Bp,q either are entirely contained within Bp,q, or visit
state q and their label is of the form xy where x ∈ K. It is now immediate
that C accepts exactly [K/a]L. ✷

We can easily derive the closure under sequential and parallel product and
iteration, since we can come up with automata for {ζ ◦ ξ}, {ζ‖ξ}, ξ+ and ξ⊕.
These variables can be substituted to prove closure. We need a final lemma to
prove closure under rational iteration.

Lemma 45 Let L be a language over A∪{ξ}, such that for each term in L, the
letter ξ appears, if at all, only inside a parallel subterm. Then L∗ξ is regular.

Proof. We give a sketch of the proof. Let B be a behaved automaton accepting L
and Tξ its set of ξ-labelled transitions. We construct a new automaton C from
|Tξ| + 1 disjoint copies of B, denoted B0 and Bp,q, for each p

ξ−→ q in Tξ, with
the following modifications:

For each sequential and fork transition out of an initial state of B, we add
a transition from the state p in each copy to the same destinations in Bp,q. For
each sequential and join transition into a final state of B, we add a transition
from the same sources in Bp,q to q in each copy.

If there is a sequential transition from an initial to a final state of B, we add a
similar transition from p to q in each copy. Hence a run of B can be simulated by
a subrun from p to q in any copy of C. Since this also includes the p and q in Bp,q,
runs for a term obtained by repeated substitution can also be constructed.

The initial and final states of C are those of B, taken in B0, along with a new
initial and final state with a ξ transition between them. This makes C accept ξ.

Hence we can argue that any term t ∈ L∗ξ is accepted by C.
For the converse direction, consider a run of C accepting t. If t does not make

use of any new transitions, it is accepted by B0, and t ∈ L = {ξ}◦ξL ⊆ L∗ξ.
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Otherwise notice that the condition on occurrence of ξ’s and the behaved-
ness of B make sure that the initial and final states of C cannot be used inside a
subrun for a parallel subterm of t. Hence a run ρ of t on C using a new transi-
tion must begin and end in B0 and go through the copies Bp,q. The automaton
construction makes sure that the subrun for each substitution of ξ begins and
ends in the same copy. This leads to a proof that t is in L∗ξ. ✷

This completes the proof of Theorem 4. In particular, the regular languages
are closed under the rational operations, so:

Corollary 5 Rational sp-languages are regular.

4.2 Extending McNaughton-Yamada Further

Theorem 6 Every regular sp-language is rational.

Proof. We use a McNaughton-Yamada construction. Let A be a branching
automaton with state set Q. For each pair of states (p, q), let Lp,q be the set of
all sp-terms which label a run of A from p to q, and let ξp,q be a new symbol.

Let x be a sp-term and let x = x1 · · ·xk be its sequential factorization. Let ρ
be a run of A on x. We say that a fork transition f of A is used at the upper
level by ρ if the sub-run of ρ on some xi starts with transition f . If D ⊆ Tfork is
a set of fork transitions of A and if p, q ∈ Q, we let LD

p,q be the set of labels of
runs of A which use only fork transitions in D at the upper level. Finally, if f is
a fork transition in D, we let L(D, f, q) be the set of labels of runs of A which
start with transition f , end at state q and use f only once at the upper level.

First we consider the case where D = ∅. Then the elements of L∅
p,q are (se-

quential) words, no fork transitions are used, so the usual McNaughton-Yamada
algorithm shows that L∅

p,q is rational. Next we assume that D �= ∅, and we
consider a fork transition f = r → {r1, . . . , rn} ∈ D. Then we have

L(D, f, q) =
⋃

g={s1,...,sn}→s

⋃
σ∈Sn

(
Lr1,sσ(1)‖ · · · ‖Lrn,sσ(n)

)
LD−{f}

s,q

where Sn is the group of permutations of {1, . . . , n}, and
LD

p,q = LD−{f}
p,q ∪ LD−{f}

p,r L(D, f, r)∗L(D, f, q).

Of course, Lp,q = LTfork
p,q . Thus, using the above formulæ, for each pair of states

p, q ∈ Q, we get a rational expression for Lp,q, where the languages Lr,s, r, s ∈ Q,
only appear within parallel products. In other words, the sp-languages Lp,q are
the solution of a system of equations

ξp,q = exprp,q(ξr,s; r, s ∈ Q) p, q ∈ Q.

Solving is done in standard fashion, using the ∗ξ operation to eliminate each
variable. Eventually, we get a simple equation without any argument, that is, a
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rational expression. Plugging this information back, we iterate these substitu-
tions to find that all the Lp,q are rational. ✷

Corollary 5 and Theorem 6 give us at last our Kleene theorem. We can also
quickly dispose of our third theorem by a rather long-winded proof.

Theorem 2 An sp-language is rational iff it is regular.

Theorem 3 A bounded width sp-language is rational iff it is series-rational.

Proof. The reverse direction is clear. Using Corollary 5, bounded width ratio-
nal languages are bounded width regular. [11] shows that bounded width regular
languages are series-rational. ✷

Conclusion

In [11], we proved that the three formalisms of algebraic recognizability, rational
expressions and automata acceptance coincide in the context of bounded width
sp-languages. The connection between the latter two formalisms continues to
hold in a more liberal setting, where parallelism can be unbounded. But we
could not generalize the notion of recognizability to match rational expressions
and automata acceptance. This is not surprising. Iteration over a commutative,
associative operation is very powerful (recall Parikh’s theorem).

We have been unable to define a good analogue of deterministic automata,
and to prove (or disprove) that regular sp-languages are closed under comple-
ment. An obvious lacuna of our approach is the complete absence of commu-
nication primitives. That is, our work has more to do with “nets of processes”
than with synchronization. Hopefully our theorems are clean enough to provide
ideas for extending this approach to a syntax with communication.

References

1. S. Bloom and Z. Ésik. Free shuffle algebras in language varieties, TCS 163 (1996)
55–98. 358

2. G. Boudol. Notes on algebraic calculi of processes, in Logics and models of concur-
rent systems (K.R. Apt, ed.), NATO ASI Series F13 (1985) 261–305. 356
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Abstract. Quantum computation is a fascinating new area that touches
upon the foundations of both quantum physics and computer science.
Quantum computers can perform certain tasks, such as factoring, ex-
ponentially faster than classical computers. This talk will describe the
principles underlying the fundamental quantum algorithms.
The power of quantum computation lies in the exponentially many hid-
den degrees of freedom in the state of an n quantum bit system —
whereas 2n − 1 complex numbers are necessary to specify the state,
Holevo’s theorem states that n quantum bits cannot be used to com-
municate any more than n classical bits. Nevertheless, there are commu-
nication tasks in which these hidden degrees of freedom can be tapped
into.
Finally, the state of a quantum system is particularly fragile to noise
and decoherence. However, there are beautiful techniques — quantum
error-correcting codes — for protecting a given quantum state (with its
exponentially many degrees of freedom) against noise and decoherence.
These codes can be used to create fault-tolerant quantum circuits —
which are immune to a constant rate of decoherence.
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